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PEEFACE  TO  FIRST  EDITION. 

In  the  piesent  Work  I  hare  endeayoared,  without  eioeed- 
iog  the  usual  size  of  an  Elementary  Treatise,  to  give  a 
comprehensiYe  acoount  of  the  Analytical  Geometry  of  the 
Conic  Sections,  including  the  most  recent  additions  to  the 
Sdenoe. 

For  seyeral  years  Analytical  G-eometry  has  been  my 
special  study,  and  some  of  the  investigations  in  the  more 
advanced  portions  of  this  Treatise  were  first  published  in 
Papers  written  by  myself.  These  include:  finding  the 
Equation  of  a  GLrcle  touching  Three  Circles ;  of  a  Conic 
touching  Three  Conies ;  extending  the  equations  of  Circles 
inscribed  and  circumscribed  to  Triangles  to  Circles  in- 
scribed and  circumscribed  to  Polygons  of  any  number  of 
sides;  the  extension  to  Conies  of  the  properties  of  Circles 
ootting  orthogonally ;  proving  that  the  Tact-invariant  of 
two  oonics  is  the  product  of  Six  Anharmonio  Eatios ;  and 
some  others. 

Of  the  Propositions  in  the  other  parts  of  the  Treatise, 
the  proofs  given  will  be  found  to  be  not  only  simple  and 
elementary,  but  in  some  instances  original. 

In  compiling  my  Work  I  have  consulted  the  writings  of 
various  authors.  Those  to  whom  I  am  most  indebted  are : 
Salmon,  Cuasles,  and  Clebsch,  from  the  last  of  whom  I 
have  taken  the  comparison  of  Point  and  line  and  Line 
Co-ordinates  (Chapter  II.,  Section  III.) ;  and  Aronhold's 
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notation  (Chapter  VIII.,  Section  III.),  now  published  for 
the  first  time  in  an  English  Treatise  on  Conio  Sections. 
For  recent  Geometry,  the  writings  of  Brocard,  Neubero, 
Lemoine,  M'Cay,  and  Tucker. 

The  exercises  are  very  numerous.  Those  placed  after 
the  Propositions  are  for  the  most  part  of  an  elementary 
character,  and  are  intended  as  applications  of  the  proposi- 
tions to  which  they  are  appended.  The  exercises  at  the 
ends  of  the  chapters  are  more  difficult.  Some  have  been 
selected  from  the  Examination  Papers  set  at  the  Uni- 
versities, from  Roberts'  examples  on  Analytic  G-eometry, 
and  Wolsteuholme's  Mathematical  Problems.  Some  are 
original ;  and  for  a  very  large  number  I  am  indebted  to 
my  Mathematical  friends  Professors  Neubero,  B.  Curtis, 
s.  J.,  Crofton,  and  the  Messrs.  J.  and  F.  Purser. 

The  work  was  read  in  manuscript  by  my  lamented  and 
esteemed  friend,  the  late  Rev.  Professor  Townsend,  f.r.s.  ; 
by  Dr.  Hart,  Vice-Provost  of  Trinity  College,  Dublin ; 
and  Professor  B.  Wiixiamson,  f.r.s.  Their  valuable 
suggestions  have  been  incorporated. 

In  conclusion,  I  have  to  return  my  best  thanks  to  the 
last-named  gentleman  for  his  kindness  in  reading  the 
proof  sheets,  and  to  the  Committee  of  the  "Dublin 
University  Press  Series"  for  defraying  the  expense  of 
publication. 


JOHN  CASEY. 


86,  South  Gibculab  Boad,  Bubun, 
October  5,  1885. 


PREFACE  TO  SECOND  EDITION. 

Ths  present  edition  isentirelj  the  work  of  my  f  ather-in-law, 
the  late  Dr.  Casey,  f.r.s.  At  the  time  of  his  death,  in 
1891,  he  had  seen  nearly  400  pages  of  it  through  the 
press,  and  left  me  the  responsibility  of  bringing  out  the 
remainder. 

In  the  preparation  of  this  edition  Dr.  Casby  had  the 
yaluable  assistance  of  Professor  Neuberg  of  the  Univer- 
sity of  Liege,  who  sent  him  numerous  important  theorems, 
notes,  and  suggestions,  almost  all  of  which  he  adopted. 
Knowing  that  Professor  Neubbrq  was  Dr.  Casey's  inti- 
mate friend  and  constant  correspondent,  and  that  he  had 
assisted  him  in  correcting  all  the  proof-sheets  of  what 
had  been  printed  prior  to  his  death,  I  naturally  turned  to 
him  for  advice  and  aid  before  proceeding  with  the  printing 
of  the  remaining  portion.  He  most  willingly  promised 
me  his  valuable  assistance.  Having  revised  the  proofs, 
I  submitted  them  to  him,  and  he  had  the  kindness  to 
oorrect  them  and  approve  of  them,  before  they  were 
printed  off. 

For  all  his  generous  help  and  advice  I  beg  to  re- 
turn Professor  Neubbro  my  grateful  acknowledgments 
and  very  sincere  thanks.  I  have  also  to  thank  the 
Bev.  BoBEBT  Curtis,  s.j.,  F.R.n.i.,  for  many  useful  sug- 
gestions, and  for  the  trouble  he  took  in  revising  the 
proob. 
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My  best  thanks  are  also  due  to  the  Board  of  Trinity 
College,  Dublin,  for  the  generous  manner  in  which,  on 
the  death  of  Dr.  Casey,  they  undertook  to  defray  all  the 
expense  of  publication. 

The  first  edition  contained  330  pages,  the  present  ex- 
tends to  564  pages.  All  parts  have  been  very  carefully 
revised;  the  proofs  are  very  rigid,  though  simple  and 
concise.  The  principal  additions  will  be  found  in  the 
theory  of  "  Mean  Centre,'*  of  **  Anharmonic  Ratios,"  of 
"nomographic  Division  and  Involution,"  of  "Recent 
Geometry,"  and  in  the  Chapter  on  "  The  Invariant  Theory 
of  Conies."  This  last  theory  is  expounded  with  more 
developments  than  in  perhaps  any  other  Classic  work  on 
the  subject.  The  Exercises  have  also  been  considerably 
increased,  many  of  those  added  being  original. 

In  conclusion  I  trust  that  this  new  edition,  enriched  by 
the  results  of  the  latest  progress  of  Analytical  Geometry, 
will  receive  from  the  public  the  same  favourable  reception 
accorded  to  the  first. 

P.  A.  E.  BOWLING,  B.A.,  B.U.I., 

Frofeuor  of  MathenuUieSjVhivertitjf  College,  Dublin, 
4y  nXBBID6E-TESRA.CE,  LeESOIT  PaBK, 

Dublin,  January  Ut,  1893. 


CONTENTS. 


CHAPTEE  I. 
BEcnoir  I. — The  Poiht. 

PAOB 

RVUI  07  SlOMS, 1 

Geometric  sum  or  resultant,      .       .       ' 2 

Projectioiis, .        .        S 


Section  II. — Cabtbsian  Co-okbinatbs. 

DeJkniumSf 4,  6 

Distance  between  two  points, 6 

Condition  that  three  points  should  be  collinear,  ....        & 

Axea  of  triangle  or  polygon  in  terms  of  the  co-ordinates  of  yertices,    .      10 
Co-ordinates  of  a  point  diyiding  in  a  giTen  ratio  the  join  of  two  giren 

points, 12 

Co-ordinates  of  harmonic  and  iBotomio  conjugates,                     .        .IS 
Theory  of  the  mean  centre, 14,  1& 

Section  in. 

Polar  co-ordinates, 17 

Biradial  and  biangular  co-ordinates, 1ft 

Transformation  of  co-ordinates, 19-22 


Section  FV. — Gokplkz  Variables. 

Definition  of,  and  mode  of  representation, 24 

Sum  or  difference  of  two  complex  variables, 2& 

Product  and  quotient  of  ditto, 25 

Examples  on  complex  yariables, 26 

HisceOaneoos  Exercises, . ' 27 


Contents, 


CHAPTEE  II. 

THE  RIGHT  LINE. 
SxcTioN  I. — Gabtesian  Go-obsinates. 

PAOB 

To  represent  a  ziglit  line  by  an  equation,  30,  31 

Standard  form  of  equation, .32 

Line  parallel  to  one  of  the  azea, 33 

Equation  of  line  defined, 33 

Comparison  of  diffSerent  forms  of  equation,         .....      35 

To  find  the  angle  between  two  Unes, 36,  37 

Power  of  point  with  respect  to  line  or  curye, 37 

Length  of  perpendicular  from  a  giyen  point  on  a  given  line,  37 

Equation  of  line  through  the  intersection  of  two  given  lines,      .  39 

Equation  of  line  passing  through  two  given  points 40 

Co-ordinates  of  point  of  intersection  of  two  given  lines,  ...  42 
Equation  of  line  through  a  given  point  and  making  a  given  angle  with 

a  given  line, 44 

Equation  of  line  dividing  the  angle  between  two  given  lines  into  parts 

whose  sines  have  a  given  ratio, 46 

Con<titioa.that  three  lines  should  be  concurrent,         ....      48 

,,       that  general  equation  of  the  second  degree  should  be  the 

product  of  the  equations  of  two  lines, 61 

If  the  general  equation  of  the  second  degree  represents  two  lines,  to 

find  the  co-ordinates  of  their  point  of  intersection,  ...  52 
Equation  of  bisectors  of  angles  made  by  a  giyen  line-pair,  53,  54 

Theory  of  anharmonic  ratio, 55,  56 

Harmonic  system  of  points,  harmonic  conjugates,  .  .  .56 
Anharmonio  ratio  of  four  rays  of  a  pencil, 57 

„             „        „       lines  whose  equations  are  given,          .  59 

Harmonic  pencil, 59 


Contents.  zi 


SicnoK  II. — Stsieics  of  Tbbeb  Co-obbivatss. 

PAOB 

Trilinear  or  Normal  co-ordinates  defined, 61 

laogonal  conjugates ;  synunedian  point  and  lines,      ....  63 

Brocaid  angle  and  Brocard  points, 64 

Baijeentric  or  areal  co-ordinates  defined, 64 

Belation  between  the  normal  and  barycentrio  oo-ordinates  of  a  point, .  66 

Tsotomic  oonjugates, 66 

Tiilinear  eqnation  of  the  join  of  two  given  points,     ....  66 

„      poles  and  polars :  Cotes'  Theorem,                                .         .  68 

Complete  quadrilateral  or  quadrangle, 69 

Standard            „                     „                 70 

Belation  (identical}  between  the  equation  of  four  lines,  no  three  of 

which  are  concurrent, 70 

Harmonic  properties  of  complete  quadrilateral,  .70 

Peispective ;  triangles  in,  axis  and  centre  of, 72 

Lengtli  of  perpendicular  from  a  given  point  on  a  given  line,  73 

Angle  between  two  given  lines 73,  74 

Line  at  infinity, 74 

Gydic  points — isotropic  lines, 76 

CoDditions  for  parallelism  and  perpendicularity  when  general  equa- 
tion in  trilinear  co-ordinates  represents  two  lines,  ...  77 
Condition  that  U  +  m/3  +  ny  =  0  may  be  antiparallel  to  7  =  0,  77 
Distance  between  two  points,  .  ...  78 
Area  of  triangle  the  co-ordinates  of  whose  vertices  are  given,  79 
,y  „  formed  by  three  given  lines,  .  .  .  80,  81 
Complementary  and  anti-complementary  points  and  figures,  81 

Supplementary  points, 82 

Triangles  in  multiple  perspective, 82 

Isobazyc  group  of  points, 86 

Comparison  of  point  and  line  co-ordinates,  equation  of  a  point,  .        .  86 

The  absolute  co-ordinates  of  a  line, 88 

Eqnation  of  the  cyclic  points, 88 

Kiscellimeons  Ezertrtwy 90 


zii  Contents, 


CHAPTEK  in. 
THE  CIRCLE. 

■ 

Section  I. — Cabtesian  Co-obdinatjes. 

PAOB 

To  find  the  equation  of  b  circle, 96 

Geometrical  representation  of  power  of  point  with  reepeot  to  circle,  .  9S 
Equation  of  circle  whose  diameter  is  the  intercept  which  a  giyen  circle 

makes  on  a  given  line, lOO 

Equation  of  tangent  to  a  circle, 101 

„        ,,  pair  of  tangents  from  given  point  to  circle,    .        .        .  103 

Equations  of  chords  of  contact  of  common  tangents  to  two  circles,     .  103 

Pole  and  polar  with  respect  to  a  circle, 105 

Inverse  points  with  respect  to  a  circle, 105 

Angle  of  intersection  of  two  circles  or  curves, 107 

Mutual  power  of  two  circles, 107 

Circle  cutting  three  given  circles  at  given  angles,      ....  lOS 

„                ,,                  „             orthogonally,          ....  109 

,,    touching  three  given  circles,     . 109 

„    through  three  given  points, 110,111 

Frobenius's  Theorem, Ill 

Condition  that  four  circles  should  cut  a  fifth  orthogonally  or  be  tan- 
gential to  it,      112 

Coaxal  system  circles, .114 

Radical  axis  and  limiting  points  of  coaxal  system,  .        .        .115 

Radical  centre, 117 

Centre  of  similitude, 118 

Circle  of  similitude, 119 


Section  II. — ^A  System  of  Tangential  Gibcles. 

Equations  of  circles  in  pairs  touching  three  circles,    .        .        .        .120 
To  investigate  the  condition  that  any  number  of  oirdes  should  have 

one  common  tangential  circle, 1 22 

Tangent  to  nine-points  circle  at  point  of  contact  with  incircle,   .        .126 


Contents,  ziii 

Sscnoir  III. — ^TaiLnrsAS  Co-OBDnrATis. 

CJienmconic  of  triangle  of  reference, 126 

Coates' Tbearem, 127 

Ciicumciicboftiiangle  of  reference, 127,128 

„       of  polygon  of  any  number  of  aides,        ....    129 

Tangents  to  circTimconio  at  angular  points, 129 

Chard  of,  and  tangent  to,  ciroumcircle, 130 

ladrde  of  triangle  of  reference, 131,132 

Sir  AndreiF  Hart's  method  of  finding  equation  of  incircle,  .        .132 

Join  of  two  points  on  incircle, 133 

Tangent  at  any  point  on  incircle, 134 

Conditions  that  general  equation  should  represent  a  circle,         .      136-137 
Equation  of  circle  through  three  given  points,  .        .        .136 

„       of  pedal  drclfi  lit  a  giyen  point, 126 

Simson's  line, 136 

Sbciioh  IY. — Tlsqvstial  Equatioits. 

Tangential  equation  of  circumcirole  of  triangle,  .138 

„  „  „  polygon,         ....     139 

„  „  incircle  of  triangle,        ....      140  141 

„  „  „         n-sided  polygon,    ....     141 

I,  „  circle  whose  centre  and  radius  are  given,       .    143 

Kme-pointB  oirole,  equation  of, 144 

IWal's  Theorem, 145 

tfinnftllsTieous  Exercises  on  the  circle, 141 

CHAPTEE  IT. 

THE  GENERAL  EQUATION  OF  THE  SECOND  DEGREE. 

Cabibsiak  Co-obdikatss. 

CoDtiacted  form  of  the  equation, 161 

Change  of  origin, j*       .     162 

Intaraeetion  of  line  and  oonic,  discussion  of  equation,  .163 

Co-ordinates  ol  centre  of  oonic, 164 

DiatinGtion  between  hyperbola,  parabola,  and  ellipse,          .             164,  166 
Eedactian  of  equation  to  centre  as  origin, 166 


ziv  Contents. 

PXOB 

Line  of  centres, 166 

LociiB  of  middle  points  of  system  of  parallel  chords,  diameters,  .        .166 

Conjugate  diameters  of  central  conies, 167 

Axes ;  redaction  of  general  equation  to  normal  form,                           .168 
Inyariants  of,  and  equation  giving  squares  of  semiaxes  of  conic  repre- 
sented by,  the  general  equation, 169 

Equation  of  new  axes  when  referred  to  old,  .169 

Beduction  of  general  equation  to  parabola, 160 

Tangent  to,  and  tangential  equation  of,  general  conic,  .161 

Ratio  in  which  join  of  two  given  points  is  cut  by  conic,     .  .162 

Harmonic  properties  of  polars, 162 

Polar  of  a  giyen  point ;  tangent, 163 

Condition  that  join  of  two  points  may  be  cut  in  a  given  anhannonic 

ratio  by  the  conic, 168 

Equation  of  pair  of  tangents  from  an  external  point,  .163 

Orthoptic  circle  of  conic,   ....  •         ...     164 

Classification  of  conies, 166 

Asymptotes  defined  and  their  equation  found, 166 

„         angle  between, 166 

„         hyperbola  referred  to  as  axes,  .        .     167 

Newton's  Theorem, 167-169 

Locus  of  centre  of  conic  through  four  points, 171 

Exercises  on  general  equation, 170 


CHAPTEE  V. 

THE  PARABOLA. 

The  parabola ;  its  axis,  directrix,  focus,  vertex,         .  .173 

Latus  Rectum, 160,  174 

Intrinsic  angle  of  point  on  curve, 176,  177 

Equation  of  tangent  to  parabola, 176,  189 

Subtangent  bisected  at  vertex, I77 

Pedal  of,  with  respect  to  focus, I77 

Locus  of  middle  points  of  system  of  parallel  chords,  .  .179 

Diameter  through  intersection  of  two  tangents  bisects  chord  of  contact,  180 
Equation  of,  referred  to  any  diameter  and  tangent  at  its  extremity,    .     182 

Isoptio  curve  of  parabola, I84 

Normal  defined  and  equation  found, 1$4^  190 


Contents.  xy 

PAOB 

Snlmormal  constant  in  parabola, 184 

Joachimsthal's  circle  for, 186 

Circle  of  cmrature,  radius  and  centre  of^ 186,  186 

„             ,,          equation  of, 186 

Loeiu  of  centre  of  curvature,  evolute, 187 

Polar  equation  of,  the  focus  being  pole, 189 

Length  of  line  drawn  from  a  giyen  point  in  a  given,  direction  to  meet 

the  parabola, 191 

Relation  between  the  perpendiculars  from  the  angular  points  of  a 

eireumtiiangle  on  any  tangent, 198 

Bzerdses  on  the  parabola, 196 


CHAPTEB  VI. 

THE  ELLIPSE. 

Focus;  directrix;  eccentricity, 201 

Standard  form  of  equation ;  centre ;  latus-rectum,    ....    203 
Method  of  generating  ellipse.    Fohike,  Boscovicb,  Hamilton,    .  206 

Eoeentric  angle ;  co-ordinates  of  a  point  on  curve  in  terms  of,    .        .    206 

The  auxiliary  circle, 206 

SQipse,  the  orthogonal  projection  of  a  circle, 206 

Locus  of  middle  points  of  a  system  of  parallel  chords,  .    208 

Equation  of  tangent 208,  237 

Conjugate  diameters ;  formulsB  of  Chasles ;  theorem  of  ApoUonius,  209,  210 
Given  any  two  conjugate  diameters,  to  find  the  axis ;  construction  of 

Mannheim,        .....•••••    210 
Equation  of,  referred  to  a  pair  of  conjugate  diameters,  .211 

Supplemental  chords,         .••••••••    213 

Schooten'fl  method  of  describing  ellipse, 213 

Equation  of  normal, 214,  237 

Normals  through  a  given  point ;  Apollonian  hyperbola,  .        .        216,  217 

Evolute  of  eUipse, 216 

Radius  of  curvature  at  any  point  of, 216 

Equation  of  the  four  normals  from  given  point,         ....    217 

Joachimsthal's  circle  for, 218 

Lagnerre's  Theorem, 219 

Purser's  Parabola, 220 


xvi  Contents. 

PAOB 

Length  of  perpendicular  from  focos  on  tangent,         ....  220 

Pedal  of,  with  respect  to  either  focus, 221 

New  method  of  drawing  tangents  to  curye, 221 

Chorda  passing  through  a  focus,        ...                ...  222 

Angle  between  two  tangents, 224 

Locus  of  intersection  of  rectangular  tangents, 224 

Angle  between  two  tangents  expressed  in  terms  of  focal  yectors  to 

point  of  intersection,          . 226 

Propeity  of  three  confocal  ellipses,   . 227 

Fregier's  Theorem, 227 

Loous  of  pole  of  tangent  with  respect  to  circle  whose  centre  is  one  of 

the  foci, 228 

Beoiprocal  polar  of  a  curve  defined 228 

„         polar  of  a  circle  with  respect  to  a  circle,    ....  228 

„  polars  of  a  system  of  confocal  ellipses  or  coaxal  circles,  .  229 
Rectangle  contained  by  segments  of  ^any  chord  passing  through  a  fixed 

point  is  to  square  of  parallel  semidiameter  in  a  constant  ratio,  .  230 
Any  two  tangents  are  proportional  to  parallel  semidiameters,  .231 
To  find  the  major  axis  of  an  ellipse  confocal  with  a  given  one,  and 

passing  through  a  given  point, 232 

Elliptic  co-ordinates  defined, 233 

Polar  equation  of,  a  focus  being  pole, 236 

Sum  of  reciprocals  of  segments  of  focal  chord, 237 

Escercises  on  the  ellipse, 239 


CHAPTER  VI  I. 
THE  HTPEEBOLA. 

Focus ;  directrix  ;  eccentricity,         250 

Standard  form  of  equation ;  centre,  transverse  and  conjugate  axis,     .    261 

Latus-rectum ;  equilateral  hyperbola, 262 

Co-ordinates  of  a  point  on,  expressed  in  terms  of  a  single  variable,  264 

Locus  of  middle  pointa  of  a  system  of  parallel  chords,  .        .    266 

Equation  of  tangent, 256,  261,  273 

Conjugate  hyperbola, 257 

Conjugate  hyperbola  equation, 258 

Equation  of,  referred  to  a  pair  of  conjugate  diameters,                .  259 

Equation  of  nonnal, .  • 262,  278 


Contents.  xvii 

1  PAOB 

)    .'   Joschiiziflthal'fl  circle  for 264 

I    .    Lengths  of  perpendiculars  from  foci  on  tangent,         ....  266 

i       Pedal  of,  -with  respect  to  focus, 266 

I       Beciprocal  of,  with  respect  to  focus 266 

Polar  equation  of,  the  centre  being  pole, 267 

Eccentricity  given  by  secant  of  half  angle  between  asymptotes,  268 

Equation  of,  referred  to  asymptotes, 268 

Co-ordinates  of  centre  and  radius  of  curvature  at  any  point  on  curve, .  271 

Polar  equation  of,  the  focus  being  pole,     ......  272 

Area  of  equilateral  hyperbola  between  an  asymptote  and  two  ordinates,  273 

Hyperbolic  functions  defined,  ...;..     275,  276 

Co-ordinates  of  a  point  on,  expressed  in  terms  of  a  single  variable,     .  276 

'    Locus  of  pole  of  chord  subtending  a  right  angle  at  a  fixed  point,  277 

Exendses  on  hyperbola, 279 


CHAPTER  YIII. 

MISCELLANEOUS  INVESTIGATIONS. 

Section  I. — Figctrbs  Inverbelt  SruiLAR. 

DoabU  point  or  centre  of  similitude ;  double  lines,    ....    286 
Triangles  inversely  similar  are  orthologique, 288 


Sectioit  II. — PEifCiLs  Inyebsblt  Equal. 

Double  directions  of  two  pencils  inversely  equal,       ....  288 

Generation  of  the  equilateral  hyperbola, 289 

Locus  of  centre  of  circumequilateral  h3rperbola  of  a  triangle,  .  290 

Orthocentre  lies  on  circmnequilateral  hyperbola  of  a  triangle,     .        .  290 

SscTioir  III. — TwiK  Points. 

Twin  points  defined, 292 

To  construct  the  twin  point  of  a  given  point, 292 

Isogonal  conjugates  of  inverse  points  with  respect  to  circumcircle  are 

twin  points, .  298 

Twin  points  are  at  the  extremities  of  a  diameter  of  a  ciroumequilateial 

hyperbola, 293 

Locus  of  middle  point  of  join  of  twin  points, 294 

Barycentric  co-ordinates  of  twin  points, 294 

b 


xviii  Contents. 


SBcnoN  lY. — Tbiaitoles  Dsbiybd  fboic  Bake  TRiAjraiE. 

PAGB 

Pedal  triangle  of  a  point :  tfides  of  same, 295 

„  area  of, 297 

Antipodal  triangles, 297 

Hannonic  transformation  of  a  triangle, 29S 

Ditto,    sides  and  area  of , 299 

Lociir  of  points  whose  pedal  triangles  have  a  constant  Brocard  angle,  800 


Sbction  Y. — ^Tbipolab  Go-OBonrATBs. 

Tripolar  co-ordinates  defined  ;  tripolar  pair, 301 

To  construct  a  point,  being  giyen  the  mutual  ratios  of  its  tripolar 

co-ordinates, 301 

Pedal  triangles  of  a  tripolar  pair  are  inversely  similar,  302 

Isodynamic  points  (Neuberg), 303 

Relation  between  the  tripolar  and  normal  co-ordinates  of  a  point,  303 

Lucas's  Theorem, 304 

Equation  of  join  of  two  points ;  of  circle  through  three  points ;  area  of 

triangle  formed  bj  three  points,  &o.,  &o.,  in  tripolar  co-ordinates, 

305,  806 


CHAPTER  IX. 
SPECIAL  RELATIONS  OP  CONIC  SECTIONS. 

S  "  kS^  s  0  represents  a  cuire  passing  through  all  the  points  of  inter- 
section of  the  curves  iS  =  0  and  ^S*  si  0, 307 

Special  cases — 

1*.  General  equation  of  a  conic  passing  through  four  fixed  points 

on  a  given  conic, 307 

2^.  General  equation  of  conies  having  double  contact,  307 

3^       ,,  „  „         touching  two  lines,  .308 

All  oirclea.pass  through  the  cyclic  points, 308 

Every  parabola  touches  the  line  at  infinity, 308 

Contact  of  different  orders, 309,  310 

Osculating  circle, 809,  310 


Contenti. 


xiz 


FAOB 

PanboU  haTing  contact  of  third  order, 311 

Foeui  defined  as  an  infinitely  small  cxide  liaying  imaginary  double 

eontaet, Zil 

AH  eoofocal  conies  are  inscribed  in  the  same  imaginary  quadri- 
lateral,        311 

Antifod, 311 

Tangential'^equation  of  all  conies  confocal  with  a  giren  one,  312 

Goostmetion  of  ctn^  ttf  currature  at  any  point  of  central  conic,  312 

„          of  chord  of  osculation  at  any  point,        ....  313 

Poor  chorda  of  osculation  can  be  drawn  through  any  point,  314 
Tfazough  any  point  on  a  conic  can  be  described  three  circles  to  osou- 

kte  the  conic  elsewhere, 316 

Stainer's  Cirde, 315 

Sx  osculating  circles  of  a  given  conic  can  be  described  to  out  a  given 

circle  orthogonally,  or  to  pass  through  a  given  point,  .        .  316 
Malet's  Theorem,  viz.  the  centres  of  the  six  osculating  circles  which 

pass  through  a  given  point  lie  on  a  conic, 317 

Four-pointic  contact  or  hyperosculation, 318 

Equation  of  a  conic  having  double  contact  with  two  given  conies,       .  318 
Propertiee  of  common  chords  of  two  conica  having  double  contact  with 

a  third,  or  of  three  with  a  fourth, 319 

Diagonals  of  quadrilaterals,  inscribed  in  and  circumscribed  to  a  conic, 

form  a  harmonic  pencil, 319 

Biianchon's  Theorem, 319 

Tvelve  points  of  intersection  of  three  conies,  each  of  which  has  double 

contact  with  a  fourth,  Ce  siz-by-siz  on  four  conies,             .        .  320 
Through  every  point  of  a  conic  can  be  described  a  parabola  to  hyper- 

osculate  it  at  that  point, 321 

Kitension  of  this  theorem, 321 

Equation  representing  foci  of  general  conic, 322 

Gnves'  Theorem, 322 

Prcypertaes  of  arcs  and  tangents  of  confocal  conies,      ....  323 

IC*Cullagh's,  Chasles',  and  Fagnani's  Theorem,         ....  324 
If  a  polygon  circumscribe  a  conic,  and  if  all  the  simimits  but  one  move 

on  confbcal  conies,  the  locus  of  that  summit  will  be  a  confocal 

conic, 326 

Simiiar  conies, 326 

nomothetic  figures  defined,       .        .        .       - 326 

Conditions  that  two  conies  should  be  homothetio,       ....  325 
„        of  being  similar,  but  not  homothetio,                                 .327 

b2 


XX 


Contents. 


PAQB 

Pinopertiefl  of  homothetic,  and  of  similar  conies,         ....  327 

Pascal  Xheorem  and  line, 328 

Steiner's  Theorom, 329 

M 'Cay's  Extension  of  Feuerbach's  Theorem, 329 

Equation  giying  squares  of  semiaxes  of  general  conic,  330 

Area  of  ellipse  giyen  by  general  equation, 331 

Miscellaneous  Exercises, 330 


CHAPTER  X. 

THE  GENERAL  EQUATION— TRILINEAR  CO-ORDINATES. 

Aronhold's  notation, 333 

Some  equations  expressed  in, 338,  334 

Condition  that  a*'  «  0  should  represent  a  line-pair,     ....  334 

Co-ordinates  of  double  points,  .        .        , 834 

Co-ordinates  of  polo  qf  line  with  respect  to  conic,       ....  336 

Tangential  equation  of  conic, 335 

Condition  that  pole  of  Km  =  0  should  lie  on  ^«  =  0,               .  336 

Equation  of  point-puir  in  which  a  line  intersects  a  conic,  .  336 
Geometrical  signification  of  the  vanishing  of  a  coefficient  in  the  general 

trilinear  equation, 337 

Equation  of  conic  having  triangle  of  reference  as  autopolar  triangle,  .  338 

Equation  of  conic  referred  to  fobus  and  directrix,  ....  338 
Conditions  that  general  trilinear  equation  should  represent  an  ellipse, 

parabola,  or  hyperbola, 340 

Orthoptic  circle  of  a  conic  referred  to  its  autopolar  triangle,  .  .341 
Discussion  of  the   equation  a$  »  y^,   and  properties  of  curve  it 

represents, 342 

Anharmonic  properties  of  four  points  on  a  conic,        ....  343 

Tangential  equation  of  o^B  7*, 344 

Equation  of  circle  of  curvature  at  any  point  on  a6  =  K^y*,  .                 .  844 

Theory  of  envelopes, 346 

Envelope  of  a  system  of  confocal  conies, 847 

Condition  that  join  of  points  in  which  a  given  line  cuts  a  given  conic, 

subtends  a  right  angle  at  origin, 348 


Contents. 


XXI 


CHAPTER  XI. 
THEOET  OF  PEOJECTION. 

PAOB 

Bate  line ;  infinite  line ;  projection  of  a  point, 349 

Projection  of  lines, 360 

Anbarmonie  ratio  of  pencil  unaltered  by  projection ;  projectiye  pro- 

peztief,      . 361 

Parallel  are  projected  into  concurrent  lines, 361 

Cnrre  of  any  degree  projected  into  curve  of  same  degree,  .  .861 

Projection  of  concentric  ciroles, 361 

Projection  of  coaxal  circles, 362 

Anj  conic  can  be  projected  into  a  circle  wboee  centre  is  the  projection 

of  any  point  in  plane  of  conic, 362 

The  pencil  formed  by  the  legs  of  a  giren  angle,  and  tbo  isotropic  lines 

of  ita  vertex  has  a  given  anharmonic  ratio,          ....  363 

PRijection  of  focal  properties, 366 

„        of  locus  described  by  vertex  of  constant  angle, .                 .  367 

Oitbogonal  projection ;  axis  and  modulus  of, 368 

Figures  orthogonally  related, 368 

Conie  of  any  species  projected  into  conic  of  same  species,  .  369 
Lhuilier's  problem,  via. ,  to  project  a  given  triangle  into  another  similar 

to  a  third, 3f>9 

Tvo  triangles  orthogonally  related  are  orthologique, ....  «>62 

Steiner  ellipse  of  triangle, 36*^ 


SSCTIONS  OF  A  COKB. 


Cone  of  second  degree ;  base,  edge,  vertex,  axis, 

„    right  and  oblique, 

fleeriopa  made  by  parallel  planes, 

AntiparaOel  section, 

Seetiona  which  are  parabolas,  ellipses,  hyperbolas. 
Foci  of  plane  section  of  rigbt  cone,    . 
Direetrioea  of  section, 


363 
363 
363 
363 
364 
366 
366 


zzii  Contents. 


CHAPTEB  Xn. 
THEOEY  OF  HOMOGRAPHIC  DIVISION. 

PAGS 

Condition  that  four  points  form  a  harmonic  system,                             .  368 

„         „    three  point  pairs  have  a  common  pair  of  harmonic 

conjugates, 369 

Condition  that  two  line  pairs  form  a  harmonic  pencil,        .  369 

Locus  of  point  whence  tangents  to  two  given  conies  form  a  harmonic 

pencil, 370 

Point  and  line  harmonic  conies  of  two  given  conies,  .371 

Projective  rows  defined, 371 

1  to  1  correspondence  defined, 372 

Projective  rows  have  a  1  to  1  correspondence  and  are  homographic,    .  372 

Points  which  correspond  to  infinity, 373 

Similar  rows, 373 

Projective  pencils  defined, 374 

In  any  two  projective  pencils  the  anharmonic  ratio  of  any  four  rays 

is  the  same  as  that  of  their  homologous  rays,      ....  375 

Madaurin's  and  Newton's  methods  of  generating  conies,    .  376 

Double  points  defined, 376 

„        „      and  homologous  point  pairs  have  constant  anharmonic 

ratio, 376 

Double  points  found  geometrically 377 

Concentric  or  superposed  projective  pencils, 378 

Involution  defined ;  double  points  and  central  point  of,      *  379 

hyperbolic  and  elliptic, 379 

symmetxio,  isogonal,  orthogonal, 380 

A  system  of  conies  through  four  fixed  points  cuts  any  transversal  in 

involution, 381 


1) 


*> 


ContenU,  zxiii 


CHAPTER  XIII. 
THEORY  OP  DUALITY  AND  RECIPEOCAL  POLAES. 

PAOB 

hi&ciple  of  duality, 382 

lUdprocation  defined, 384 

Snbititationa  to  be  made  in  any  theorem  in  order  to  get  the  reciprocal 

theorem, 384 

ledpTOcal  of  Pascal's  theorem, 386 

hoperties  proved  by  reciprocation, 386 

Sjedal  results  when  reciprocating  conic  is  a  circle,    ....  386 

Equation  of  the  reciprocal  of  any  conic, 387 

Tq  find  the  centre  of  reciprocation  so  that  the  polar  reciprocal  of  a  given 

triangle  may  be  given  in  species,                 388 

Unmefs  triangle, 389 

Tiagential  equation  of  conic  given  a  focus  and  circumtriangle,  .  390 

Equation  of  the  Brocard  ellipse, 391 

Mdapolar  quadrangles  and  their  metapoles, 392 


CHAPTEE  XIV. 
RECENT  GEOMETRY. 

SiniGV  I. — On  a  Ststeh  of  Three  Pigubxs  Dibsctlt  Sihilab. 

Hdbothetie  figures  ;  double  point  or  centre  of  similitude  of,               .393 
To  find  the  double  point  of  two  polygons  directly  similar,          .        .  394 
Three  directly  similar  figures ;  corresponding  lengths,  angles  of  rota- 
tion, double  points,  triangle  and  circle  of  similitude  of                  .  396 
In  ditto,  triangle  formed  by  three  homologous  lines  is  in  perspective 
with  triangle  of  similitude  and  locus  of  centre  of  perspective  is 

the  circle  of  similitude, 396 

lavaqable  points  and  invariable  triangle, 397 

„            „     fonn  a  system  of  three  corresponding  points,    .  397 

„        triangle  and  triangle  of  similitude  are  in  perspective,  397 


xxiy  Contents. 

PAOS 

Modular  quadrangle, 39S 

Director  point ;  adjoint  points  ;  annex  triangles,        ....  399 

Annex  triangles  are  directlj  similar  to  modular  triangles,   .  400 

Annex  circles  :  Lionnet's  circle  and  triangle, 40  T 

Triangle  formed  by  any  three  homologous  points  is  orthologique  with 

Lionnet's  triangle, 4(1 

Triangle  formed  by  any  three  corresponding  points  is  similar  to  pedal 
triangle  of  any  of  these  points  with  respect  to  the  corresponding 

annex  triangle, 412 

Some  theorems  deduced  by  last  proposition,       ....     403,  404 

Exercises  by  Neuberg, 404 


SEcnoN  II. — Theokt  of  Habmokic  Ghobds. 

Symmedian  point  defined, 4)7 

Centres  of  inyersion  ;  Brocard  ellipse  and  circle,        ....  ^8 

Brocard  points  and  angle, 409 

Harmonic  polygons  defined, Ul 

Polar  of  Symmedian  point  is  the  same  with  respect  to  circumcircle  and 

harmonic  polygon, 118 

Tucker*  s  circle  of  harmonic  polygon, 11& 

If  figures  directly  similar  be  described  on  the  sides  of  a  harmonic 
polygon,  eyery  system  of  homologous  points  lies  on  the  first  pedal 

of  a  conic, 116 

Exercises, 117 


SscTioif  III. — Ths  Tbiangle. 

Pandlels  to  sides  of  a  triangle,  through  its  symmedian  point,  meet 

sides  in  six  concyclic  points, 41 S 

Lemoine  circle  and  hexagon  ;  Tucker's  circles, .  .    419,  4tl 

TriUnear  equation  of  the  Brocard  ellipse, 420 

Equation  and  envelope  of  Tucker's  circles, 421 

First  and  second  triangle  of  Brocard, 422 

The  inyariable  triangle  is  triply  in  perspective  with  original  triangle,  422 

Barycentric  co-ordinates  of  centres  of  perspective,       ....  423 


Contents.  xxv 


Sbction  IV. — ^Various  Cibclkb  aud  Conics. 

tJiO% 

Xeabecg's  drclM, ^2$ 

equation  of,  in  barjcentric  co-ordinates,      .        .  424 

„         piopertieeof, 426 

Knt  and  aeoond  angle  of  Steiner, 426- 

Keaberg'a  drclea— different  modes  of  deriTaUon,        ....  426 

M'Cay's  cirelea, 427 

fj          „      are  special  cases  of  annex  circles,     ....  427 

Ingonal  tranaformation,  isogonal  conjugatea, 42ft 

„               „             of  any  diameter  of  drcumcircle  is  an  equi- 
lateral hyperbola 42ft 

Isopmal  transformation  of  a  few  lines, 429 

Nsuberg's  hyperbola, 429-481 

Peles,  with  respect  to  triangle  of  reference,  of  Neuberg's  hyperbols, 

Siepert's  hyperbola,  and  circumcircle  are  collinear,     .        .        •  431 

Fuhnnann's  circles,  ......••••  ^^1 

Point  of  contact  of  nine-points  circle  with  incircle,    .        .         .        <  434 

Three  points  on  the  common  tangent  of  incircle,  and  nine-points 

circle,        .         .         . 431^ 

Oitiiocentroidal  circle  defined  and  its  equation  found,         .        .        •  436 

„  ,,     meets  perpendiculars  and  medians  in  six  points 

forming  a  harmonic  hexagon,                      437 

The  Brocard  parabolfls, 439 

Aitzt'e  paiabobB  (second  group), 441 

Bepert's  hyperbola, 431,442 

„       triangle, **3 

„       hyperbola,   any  two  points  on,   whose  parametric  angles 
differ  by  a  right  angle  are  collinear  with  centre  of  nine-points 

circle, 444 

Kiepert*s  hyperbola;  properties  of  in  connexion   with  Neuberg*s 

dicles, 443,444 

Kiepert's  hyperbola ;  parametric  angles  of  some  special  points  on,      .  44ft 


XX  vi  Contents. 

PAOS 

If  two  Kiepert's  triangles  haye  their  parametric  angles  complements, 
the  orthologique  centre  of  either  and  ABC  is  the  centre  of  per- 

spectiTC  of  ABC  and  the  other, 447 

Jerabek's  hyperbola, 448 

Most  general  equation  of  circiunequilateral  hyperbola,  .449 

Steiner's  ellipse,  properties  of, 451 

Tarry' s  point  is  the  centre  of  perspectiye  of  original  triangle  and  that 

formed  by  centres  of  Neuberg's  circles, 452 

Steiner's  axes  are  parallel  to  asymptotes  of  Eiepert's  hyperbola,         .  453 
The  parametric  angles  of  the  first  Brocard  triangle  and  that  formed  by 

Neuberg's  centres  are  complementary, 454 

The  fod  of  Steiner, 455 

„  ,,        theorems  concerning,  ....     456,  457 

Envelope  of  sides  of  Eiepert's  triangle, 458 

Co-ordinates  of  focus  of  Kiepert's  parabola, 458 

Equation  satisfied  by  the  Brocard  angle,             459 

„      whose  roots  are  Steiner's  angles, 469 

Relation  between  the  Brocard  and  Steiner  angles,      ....  459 
Equation  of  the  seventeen-point  cubic  and  the  points  (special)  it 

through 460,  461 


CHAPTER  XV. 

INVARIANT  THEORY  OF  CONICS. 

Detenninant  of  transformation, 462 

Invariants,  covariants,  contravarionts,  mixed  concomitants  defined,  462, 463 

Pencil  and  net  of  conies,  trilinear  and  tangential,       ....  463 

Polar  reciprocal  of  one  conic  with  respect  to  a  second,         .        .    463,  486 

Three  conies  of  the  pencil  i^i  —  kS^  =  0  represent  line-pairs,        .        .  464 

Equation  of  the  three  line-pairs, 465 

„      of  tangent-pair  to  conic  at  points  of  intersection  by  a  line,  .  465 

„      of  asymptotes  of  conic  given  by  general  equation,       .  465 

Lamp's  equation, 465 

Equation  of  biBOcton  of  angles  of  a  given  line-pair  in  oblique  co- 
ordinates,    466 


Contents.  xxvii 

TAOM 

Cilenlatiaii  of  mTariants  for  some  particular  conicf,  467 
Condition  that  a  tiiangle  may  be  inflcribed  in  one  conio,  and  circum- 

tcribed  to  another, 468 

Three  special  relations  which  a  triangle  can  haye  with  respect  to  a 

conic, 468 

Tact-InTariant  of  two  conies, 469 

Fuallel  to  ellipse ;  equation  of, 470 

Condition  that  two  conies  should  osculate, 471 

Centres  of  nx  circles,  which  can  be  described  through  anj  point  to 

osenlate  a  conic,  lie  on  a  conic, 471 

Innriant  angles  of  two  conies, 471 

Tsct-InTariant  expressed  as  product  of  six  anharmonio  ratios,    .  472' 
Enrelope  of  line  cut  harmonically  by  two  conies,                        .        .473 
Loeos  of  point  whence  tangents  to  two  conies  form  a  harmonic  pencil, 

473,  477 
inharmonic  ratio  of  pencil  firom  any  point  of  i^i  —  kSt  »  0  to  common 

points  of  8i  and  St .  '      .  473 

Loeos  of  centres  of  all  conies  of  a  given  pencil,         ....  473 

Anbannonic  ratio  of  four  conies  of  a  pencil  defined,  ....  474 

Conies  hazmonically  inscribed  or  circumscribed,         ....  476 

Oxthoptic  circle  of  conic  given  by  general  equation,  ....  476 

Locos  of  centre  of  conic  harmonically  inscribed  in  four  conies,  .  478 

Other  properties  of  harmonic  conies, 479 

Humonic  envelope  of  two  conies  for  which  62  vanishes,    .  480 

Conies  for  which  61  and  B2  vanish, 482 

Hamonic  system  of  conies  and  their  harmonic  invariant,  .  .482 

Examples  of  conies  which  are  harmonic, 482,  484 

Poncelet's  Theorem, 484 

Loeos  of  third  summit  of  a  triangle  circumscribed  in  a  conic,  two  of 

whose  summits  move  on  another  conic, 486 

FoQiteen-point  conic  of  a  quadrilateral, 486,  487 

Equation  of  four  -common  tangents  to  two  conies,       ....  488 

PouTteen-point  conic  of  two  given  conies, 489 

Tangential  equation  of  four  points  common  to  two  conies,                   .  489 

FooTteen-line  conic  of  two  given  conies, 490-492 

Envelope  of  the  eight  common  tangents  of  two  conies  at  their  points 

of  intersecrion, 490 

lutopolar  triangle,  .                                 491 

„             „        squares  of  sides  of  are  covariants,  492 

Mntnal  power  of  two  conies, 493 


xxviii  Contents, 

PAOB 

Tact-InYariantof  5-Xi»  =  0,and5-X8«aO, 494 

Orthogonal  inTaiiaiit,  or  the  conditioii  that  two  conies  should  cut 

orthogonally, 49S 

Frobenius's  Theorem  concerning  two  systems  of  five  conies  inscribed 

in  the  same  conic, 496 

Condition  that  four  conies  should  cut  a  fifth  orthogonally,  or  be 

tangential  to  it, 497 

Equation  of  conic  inscribed  in  a  giyen  conic  and  touching  three  given 

conies  also  inscribed  in  the  same  conio, 498^ 

Orthogonal  conies, 499 

Equation  of  conic  cutting  orthogonally  three  giyen  conies  inscribed 

in  the  same  conic, 499,  600 

Locus  of  double  points  of  a  given  trilinear  net  of  conies,    .                .601 
„    of  point  whose  polars  with  respect  to  three  conies  are  concur- 
rent,   602 

Jacobian  of  three  conies  defined, 602,  603^ 

Ditto    is  the  locus  of  the  double  points  on  lines  cut  in  involution 

by  the  conies, 60S 

Ditto    is  the  locus  of  the  double  point  of  all  conies  of  the  net 

\iSi-¥\2S2-\-\i8i^0, 60a 

Ditto    various  theorems  concerning, 603—606 

Envelope  of  line  cutting  three  conies  in  involution,    ....    606 
Hermite  envelope  of  net  of  conies, 606- 

Locus  of  point  whence  tangents  to  three  conies  form  a  pencil  in  invo- 
lution,        607 

Contravariants, 606 

Conditions  that  general  equation  should  represent  an  equilateral  hyper- 
bola or  a  parabola, 608,  609 

The  covanant  F  of  the  cyclic  points  and  any  conic  gives  the  orthoptic 

circle  of  that  conic, 609 

Orthoptic  circle  of  different  conies,    .  .610 

Foci,  equation  of;  antifoci, 611 

General  equation  of  conic  oonfocal  with  a  given  one,  .        .511 

Go-ordini^s  of  foci, 612 

The  covariant  F  of  two  conies  having  double  contact  passes  through 

their  points  of  intersection, 61S 


Contents. 

PAOB 

Identical  reUtiona, 613,  614 

Foarteen-point  conic  of  a  quadrilateral  expressed  in  terms  of  the 

equations  of  its  four  sides, 616 

Any  three  conies  are  conjugate  with  respect  to  one  infinite  number  of 

quadrilaterals, 616 

Condition  that  three  giren  conies  should  haye  a  common  point,  .    617 

Xumber  of  independent  inTanants,  &c.,  &c.,  of  two  conies,  617,  618 

The  six  aummita  of  two  triangles,  autopolar  with  respect  to  a  conic. 

He  on  a  conic, 619 

Condition  that  two  given  linea  should  intersect  on  a  given  conic,        .    620 

Identical  relation  connecting  coefficients  in  the  equations  of  six  conies 

harmonicaUy  oircumsoribed  to  the  same  conic,     .        .        .        •    620 

MtseeUaneonB  Exercises, 626 


[The  following  Course,  omitting  the  Articles  marked  with  asterisks,  is 
recommended  for  Junior  readers  :  Chapter  I.,  Sections  I.,  II.,  III. ; 
Chapter  II.,  Section  I. ;  Chapter  III.,  Section  I. ;  Chapters  IV.,  V., 
VI.,  VII.] 


OdUL"ttAlAJL  AMMxtel  ^t]euuLi  C«AA*^*irf  ixx  -tJLu^  o<sjvu  . 


EEKATA. 

Page    8,  line  3,  /i>r  "  19  or-3,"  r^orf  "  7  or  -  1." 

8,     „  20,  omitthsfaeiar  ''2'\ 

12,     „     4,  /or  «« ^ -  V, and  ^"- ^","  r«irf  " ^ - ^',  and  ^' - ^".' 

12,     „  10,  „  "  -  00 ,"  r«wi  *'  -  00  ." 

18,     „  10,      „  "y»"(Exl-*').^*'''^  "y*"- 

26,     „     6,      „  "multiples/' r^a^  **  real  multiples.'* 

40,     „  19,      „  **x'y,''  nad  «*«y." 

44,     ,>    8,      „  "(*tan4>")"[Ex.3.3^,r«irf  "(*tanf',AcotO-' 
46,     „     4,      „  *' (acosa,  sina)/' TM^  "(acosofdsina).*' 

49,  2nd  last,  supply  **aie,"  o/iter  <' parallels." 

50,  line  12,    qfUr  "  a,"  supply  *'  in  the  same  sense." 
t>      »  13»      99        99        tt        "in  the  other  sense." 

65,    last,      fir  "  {A'B'CD),"  read  "  (A'B'C'J/).'' 
65,  lines  16  &  17, /or  "»lB^,"  r<f/wi  **  IB  A.*' 

67,  line  12,  /or  "  o,  ±  3,  ±  7,"  r(f«?  "  a',  ±  ^',  ±  7'." 

68,  „     9,      „  "i),"  read  "y." 
76,     „    6,  after  the  word  "  line,"  tupply  *Hhiough." 
78,    Ex.1,    /or**8in2i3,"rrai  "8in2^." 

7»,     „     3,      „  •V(a«+iB'H2ai3oosa)," 

r#<w/  •Vai*T/3i»+  2ai/9i  cos  (7." 
80,  Cor.  2,      „  "  m',"  r«k?  "  fwi." 

84,  Srdlast,    „  "-B'C,"  <mrf  "drawing,"  r#arf  "  5(7,"  awrf  "  draw." 

85,  line   1,      „  **AB,'*read  **  AF.** 

90,  last,        „  "  extemaUy,"  read  **  intemallj." 

91,  line  7,      „  "  CAyfi^'  and  '' AByfir 

read  ''CTAy/i;'  and  "^B'y^." 

92,  „    6,      „  "sin(/5  +  «),"rearf  "8in(5  +  e)." 

93,  „    8,      „  "  line  at  infinity,"  read  "  line  b  +  ift/3  +  fi^  ^  0. 
99,  £z.  13,  2nd  line,/or  "  of  the  tangent,"  read  "  to  the  tangent." 

„  102,  4th  last, /or  "  =  4,"  read  "=  0." 
„  112,  line  6,      „  "  5,"  read  "  5^." 

116,  Une  10,      „  "  *'iS,"  read  "  *5'." 

125,    Ex.  4,      „  "fi*5j,  rin,  5i^i,"  rMiJ  "i»a5»,  nn,  5i5i." 

144,]inel0,      „  "iS-3asinJ?BinC;" 

read  "5-Sa(asin^  +  /isinJ?  +  7ainC?)^4^-0." 
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Page  160,     last,      ADB.9houldbe  **:ie?Bin2A{6m^B-^em^C) 

-2aiiABiD.BBmClfiysm{B-C)  =  0." 

„  163,  line  12,    for  "  (a+ 2Am  +  ftm«) 57,"  read  "  {«  +  2hm  +  bm^)S^** 
,,160,     „     2,      „  "a*«  +  **y+(«*^  +  iV) /(«  +  *)," 
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yV,"  fMMi  "y',  y'V»  an<;  amit  the  word  "it." 
„   "  Ues,"  «(it?p/y  "  on." 
„  "ylt/y^'read'^y'lyy 
„  "POP,"riftfrf  ''POF:' 

„  "  rcr=  T5,"  rtf<kf  "  rir=  r^'." 

„  '' tOB^TPT ,''  read  "2cosjrPr." 

„  " polar,"  r«wi  "pole." 

„  "at  rto  8,''  read  "at  Fto  5'." 

„  "  +  Vrea</  "-;t." 

„  "  ^.4"  /  A" A,''  read  '*AA"  /  A" A'.'' 

„  **  B'S',''  read  "  P'5." 

„  "  two  figures  inversely  similar," 

reoil  "  two  inverse  figures." 

„  **ABC,''  read  "the  circle  ABC:' 
„  388,     „  6&8,  „  ''AB'Cr;'  read  "^i^iCi." 
„  389,     „  3&8,  „  ''A'B'Cr,''  read  "^iP,(7i." 

„     „      last,        „  "cot-4',cot-B',cot(7',"rea<?"cot^i,coti?i,cot(7i." 
„  390,  lines  7,  8, 11, /or  "-4',  B\  C,"  rwrf  "  J[i,  J9i,  Ci." 
„  400,  2nd  la8t,/or  "^'i/Sjift,"  r«wJ  "  QiQ^Ch^ 
„  407,  line  12,     „  "  SKS :  C),"  read  "  iSr  :  50." 
„  491,  7th  last,    ,,  "antipolar,"  read  "autopolar." 


CHAPTER   I. 

THE  POINT. 

s 

Sbction  I. — RtTLE  OF  SiGws. — ^Resxtltaxts. — Pbojectionb. 

1.  EuLs  OP  Signs. — ^When  we  consider  several  points  Ay  JB,  C, 
. . .  upon  the  same  right  line,  in  order  to  render  formulae  general, 
it  is  necessary  that  the  segments  comprised  hetween  these  points 
may  be  submitted  to  a  ride  of  signs. 

The  segment  denoted  by  AJB  is  supposed  to  be  described  by 
a  point  moving  from  A  its  origin,  to  B  its  extremity.  Tbe 
segment  BA  by  a  point  moving  from  ^towards  A^  B  being 
origin,  and  A  extremity.  All  the  segments  described  in  the 
same  sense  are  positive.  Those  in  the  opposite  are  negative. 
Hence  it  follows  from  this  convention  that  AB  -  -  BA. 

Prop. — If  A^  B  ,  .  ,  Ky  Lhe  any  system  of  points  on  a  line 

AB  +  BC  -^  .  .  .  JTL  +  LA  «  0,  (i) 

In  &ct  if  the  moving  point  describe  in  succession  the  segments 
ABt  BC . .  .  ZA,  it  commences  at  A  and  returns  to  A.  Hence 
it  describes  as  much  in  the  negative  as  in  the  positive  directions. 
Hence  the  sum  is  zero. 

Cor.  1 . — If  OyAjBhe  three  collinear  points,  AB  =  OB-  OA . 

For  OA  +  AB  +  BO'^O;  .-.  AB^^OB-^OA.       (2) 

This  equality  serves  to  refer  all  segments  on  the  same  line  to  a 
common  origin. 

Cor.  2. — If  if  be  the  middle  point  oi  AB 

OM=i{OA-¥  0B\  OA'OB^  OM^-'iAB*. 

n 


Demonatration.— OA  +  AM-^  MO =0,  OJB  +  JBM+  MO  =  0. 
Adding,  and  observing  tliat  AM+  BM=  0,  we  get 

OA^  0£  +  2M0  =  0.     Hence  0M=  i{OA+OB).     (3) 
Again,  from  (1),  we  have 

OA  =  OM-  AM,  OB  =  OM-^  JBM=  0M+  AM. 
Hence     OA.OB=  OM^ -  AM^  =  OM^ -  J ^^.         (4) 

2.  SioNS  OF  AsxAS. — The  notation  OAB  denotes  the  area 
described  by  the  line  OM, 
turning  round  0  in  such  a  Y 
manner  that  its  extremity  M 
describes  the  line  AB  in  the 
direction  AB,  or,  in  other 
words,  OA  is  turned  round  in 
the  direction  indicated  by  the 
arrow.  Then,  if  we  make  the 
convention  that  the  area  OAB 
is  positive,  then  the  area  OB  A,  which  is  described  in  the  opposite 
direction,  viz.,  from  OB  to  OA,  is  negative.  Hence  we  have 
the  following : — 

EuLE. — The  notation  ABC  denotes  the  absolute  vahie  of  the 
area  of  the  triangle  ABC  taken  with  the  sign  +  or  the  sign  -, 
according  as  the  rotation  ABC  is  in  the  positive  or  the  negative 
nense.  Eence  we  have  ABC^BCA  =  CAB  =  -  ACB  =  -  BAC 
=  -  CBA. 

3.  Geometaic  Sum  oe  Resultant.  Dbf. — Being  given  several 
segments  AiBi  .  A2B2  .  .  .  A^^B^.  If  we  draw  ths  lines  OCi  . 
C1C2  .  .  .  (7„_i  Cny  respectively  equal  and  parallel  to  AiBi,  A2B2 
. . .  A^B^,  and  in  the  same  sense  the  line  OC^is  called  the  resultant 


of  the  segments. 

Pkop. — The  magnitude  and  the  direction  of  the  resultant  of 
aeveral  segments  is  independent  of  the  order  of  sequence  of  these 
and  of  the  origin. 
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1®.  For,  drawing  (7i  C  parallel  and  equal  to  A^^y  the  figure 
CiCjCjC  is  a  parallelogram,  then  CC^  is  equal  and  parallel  to 
A^B^.     Hence  in  this  construction  it  is  evident  we  invert  the 


order  of  sequence  of  drawing  parallels  to  A^B^,  AiB^.  Similarly, 
we  can  invert  the  order  for  any  two  consecutive  segments,  and 
therefore  we  can  take  the  segments  in  any  order  whatever. 

2°.  Taking  a  different  origin  (T,  and  drawing  (yC/,  C/Cj', 
Cj'Ci'  .  .  .  equal  and  parallel  to  AiB^  A^B^  .  .  .  then  the 
figures  OCiCiO',  CiC^C^'Ci  .  .  .  are  parallelograms.  Therefore 
the  lines  0(y,  CiCi  .  .  .  C^C^'  are  equal  and  parallel.  Hence 
0C„  (yC^'  are  equal  and  parallel. 

4.  PaojECTiONS. — The  projection  of  the  resultant  of  several 
segments  upon  any  axis  is  equal  to  the  sum  of  the  projections  of 
these  segments  upon  that  line. 

Dem. — If  o^Ci^c^,-,  .he  the  projections  of  the  points  0,  C,, 
Cj .  .  .  we  have 

OCi  +  ^1^  +  C^Gz  .  .  .  +  ^n-l^n  +  ^tfi  =  0* 

Hence  oc^^^  oci  ■{■  CiC%  .  .  .  +  (?,^i c^. 

But  two  equal  and  parallel  lines  have  parallel  and  equal 
projections,  and  of  the  same  sign.  Hence  projection  of  OC^- 
projection  of  AxBx  +  projection  of  AJB^  . . .  +  projection  oiA^B^. 

Cor. — ^The  projections  may  be  oblique,  that  is,  the  projecting 
lines  can  be  parallel  and  inclined  at  any  angle  to  the  axis. 

b2 


4  The  Point. 

Ttloip. — The  projeetwn  of  a  segment  AB  upon  any  axis  OX  is 
equal  in  magnitude  and  sign  to  the  product  of  AB  hy  the  cosine 
of  the  angle  of  the  positive  directions  of  the  axis,  and  of  the  line 
projected, 

Bern. — ^Let  A'B'  be  the  projection  of  AB  upon  OX. 
Draw  AB"  parallel  to  OX.  Suppose  AB  positive.  If  we  make 
AB  turn  round  A,  the  sign  of  AB'*  is  always  equal  to  that  of 
the  cosine  of  the  angle  WAB\  also  in  absolute  values  A'B*  = 
AB  cos  B"AB.  UABis 
negative,  the  angle  of  posi- 
tive direction  of  OX  and 
AB  is  equal  to  the  angle 
B"AB  ±  V.  Hence  the 
cosine  changes  sign.  Hence 
the  proposition  follows. 

Cor.  —  If  the  projec-       ^ jz tr 

tants  AA'f  BB*  make  an 
angle  6  with  OX,  we  have 

A'B*  =  AB  sin  {6  -  a)  /«n  0.  (5) 

Section  II. — Cartesian  Co-ordinates. 

Definition  i. — Two  fixed  fundamental  lines  XX',  YY'  in  a 
plane,  which  are  used  for  the  purpose  of  defining  the  posi- 
tions of  all  figures  that  may  be  drawn  in  the  plane,  are  called 
axes.     When  these  are  at  right  y 

angles  to  each  other  they  are 
called  rectangular  axes,  other- 
wise they  are  called  oblique  axes,    x'- 

Def.  II. — The  lines  XX', 
YY*  are  called  respectively  the 
axis  of  abscissa,  and  the  axis  of  jT 

ordinates.    XX'  is  also  called,  for  reasons  that  will  appear 
further  on,  the  axis  of  a?,  and  YY*  the  axis  of  g. 


0 


Cartesian  Co-ordinates, 


Bef.   hi. — ^The  point   0,  the  intersection  of  the  axes,   is 
called  the  origin. 

Dbf.  it. — ^The  origin  divides  each  axis  into  two.  ports,  one 
patitivej  the  other  negative.  Thus  X*X  is  divided  into  the 
parts  OXf  OX!y  of  which  OX  measured  to  the  right  is  UBiially 
considered  positive,  and  OX!  negative,  hecause  it  is  measured 
in  the  opposite  direction.  Similarly  the  upward  direction,  OF, 
is  regarded  as  positive,  and  the  downward,  OP,  negative. 
When  the  axes  are  ohlique  the  angle  XOT  hetween  their 
positive  directions  is  denoted  hy  cd.  The  axes  will  he  rect- 
angular unless  the  contrary  is  stated. 

Bef.  v. — Any  quantities  serving  to  define  the  position  of  a 
point  in  a  plane  are  called  its  eo-ordinates.  Three  different 
systems  of  co-ordinates  are  in  use,  namely  parallel  or  Cartesian 
(called  after  Descartes,  the  founder  of  Analytic  Geometry), 
Polar,  and  Trilinear  eo-ordinates. 

Def.  VI. — The  Cartesian  co-ordinates  of  a  point  P  are  found 
thus: — Through  P  draw  Pif  parallel  to  OY;  then  the  lines 
OMy  MP  are  the  co-ordinates  of 
P;  and  since  OM  is  measured 
along  OX  it  is  positive,  and  MP 
parallel  to  OF  is  also  positive. 
Thus  both  co-ordinates  of  P  are  ^" 
positive.  Similarly  the  co-ordi- 
nates of  5,  viz.,  ON",  IfR  are 
both   negative;    and    lastly,   the  Y' 

points  Q,  iShave  each  one  co-ordinate  positive  and  the  other 
negative. 


M' 


W 


R 


N 


M 


Bef.  vn. — The  Cartesian  co-ordinates  of  a  known  ot  fixed 
point  are  usually  denoted  by  the  initial  letters  of  the  alphabets 
such  as  0,  h.  They  are  also  denoted  by  the  letters  x,  y,  with 
accents  or  suffixes,  thus  \  x!,yf  \  a/',  y",  &c. ;  x^y  y\ ;  ^,  yt,  &c. 
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The  co-ordinates  of  an  unknown  or  of  a  variable  point  are 
denoted  by  the  final  letters,  such  as  x,  y,  without  either 
accents  or  suffixes,  and  sometimes  by  the  Greek  letters  a,  )3 ; 
but  these  are  more  frequently  employed  in  trilinear  co-ordi- 
nates, which  will  be  explained  further  on. 

5.  To  find  the  dietanee  8  between  two  point*  in  terms  of  their 
eo-crdinatee. 

1°.  Let  the  axes  be  rectangular. 

Let  A,  B  be  the  points,  x'  y'y 
xf'  y"  their  co-ordinates.  Draw 
BC  parallel  to  0X\  AB,  BE 
parallel  to  OY,  Then,  since 
the  co-ordinates  of  ^  are  ^  y'^ 
we  have 


Similarly 
Hence 
but 
therefore 


OB  ^xf,  BA«  y'. 

OE  =  x^',  EB  =  y". 

BC^txf^a/',     CA^y'-y''-, 
AB'^BCU  CA^\ 

8»  =  (:«/  -  x"Y  +  (y'  -  y")*- 


(6) 


Hence  we  have  the  following  rule : — Subtract  the  x  of  one 
point  from  the  w  of  the  other,  also  the  y  of  one  point  from  they  of 
the  other;  then  the  sum  of  squares  of  the  remainders  is  equal 
to  the  square  of  the  required  distance, 

2^.  Let  the  axes  be  oblique. 

Since  the  angle  ACB  is  the  supplement  of  XOF,  we  have 

ACB^  180° -ca. 

Hence        AB^  ^BC^+  CA^  +  2BC .  CA  cos  w. 


thatis,  8» -(«' -«")'+ (y' - y'')"  +  2  (ar'-ar")  (/-/')<»««•   (7) 
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In  applying  these  formulae  it  is  necessary  to  take  the  eigiiB 
of  y,  y' ;  «",  y'' ;  cos  «  into  account. 
Thns,  in  the  annexed  figure, 


S»-  CB* -^AC^'2CB.  AC  cos  BCA. 
But  AC^AJS^  EC^^-^ir  V")  -  y'  - y"» 

Heice  snb'stituting  we  get  equation  (7). 

In  practice,  ohlique  axes  are  seldom  employed ;  but  as  they 
sonetunes  are,  we  shall  give  the  principal  formulae  in  both 
foms. 


1.  Find  the  distance  of  the  point  »^  from  the  origm — 

1*.  When  the  axes  are  rectangular.  An$,  S*s«'*  +  y'S.     (8) 

V.  When  they  are  oblique.    Atu.  8*  « a?'*  +  y'* + 2*y  cos  «.     (9) 

2.  Find  the  distance  between  the  points  (reos0',  rsinSOt  (^  cos9",  rsin  9"). 

Ant.  8  =  2f  8mi(S'-r).        (10) 

3.  Find  the  distance  between  the  points  (^-79  Oji    fO,  --^J* 

r.  When  the  axes  aie  rectangular.  Atu.  S  »  -^--  ^A*+B*.    (11) 


C 


r.  When  oblique.     Ant.  »  =  -7^  V-4»+ jB*+  2A£ cos  «.       (12) 
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4.  If  the  azM  be  rectangular  determine  y — 

1*.  If  the  distance  between  the  points  (6,  y)^  (2,  3)  be  equal  to  5. 

2*.  If  the  distance  between  (2,  y),  (4,  -  6)  be  V68.        7  in  -  / 

Am.  3  or-  13. 

5.  Find  the  distance  between  the  points  {a  cos  (a  +  /9)y  6  sin  (a  +  3) }» 
{ffC08(a-i3),  ^sin(a-i3)}. 

Ant,  a  =  2  siniS  {a<  8m*a+  ^  cos*a}i.     (13) 

Dbf. — Th$  line  joining  two  points  will  for  thortneu  he  eaUed  the  join  of 
the  two  points, 

6.  Find  the  condition  that  the  join  of  the  points  x'y\  x*'y"  may  subtentf 
a  right  angle  at  xy.  Since  the  triangle  formed  bj  the  three  points  is  righf 
angled,  the  square  on  one  side  is  equal  to  the  sum  of  the  squares  on  the 
other  two.    Hence 

(^'-^'T+Cy'-yT^C^-^T+Cy-yT+C^-^T+Cy-y")"; 

and  reducing,  we  get 

(i:-«')(a:-o  +  (y-y')(y-y")«o.  (h; 

If  the  axes  be  oblique,  the  condition  is 
(ar-«')(x-*")  +  (y-y')(y-y") 

+\{(«-*')(y-y")+(«-*")(y-y')}coe«=o.   (n 

6.  To  find  the  oondition  that  three  points  ar'y',  ar'y',  x'Y' 
shall  he  eoUinear, 

Let  A,  JBj  C  he  the  points :  drawing  parallels  we  have,  lx>m 
similar  triangles,     £D :  AD ::  CE:  EB. 


Hence 


ar'-ar"      a:" -a?"' 


//  ..///» 


y'-j'"    y"-y 


(1.6} 


or    (**/'- «'y)+(«'y"-«"y')  +  (*"y-«'y"')-o-    (it^ 
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This  may  be  written  in  the  form  of  the  detenninant 

*'.       y',       1. 

«",       y",       1,       -0.  (18) 

7.  This  proposition  may  be  proved  otherwise,  and  by  a 
method  which  will  connect  it  with  another  of  eqnal  impor- 
tance. 

Lemma. — The  area  of  the  triangle  whose  iummite  are  afy*^  a/y, 
ffw?  ihe  origin  is  ^  («'y"  -  ar'y )  sin  ci>. 

Dem. — ^Through  the  points 
^y,  a/y   draw  parallels  to        E 
the  axes ;  then  the  parallelo- 
grams ODCJE,  OQFR  are  re- 
sitectively  equal  to  ^y"  sin  <o,        H 
yy  sin  Q).      Hence  the  tri- 
angie   OA^^    which    is  evi- 
dently equal  to  half  the  dif-        01  6  D 
ierence    of    these    parallelo- 

giams,  is 

i  (a?'/' -  a/y)  sin  «.  (19) 

Cvr  1. — If  the  axes  be  rectangular,  the  triangle 


B 

xV 

0 

/ 

if         \. 

A,  , 

^ 

ocy 

OAB^i(x'if"-x'y). 


(20) 


To  apply  this,  let  A,  B,  C  be  three  collinear  points.     Join 
OA,  OB,  OC;  then  we  have  A  OAB  +  A  OBC^  A  OAC; 
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therefore       «'y"  -  ^'y  +  ^Y'  -  ^'Y  «  ^f'  "  «"'/ » 

or  (a?'y"  -  «"/)  +  {a^Y'  -  iP'Y')  +  (^V  "  ^U"')  =  0. 

8.  The  Lemma  of  §  7  enables  us  to  find  the  area  of  a  triangle 
in  terms  of  the  co-ordinates  of  its  summits. 

For,  if  any  point  0  within  the  triangle  be  taken  as  the  origin 
of  rectangular  axes,  and  the  co-ordinates  of  the  yertices  be 
^y',  x'Yf  ^"y"'y  tiien  join  OA,  OB,  OC.    Since  the  triangle 

ABC^  OAB+  OBC^  OCA, 

we  have 

^,         /,         1, 

^',       y",        1,      .  (22) 

^".       r,        1, 

It  is  evident  that  we  get  the  same  result  if  we  take  the 
origin  outside  the  triangle  by  attending  to  the  signs  of  the 
areas  (see  §  2). 

From  this  proposition  it  follows  that  the  geometrical  interpre- 
tation of  the  condition  that  three  points  should  be  collinear  is, 
that  the  area  of  the  triangle  formed  by  them  is  zero. 

9.  Hie  area  of  any  polygon,  in  terms  of  the  co-ordinates  of  its 
summits,  is 

i  { («iy.-  «»yi)  +  (^jys  -  ^t/t)  + . . .  {^nifi  -  «iyO)  •    (23) 

For,  let  ABCBEF  be  any  closed  non-intersecting  polygon, 


or 


=  * 


rv 


whatever  may  be  the  point  0,  we  have  area  «  OAB  +  OBC 
+ .  .  .  OFA,  whence  we  get  the  formula  (23). 


Cartesian  Co-ordinates. 


11 


If  it  be  an  intersecting  polygon  (Polygons  6toile),  by  defini- 
tion its  area  is  OAB  +  OBC  .  .  .  OFA ;  but  in  this  case  it  is 


necessary  to  yerify  that  the  origin  0  may  be  any  whateyer,  we 

have 

OAB  =  aOA  +  (yAB  +  (yBO, 

OBC^  aoB-^  aBC\  aco,.. 

Adding  these  equalities,  and  remarking  that  (yB  0--(y  OBy  &c., 
we  get 

OAB  +  OBC  .  .  .  +  OFA  =  OAB  +  aBC  .  .  .  +  OFA, 


Find  the  anaa  of  the  trioaglea  whose  summits 

1.     (1,2);     (8,4);     (6,2).  2.     (3,4);    (6,3);    (6,2). 

3-     (-  6,  4)  ;  (-  6,  6) ;  (6,  2).        4.     (2,  1) ;  (3,  -  2) ;  (-  4,  -  1). 

5.  CV),      (:^,0),        (0,l/). 

Substitate  the  co-ordinates  in  equation  (21),  and  we  get 

x\  y'        1,     i 

2area  =      -  (7/^,      0,         1, 
0,       -C/J,    1, 
s  CaflB  +  Cy'lA  +  (PjAB  =  C(Ax'  +  By'  +  C)IA3.         (24) 

6.  {af^j  2af),     {an,  2«r'),    a^'"*,  2a^"). 

Am.  ^a^{f-  r)  (<"  -  r)  (<"'  -  <').     (25) 

7.    \at'f\  «(«'  +  O} ;    {«<"«"',  «(<"  +  O} ;    {«<"'<',  »(«'"  +  0}. 

Ant,  Half  the  area  of  Ex.  6. 
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8.  (4ico0  4»',  dsin^'),  (aeoB*^  ddn^^"))  (acos^'",  ftsm^'"). 

Am.  2«d  fun  i  (^'  -  4»")  ain  }  (^"  -  ^'")  sin \  (4»"'  -  4>').     (26) 

9.  (Artan^,  ^oot^),     (^tan^\  Arcot^'),     (it  tan  ^",  it  cot  ^"}. 


4ik> 


Bin  (^  -  ^T  gin  (^'.-  ^'')  »in  W  -  ^) 
sin  2^  sin  2^'  sin  2^" 


(27) 


10.  Let  there  be  upon  the  same  right  line  two  fixed  points, 
Ay  B,  and  a  variable  point  C,  the  quotient,    v        A        B        X 

CA/  CB  is  called  the  ratio  of  section  of  the    ' ' 

point  Cf  and  is  denoted  by  {AB^  C).  When  C  moves  from  A 
to  B  the  ratio  {AB^  C)  is  negative,  and  varies  continuously 
from  0  to  •  00.  When  C  moves  along  BX  we  have  CAj  CB 
^  {CB-^  BA)/CB  =  1  +  BAjCB.  This  ratio  is  +,  and  varies 
from  +  00  to  1.  When  C  moves  upon  ^F  we  have  CA/CB 
=  {CB  -  AB)ICB  =  1  -  ABjCB,  the  ratio  is  +,  and  varies 
from  0  to  1 .  From  this  discussion  it  follows — P  that  the  ratio 
ofeeotion  {AB,  C)  can  take  all  vahtes  positive  and  negative  f  and  each 
only  once  ;  2^  that  the  point  at  infinity  upon  the  line  eorrespondi  to 
a  ratio  of  section  equal  to  +  l,  the  middle  of  AB  to  a  ratio  equal  to 
-  1,  and  the  points  A,  B  to  ratios  equal  to  0  and  od. 

11.  To  find  the  co-ordinates  of  the  point  which  divides  in  a  given 
ratio  -  Ijm,  the  join  of  two  points ^  a/y',  af'y^'. 

11  A,  B  be  the  given  points,  let  C  be  the  point  of  division, 
xy  its  co-ordinates ;  then,  drawing  parallels,  we  have 


I     CA     £JU     OA'^OC    x'-x 
m'^  CB^  CF^  OB!  -OC  "^^3^* 


therefore  x 


Similarly,  y 


ly"^m^ 
I  \fn 


(28) 


A      C        B 
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If  the  join  of  the  two  points  be  cut  externally,  we  get 

m     X  -  xf'' 

Hence  *  =  — = 1 

I  -m    I 

(29) 
Cor,  1. — If  the  ratio  Ijm  be  denoted  by  \,  we  have 

Hence,  by  varying  A  wc  get  the  co-ordinates  of  any  point  in  the 
line  ABj  in  terms  of  a  single  parameter  X. 

Cor.  2. — If  X  be  equal  to  unity,  we  get 

Hence  we  have  the  following  : — 

Rule. — The  co-ordinates  of  the  middle  point  of  the  join  of  two 
ytrm  points  are  respectively  half  the  sums  of  the  corresponding  co- 
ordinatss  of  these  points, 

Def.  I. — 7\ffo  points,  C,  B,  which  divide  AB  internally  and 
externally  in  ratios  which  differ  only  in  sign  are  said  to  he  harmonic 
cmjttgates  to  A,  B.     Thsir  co-ordinates  are  of  the  forms 

(82) 


*"    1+X ' 

y'+Xy" 

^=  i+x- 

x'-Xx" 

y'  -  Xy" 

y-  i-x- 

(83) 

Dep.  II. — Two  points,  C,  D,  equidistant  from  the  middle  point  of 
AB,  are  said  to  he  isotomic  conjugates  with  respect  to  AB.     Their 
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co-ordinatM  are  o/theformt 


1.  Find  the  co-ordinates  of  the  points  which  hisect  the  joins  of  (8,  12) ; 
(4,  -  6) ;  (-  12,  -  6). 

2.  The  join  of  the  points  (3,  4)  (5,  -  6),  is  divided  l""  into  3,  2**  into  5, 
3°  into  7  equal  parts ;  find,  in  each  case,  the  co-ordinates  of  the  division 
which  is  next  to  the  point  (3,  4). 

3.  The  joins  of  the  middle  points  of  opposite  sides,  and  the  join  of  the 
middle  points  of  the  diagonalB  of  a  quadrilateral,  are  concurrent.  For,  if 
«iyi)  ^y2f  ^sys»  ^4^4  he  the  co-ordinates  of  its  angular  points,  then  the 
co-ordinates  of  the  point  of  hisection  of  the  join  of  the  middle  points  of  its 
diagonals,  or  of  either  pair  of  opposite  sides,  are 

i  {xi  +  «»  +  iPj  +  Xi),    J  (yi  +  y2  +  ys  +  yi)-  (36) 

Theory  of  the  Meait  Centee. 

12.  Dep. — Let  there  he  given  n  points,  Ai,  A^  .  .  .  -4„,  and  a 
corresponding  system  of  multiples,  m^  Wj .  .  .  w„,  connected  tvith 
them,  then,  if  a  point  Bi  he  determined  on  the  join  of  Ai,  -4a,  so 
that  the  ratio  of  section  {A1A2,  B^)  may  he  equal  to  -  ^2:^1. 
Again,  if  B^  he  a  point  on  the  join  of  B^,  A^,  so  that  {B^A^,  B^) 
=  -  nij :  jni  +  W2,  Sfc. ;  lastly,  let  B^i  he  on  the  join  of  B^^,  A^y 
such  that  {Bn^2Any  B^i)  =  -  w„  :  Wi  +  %  .  .  .  «?i„.„  B^.i  is  called 
ths  mean  centre  of  A^,  A^ .  .  .  A^  for  ths  system  of  multiples 
»ii,  w,  .  .  .  iw«. 

It  will  he  seen  that  the  foregoing  construction  is  the  same  as  that  given 
in  statics  for  finding  the  centre  of  gravity  of  masses  mi,  mz,  ,  .  .  f»n>  at  the 
points  A\,  Azy  .  .  ,  An',  but  as  Analytical  Geometry  is  altogether  inde- 
pendent of  that  science — although  it  may  employ  some  of  its  terms — ^we  have 
thought  it  best  to  give  a  purely  geometrical  definition  of  mean  centre. 
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13.  P3ROP. — 1/  Xiffi,  itaya,  .  .  .  x^y^  he  the  eo-ordinates  of 
Aif  At,  . . .  An,  the  eO'Ordinatee  of  the  mean  centre  are 

In  fact,  from  §  1 1  we  get  the  abscises  of  the  points  J9i,  B^ 

m 
•     •      •      VXZ»y 

^j  =  — — ^— J        ^j  as  ■ 

nil  +  »>2  Wlj  +  M%  +  f«j 

S  — J  ^c., 

Ml  +  IHi  +  ffis 

sisiilarly  for  the  ordinates. 

Cor,  1. — The  mean  centre  is  independent  of  the  order  in 
whieh  we  combine  the  given  points. 

Cor.  2. — ^In  order  to  find  the  mean  centre  of  a  system  of  points 
for  a  system  of  multiples  we  may  divide  them  in  groups ;  find 
the  mean  centre  of  each  group ;  then  find  the  mean  centre  of  their 
mean  centres  for  multiples  equal  to  the  sum  of  the  multiples 
belonging  to  each  group. 

Cor.  3. — If  Wi  +  m^  . . .  +  w^  =  0,  the  mean  centre  is  inde- 
terminate or  at  infinity  on  a  determinate  line. 

Let  Bf^2  be  the  mean  centre  of  Ai,  A^y  .  . .  A^i^  then  the 
point  Bn-\  must  satisfy  the  proportion 

If  Bn.2  does  not  coincide  with  -4„,  the  point  B^i  is  at  infinity 
on  the  line  B^i  A^,  if  B^%  coincide  with  A^^  B^Ji  may  be  any 
point  whatever  in  the  plane. 

14.  If  M  he  the  mean  centre  of  the  summits  A,  B,  C  of  a 
triangle  for  the  system  of  multiples  a,  fi,  y,  then  a  :  fi:  y  :  :  the 
triangle  BMC :  CMA  :  AMB, 
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Dem. — In  order  to  find  the  point  M  we  divide  AB  in  C  so 
that  the  ratio  of  section  {AB,  C")  =  -  i^ :  a,  that  is  BC :  C'A 


i:a\  P\  bnt  BC  \  OA  \\  triangle  BMC :  CMA.  Hence 
aifi::  BMC:  CMA.     Similarly  )»  :  y  : :  CMA  :  AMB. 

Cor,  If  o  +  )8  +  y  =  0,  but  o,  )9,  y  variable,  the  locns  of  the 
point  Jf  is  the  line  at  infinity. 

DsF. — 7/"  jwi  =  wtj  =  W3  . . .  =  w„  the  mean  centre  is  called  the 
centre  of  mean  distances. 


1.  The  medians  of  a  triangle  are  concurrent,  for  each  passes  thrpugh  the 
mean  centre  of  the  summits. 

2.  The  orthocentre  of  a  tiiangle  is  the  mean  centre  of  its  summits  for 
the  multiples  tan  A^  tan  By  tan  C. 

3.  If  afy'f  x"f/\  x'"y"*  be  the  summits  of  a  triangle,  a,  by  e  the  lengths 
of  its  sides,  the  co-ordinates  of  its  incentre  are 

ax'  -t-  hx"  +  ex'"      ay'  +  by"  At  cy'" 

4.  If  B  be  the  centre  of  mean  distance  of  A\y  At,  . . .  Any  the  sum  of  the 
projections  of  the  lines  BA\y  BA^y  . . .  BAn  upon  any  axis  whatever  is  <=  0. 
Take  B  as  origin,  and  the  axis  of  x  the  line  on  which  the  projections  are 
made. 

5.  Find  the  co-ordinates  of  the  centre  of  mean  position  of  the  points 

(a  cos  a,  d  sin  a),   {acoefi,  b  em 0)y    {a  cos 7,  &  sin  7), 

{a  cos(a  +  i3  +  y),    -*  sin  (a  +  3  +  7)}- 
Ant.  X  stf  cos^(a  +  i3}  cos|(j9  +  7)  008^(7  +  0), 

y  =6sini(a  +  i9)  sini(i3-f-7)  sin}(7  +  a).  (39) 
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6.  If  5be  the  mean  centre  of  the  points  A,  B,  C,  .  ..Lior  the  multiples 
a,b,ef..,l^  the  Bom  of  the  products  of  the  projections  of  the  lines  8A,  SB, 
. ..  SL  upon  any  line  whateyer  hj  a,  d,  . . .  /a  0.    In  fact,  from  (37)  we  got 

Soxi  -  xXa  =  0,     or    2a  {xi  -  ar)  «  0.  (Stbinbb.) 

7.  With  the  same  hypothesis  if  T  he  any  arbitrary  point, 
sr^+JrB».../TZ»=a5^«  +  *5J»  +  .../^X'  +  a(a).r5».   {Ibid.)    (40) 

If  X,  y  be  the  co-ordinates  of  T,  and  8  be  taken  as  origin,  we  haye 

but       a(a)r^>«S«{(«-afi)«  +  (y-yi)*}  =  aa(«»  +  y«)  +  Sa(«i»4yi') 
-  2s2azi  -  2y  Sayi  «  {2a)  87^-^2  {a8A*). 

8.  In  the  same  case 

la.8A^^^.2ab.  AB^.  {Ibid.)    (41) 

Taking  8 as  oiigin,    IatisO,  2ayi^0,    square  and  add  and  we  baye 

Ss^  («i*  +  yi*)  +  21a*  {xi  a?«+ yi  yj)  =  0, 
or    Xs*(«i*  +  yi«)+2a*{a?i«  +  yiH»»«  +  yi»-(a?i-«j)«-(yi-yj)»)=0, 
or  2a» .  «i4*  +  2ab  {8A^  +  8B*-AB^)^0. 

Hence  2u8A^  (a  +&+...) »  2a*^  J^. 

SsOnON   III. — POLAB   CO-OBOINATES. 

16.  The  polar  co-ordinates  of  a  point  P  are — 

1^.  Its  distance  OP  from  a  fixed  point  0,  called  the  origin. 
OP  is  usiutlly  denoted  hy  p,  and  is  called  the  radius 
vector  of  the  point  P. 

2®.  The  angle  0,  which  OP  makes  with  a  fixed  line  {called 
the  initial  line)^  passing  through  the  origin. 

From  these  definitions  it  is  evident  that  any  equation  in 
Cartesian  co-ordinates  will  be  transformed  into  polar  co-ordi- 
nates if  the  initial  line  coincide  with  the  axis  of  Zy  by  the 
substitntion  x  ^  p  cob  6,  jf  ^  p  bol  S;  or  hj  the  substitution 

c 
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X  =s  p  COB  {6  -  a)y  ^  s  f>  sin  (^  -  a),  if  it  make  an  angle  a  with 
the  axis  of  x. 


The  angle  $  has  the  same  meaning  as  in  Trigonometry.  If 
with  0  as  centre  with  a  unit  radius  we  descrihe  a  circle  meeting 
OP  in  If  ,  M';  6  is  the  arc  AM  or  more  generally  AM-^  2nir. 
In  some  questions  the  radius  vector  OP  is  negative ;  then  6  is 
the  arc  AM'. 


1.  Change  the  following  equations  to  polar  co-ordinates. 

!•.     «»  +  y««2«r.  3^    «3  =  y«  (2a  -  a:). 

a  —  X 

2.  Change  the  following  equations  to  rectangular  co-ordinates  :— 

I*.    p'  =  a»co8  2«.  3^    /»«sin2e  =  ««. 

2^    p^cosi^sai.  4^    pisa^cosi^. 

3.  What  IB  the  condition  that  the  points  p\9\\  p2 <^2 ;  ps Cs  niay  be  col- 
linear  ?    ^fM.  p\  f>%  sin  (01  -  (^3)  +  f>2  ps  sin  (^a  -  0a)  +  f>3  pi  sin  (tfj  -  $1)  =  0. 

4.  Express  the  area  of  any  rectilineal  fig^ure  in  terms  of  the  polar  co- 
ordinates of  its  angular  points. 

16.  In  some  special  questions  we  use  with  advantage  biradial 
co-ordinates  or  hiangvlar  co-ordinates.  These  are  defined  as 
follows  : — ^Being  given  two  fixed  points  F^  F*,  the  biradial  co- 
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oidinates  of  a  point  P  are  the  distances  PF^  p,  PF*  ^  p^;  to 
every  aystein  of  values  of  these  radii  vectors  correspond' two 
points  symmetriques  with  respect  to  F,  F',  p,  p*  are  the  biradial 
co-ordinates  of  P.    The  biangnlar  co-ordinates  of  P  are 

cot  F'FP  =  X,     cot  FF'P  -  /i. 


SeCTIOK   III. — ^TBANSFOJBLMATIOir   OF   Co-OBDINATES. 

17.  The  co-ordinates  of  any  point  P  with  respect  to  one  system  of 
axes  hdnff  hnoum,  to  find  its  co-ordinates  with  respect  to  a  parallel 
system. 

Let  Ox^  Oy  be  the  old  axes,  O'-T,  O'Fthe  new,  so  that  (7 
is  the  new  origin ;  then  let  the  co-ordinates  of  (7,  with  respect 
to  Osc,  Oy<t  be  x!^  y' — ^that  is,  let  OL  =  a/,  ZCX^  y'.  Again,  let 
«,  y  be  the  old  co-ordinates  of  P,  that  is,  let  OM^  x,  MP  =  y. 
Lastly,  let  X,  Y  be  the  co-ordinates  with  respect  to  the  new 


y 

Y 

tf 

1 

p 

N 

X 

0 

I 

li 

i 

X 

axes ;  then  we  lave 

aN=X,    NP^Y; 
therefore,  since 

OM^OL^ON,    and    MP^L(y^NP, 
we  have 

x  =  x^+  X,    and    y^y^  +  Y, 


(42) 


Hence,  if  in  any  equation  we  replace  a?,  y  by  x^  ■\^  X,  y'+  Y,  ice 
have  it  referred  to  parallel  axes  through  the  point  xfy', 

c2 
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1 .  Refer  the  following  equations  to  parallel  axes : — 

V.    «»  +  y»  -  12a;-  16y  -  44  =  0.    New  origin,  6,  8. 

An$,  «»  +  y«  -  144  =  0. 

2*.     3«*-4«y +  2y'+ 74?-6y- 8  =  0.    New  origin,  1,  1. 

2.  Find  the  co-ordinates  of  a  point,  so  that  when  the  following  equations 
are  referred  to  parallel  axes  passing  through  it  they  may  he  deprived  of 
terms  of  the  first  degree : — 


r.  3a;*  +  6«y  +  y»  -  3*  +  2y  +  21  =  0. 
2\  6i«  +  2«y  +  y»  -  10a;  +  2y  +  10  =  0. 
3*.    4a;«  +  4a;y  +  y*  -    8a?  -  6y  -  10  =  0. 


Ant,  -  H,  H- 
Ant,  f,  -  f. 
Ant,  00,  00. 


18.  21ie  co-ordinates  of  a  point  F  with  respect  to  a  rectangular 
system  Ox,  Oy  of  axes  being  hnown^  to  find  its  co-ordinates  with 
respect  to  another  rectanytdar  system  OX,  OY,  ha/viny  the  same 
oriyin,  hut  makiny  an  anyle  6  with  the  former. 

Let  OM,  MPy  the  co-ordinates  with  respect  to  the  old  axes, 


be  denoted  by  a?,  y ;  and  ON,  NP  the  new  co-ordinates,  by 

X,  r. 

Let  OP  be  denoted  by  p,  and  the  angle  PONhj  ^.     Now 

since 

cos  (tf  -I-  <^)  =  cos  ^  COB  <^  -  sin  6  sin  0, 


and 


sin  {6  •{■  <fi)  -  %m  B  cos  ^  +  cos  0  sin  ^, 
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(48) 


multiplyiiig  each  by  p,  and  substituting,  we  get 

X  =  XcobO  -  Fsin  tf,' 

y  =  Xsin^  +  TcoaO 
Cor. — If  the  equations  (43)  be  solved,  we  get 

X= ^  cos  0  +  y  sin  0/ 

F=  y  cos  6 

OhMTvation, — Those  who  are  acquainted  with  the  Diffe- 
rential Calculus  will  see  that 


+  y  sin  tf,^ 

-  XBUld  J 


(44) 


x^-^,    and    y=-^. 

The  following  more  general  demonstration  is  due  to  Baior 
et  Bouquet. 

Let  OZhe  an  axis  of  projection,  then 


proj.  of  OM  =  proj.  of  OP  +  proj.  of  PM 
=  proj.  of  OP  +  proj.  of  PM. 
Hence  x  cos  ZOX  +  y  cos  ZO  T 

=  d/  cos  irOX+  y'  cos  ZO  Y*. 
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Supposing  OZU)  be  successiyely  perpendicular  to  OF,  OX,  and 
we  get 

xeme=^x'sin(e-a)+  y'  sin  {$  -  a'),  (45) 

y  sin  ^  s  ^  sin  a  +  y'  sin  a'.  (46) 

If  both  systems  are  rectangular,  we  have 

^B-,     a'=s-  +  a, 
2  2 

and  the  equations  are 

^e^cosa-y'sina,     ys^sina  +  y'cosa, 
which  are  the  same  as  equations  (43). 


1.  If  we  transform  from  oblique  co-ordinates  to  rectangular,  retaining 
the  old  axis  of  a; ;  proye  T=y  sm^t,  X=x-\-f/coB». 

2.  If  X,  y ;  x'ty'he  the  co-ordinate  of  a  point  referred  respectiyely  to 
rectangular  and  oblique  axes  having  a  common  origin;  proye  that  if  the 
axes  of  the  first  system  bisect  the  angles  between  those  of  the  second, 

«  =  (3?'+/)  cos  Jo*, 
y  «=  («'  -  y')  «n  i«. 

3.  Show  that  both  transfurmations  are  included  in  the  foimulfls — 

x=\x  +Aty  +  i', 
y=X'a?  +  /y+/, 

by  giying  suitable  values  to  the  constants  x,  fi,  &c. 

*4.  If  the  old  axes  be  inclined  at  an  angle  «,  and  the  new  at  an  angle  »', 
and  if  the  quantio  ax^  +  2hxf/  +  by^,  referred  to  the  old  axes,  be  transformed 
to  tfJ^  +  2A'Zr+  ft'r*,  referred  to  the  new ;  prove— 


8ln'«         sin'»' 


I*.  ^5-r-=-^T4--  (*7) 


«,    a  +  ft-2Acoe«i     a'+y-2A'cos«'  .... 

I    ,     ___ BS    , .  [W) 

sm'M  sin*« 
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If  if  be  the  pomt  xy  refenred  to  one  system,  and  XT  referred  to  the 
Ouier  sTStem, 


hat 


«p«  +  %hxy  +  V  =  a'X^  +  2A'Zr  +  *'  r«  (hyp.). 


Hence  if  A  be  any  multiple 

aa?»  +  2Aj?y  +  V  +  ^  («*  +  y'  +  2«y  cob«) 


or 


=  a'  jc»  +  2A'ir+  ^'r«+ A  (x«  +  r»  +  2xr  cos*'), 

(a  +  A)  ««  +  2(A  +  A  OO8C0)  «y  +  (*  +  A)y» 

=  (tf'  +  A)  Z»  +  2  (V  +  X  cos  •')  XT  +  (*'  +  A)  T^. 


Now,  if  the  first  side  of  this  identity  be  a  perfect  square,  the  second  will  be 
a  perfect  square ;  but  if  the  first  be  a  perfect  square, 

(a  +  A)  (*  +  A)  -  (A  +  A  cos«»)»  =  0,  or 

^  *     a  +  *  -  2A  cos  w      ah^  h^     ^ 
^'  + r-s +  —r-T—  =  0 ; 


sin'w 


sin^w 


and  if  the  second  be  a  perfect  square, 


.     tf'  +  y-2Vcos«'     a'y-^''     ^ 


sin^w' 


sin'w' 


Since  the  same  values  of  A  satisfy  both  equations,  the  coefficients  must  be 
equal.     Hence,  &c. 
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♦Sectiok  IV. — Complex  Yabiarlbs. 

19.  An  expremon  x  +  »y,  in  tohieh  x,  y  are  the  reetangular 
Cartesian  oo-ardinates  of  a  point  -P,  and  i  the  imaginary  radical, 

V  -l  is  called  a  complex  magni- 
tude. If  p  =  v^«*  +  y*  «=  OP, 
p  is  called  the  modulus,  and  the 
angle  0,  made  hy  OP  with  the 
axis  of  X,  the  inclination  or 
argument. 

The  modulus  p  is  always  positive,  the  argument  is  determined 
except  a  multiple  of  2ir,  We  say  that  the  imaginary  x  -k-  yi  is 
represented  by  the  point  P,  and  also  hy  the  vector  OP, 

Complex  magnitudeB  were  introduced  by  Cauchy  in  1825, 
in  a  memoir,  "  Sur  les  integrates  difinies  prises  entre  des  limites 
imaginaires  :**  the  method  of  representing  them  geometrically 
is  due  to  Gauss.  The  introduction  of  these  variables  is  one 
of  the  greatest  strides  ever  made  in  Mathematics.  The  whole 
of  the  modem  theory  of  functions  depends  on  them  ;  and  they 
are  so  connected  with  modem  Mathematics,  that  some  know- 
ledge of  them  is  essential  to  the  student.  We  shall  give  only 
their  most  elementary  principles. 

20.  If  the  complex  variables  Zi,  »i,  %i  .  .  .  t,^  be  represented  by 
the  vectors  OAi,  OA2,  OA^,  .  .  .  OA^,  the  sum  S(si)  ie  represented 
by  the  resultant  of  the  vectors. 

First,  to  find  the  sum  of  »i,  Sa*  draw 
A1B2  parallel  and  equal  to  OA^^  we 
have  proj.  OBt  =  proj.  OAi  +  proj. 
^i^t»proj.  Ouii+proj.  OA2'  Hence 
if  the  co-ordinate  axes  OX,  OY  he 
taken  as  axes  of  projection,  we  have 
abcissa  of  P%  ^  Xi  ■{-  Xt,  ordinate  of 
^s »  yi  +  y%,  and  continuing  thus  draw  P^B^  equal  and  parallel 
to  OAi,  B^Bi  equal  and  parallel  to  OAi,  &o*)   ^^  find  the 
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abcissa  of  B^  -  2(;ri),  ordinate  of  B^  »  2(yi)-      Hence  the  pro- 
position is  proved. 

21.  To  ccnttruet  the  vector  which  rcpresewte  the  difference 
hetween  two  complex  variables, — If  we  put  Si  +  S3  »  Si,  we  have 
2s  =  «t  —  «i.  Hence  we  have  the  following  construction  for 
finding  the  vector  and  the  point  which  represent  the  difference 
of  two  complex  magnitudes.  Draw  from  the  origin  a  line  0A% 
equal  and  parallel  to  the  line  A^Bt,  joining  the  representative  points ^ 
Au  B2  0/  %i,  z^;  then  OA2  will  be  the  vector^  and  A^  the  point 
required, 

22.  Being  given  the  vectors  OA^   OA2  of  the  complex  magni^ 
tudes  Si,  2,  to  construct  the  vectors  y 
ofh^tj  2l/«l. 

1*^.  Their  product. — ^Let  Si,  S2  he 
the  given  points,  pi,  pt  their  mo- 
duli, and  $1,  Ot  their  arguments; 
then  we  have 

Si  =  pi  (cos  $1  +  f  sin  ^i), 
Sa = P2  (cos  $i  +  i  sin  $2) ; 
therefore      SiS2  =  piPs(cos(0i  +  ^2)  +f  sin(^i  +  $%)] 

=  ps  (cos  09  +  i  sin  ^3). 

Hence,  if  %  he  the  point  required,  p,  its  modulus,  and  6^  ita 
argument,  we  see  that  the  product  of  two  complex  magnitudes 
is  a  complex  magnitude^  whose  modulus  is  equal  to  the  product  of 
their  moduli,  and  argument  equal  to  the  sum  of  their  arguments. 
Hence,  if  we  make  OA  equal  to  the  linear  unit,  the  triangle 
^Obi  is  similar  to  St^)  and  the  method  of  constructing  the 
point  £9  is  known. 

2^  Their  quotient.— ThiB  follows  from  1°.     For  we  have 


83 


2l 

r 


Eence  the  quotient  S3  -f  Ss  makes  with  axis  of  x  an  angle  equal  to 
that  which  S3  makes  with  S3,  and  the  modulus  is  a  fourth  propor- 
tional to  ps,  Ps,  and  1 . 
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1.  Transform  ^  +  iy  to  polar  co-ordinates.  Ant,  pei^B. 

2.  Find  the  point  which  represents — 

t  1  n  X 

3.  If  £i,  2t,  «3  be  three  coinitial  complex  yariables,  prove  that  if  three 
AJUXJ^  multiples  /,  m,  n  can  be  found  Batisfying  the  two  equations 

the  corresponding  points  are  coUinear. 

4.  If  0  be  the  origin,  a,  $,  y  complex  magnitudes  representing  the 
angular  points  of  the  triangle  A^O^  prove  that  ii  la  +  mfi  -f  ny  =  0,  the 
points  A',  B'y  CT,  in  which  the  lines  AO,  BO,  CO  meet  the  sides  of  the 
triangle,  are  denoted  by  either  of  the  systems 

—  la       —  <nj8       —ny        mfi  +  ny      fly -^^  la      la-\-  m$ 
m  +  »'     n  +  l*    /  +  m*         w  +  n  *      n+  I  *       l  +  n 

5.  If  a,  /3y  7,  8  represent  any  four  coplanar  points  A,  B,  0,  D,  and  if 
the  multiples  /,  m,  n,  p  satisfy  the  two  equations  /a  +  m^S  +  ny  +  pS  =  0, 
^  +  m4-n+p  =  0,  prove  that  the  point  of  intersection  of  AB  and  CD  is 

-r ,  of  BC,  AD  IS  -^- -,  and  of  (7^,  52)  is  -; -, 

6.  If  s  be  the  complex  magnitude  which  represents  the  mean  centre  of 
the  points  zi,  sz  .  .  .  Zn,  &c.,  for  the  system  of  multiples  a,  b,  e  .  .  ,  I,  prove 

-     3  (««i) 
2(«)' 

7.  If  £  denote  any  complex  magnitude,  prove  that  the  points  s",  z^,  2-,  s', 
^c,  represent  the  summits  of  a  polygon  whose  angles  are  equal,  and  whose 
sides  are  in  OP, 

Dbf. — The  polygon  of  this  Ex,  it  called  a  logarithmie  polygon, 

8.  Prove  that  the  n  values  of  zn  represent  the  summits  of  a  regular 
polygon. 

9.  Between  the  points  ifi  and  s,  prove,  that  can  be  described,  » logarithmic 
polygons  each  of  n  sides. 

10.  If  a  figure  be  given,  the  vectors  of  whose  summits  are  ci,  sj,  <s,  &c., 
prove  that  a  translation  of  the  figure  is  expressed  by  adding  a  complex 
magnitude,  a-^  fii,  to  the  vector  of  each  summit ;  and  a  rotation  through 
an  angle  ^  about  the  origin  by  multiplying  «i,  st,  s^,  &c.,  each  by 
cos  ^  +  i  sin  ^. 
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lOSOBIiLAKBOUS  EXBB0I8B8. 

1.  Shov  that  the  polar  co-ordinates  {p,  B);  {-  pyw+  6);  {-  p,  9  -  ir),  all 
lepreaeiit  the  same  point. 

2.  ProYe  that  the  three  points 

(33  33\ 

fonn  a  right-angled  triangle. 

3.  Find  the  perimeter  of  the  quadrilateral  whose  vertices,  taken  in  order, 
are 

• 

4.  If  the  opposite  sides,  AB,  DC  of  a  quadrilateral  be  divided  in  the  same 
ratio  in  the  points  ^,  F ;  and  the  sides  AJD,  BC  in  the  same  ratio  in  the  {toints 
(r,  JJ;  prove  that  EF^  OR  intersect  in  a  point  /,  so  that 

lO^SA     IF     GA 
IE"  EB'    JF'^  GD' 

5.  If  the  points  {ab),  {a'  b'),  (a  -  tf',  b-  b')  be  collinear,  prove  ab'  =  a'b. 

6.  If  the  co-oidinatee  {»'  y'),  {x"  9"),  («'"  j/'")  of  three  variable  points 
satisfy  the  relations 

(ar'  -  x")  =  \(«"  -  af")  -  M  (y"  -  y'"), 

▼here  A  and  ;&  are  constants,  prove  that  the  triangle  of  which  these  points 
axe  vertices  is  given  in  species. 

7.  If  two  systems  of  co-ordinates  have  the  same  origin  and  the  same  axis 

of  X,  prove  ihaX 

,       ,  sin  (o»  —  •')  ,  sin  «' 

«  =  «'  +  y' — \ ■',  y  =  y'-, —  . 

8m«  sm« 

8.  For  what  system  of  multiples  is  the  circumcentre  of  a  triangle  the 
mean  centre  of  its  angular  points  P 

9.  If  5  be  the  mean  centre  of  the  points  A^B^  C ,  ,  .  Liov  the  multiples 
i^jbyC  . . .  I,  prove,  if  Tbe  any  arbitrary  point,  that 

(Xa)  TS*  =  (Sa)  2« .  TA*  -  2ab  .  AB^,  (49) 

Laoranob,  Mkanique  Analitigue, 

10.  2TA*  =  ^XdB*  +  nTS^.  (60) 

n 
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11.  Proye  tliat  the  degree  of  any  equation  cannot  be  altered  by  transfor- 
mation of  co-ordinates. 

12.  liAf  By  Cf  J)  be  four  coUinear  points,  prove  that 

AB,CD  +  BC.  AD-\-CA,BL^  0. 

13.  Proye  the  following  formuled  of  transformation  from  oblique  axes  to 
polar  co-ordinates : — 

sin  (»  -  9)  sin  9 


x^p 


sin  Of 


y  =  /':- 


sin« 


14.  Proye  that  the  diameter  of  the  circle  passing  through  the  two  points 
p'  ff  y  p"  $'*,  and  the  origin,  is 


Vp'a  +  p"»  -  2/»>"  cos  (a' -  O 


sin  (6'  -  tf") 

15.  Find  the  area  of  the  triangle  whose  yertices  are  the  three  points 

(a,     e),      (2a,     fl  +  ^),        (sa,     «+y). 

16.  If  B  be  the  centre  of  mean  distances  of  the  points  Ai,  A^  .  . .  Ah 
2  {AiAiAi)^  =  n2  (^^1^2)'.— Dbsikb  And&b.  (51) 

17.  li  B  be  the  mean  centre  of  Ai,  At,  An  for  the  multiples  mi,  ms  .  .  . 
ninj  ^tnimitni  {AiAtA^)^  s  2 (mi)  2mim2  (£^1^2)'.— (Nbubbho.)     (52) 

Multiplying  the  matrices 

1,        1  ...  1, 


mi, 


m2 


m«, 


mi^ii    m2^2  .  .  .  mmiTfi, 
miyi,    m2y2  •  -  •  fi^nj 


Xii 


Xt .  .  ,  Xm 


yu      ys  •  •  •  ^M, 


The  product  will  be  42mim2m8  (A\A%Azf  (Mui&.  Dbt.,  $  72),  and  also 
2  mi,         SmidTi,        Smi^i, 


2  fn\Xiy     2  mix^f       ^^i^iyi* 
3miyi,      Smianyi,     5miyi», 


=  2mi 


amia?!*,       2mia;iyi, 
2mi*iyi,    Smiyi«, 


if  ^  be  the  origin  of  co-ordinates. 
But  the  last  determinant  is  the  product  of  the  matrices 


mi^i,      mta?t . .  .  mnXnf 
miyi,      m2y2  •  •  •  fftnym 
which  is  equal  to  42mim2  (J9^i^2)^- 


*i»      xt,  .  . 
yi,      yt,  .  . 


•  Xnt 

'  yn, 
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18.  In  the  same  caae  if  Oi,  Otf  Ct ,  ,  .  Cn  be*a  second  system  oi  n  points, 

imim^mi  (AiA^Aa)  (CiCtCz)  =  2  mi  a  minis  {BAiAi)  {BCiC»).—{Ibid.)    (63) 

If  (jTi'yi*) (xtff'i) . . .  {xn'yn)  be  the  co-ordinates  of  Ci^  C%  . . ,  Cm  replace 
the  second  matiiz  by 

1,        1     ...  1, 

yi',     y»' . . .  y'ny 

19.  If  2>  be  the  mean  centre  of  (7i,  C7a  .  .  .  0%  for  mi,  ms  .  .  .  mn, 

2  mima  {BAiAt)  {BCid)  =  2  mima  (DAiAj)  [DCiC%).-^[Ibid.)     (64) 

20.  If  the  sides  AB,  BC,  CD,  &c.,  of  a  polygon  be  each  diyided  in  the 
ssme  ratio,  the  centre  of  mean  distances  of  the  summits  coincide  with  that 
of  the  points  of  division. 

21.  If  A.I,  A%^  Aif  Aa  be  four  coplanar  points,  and  if  AiA%  be  denoted 
by  12,  &c.,  then. 


0, 
21', 


12  > 

0, 

32*, 


iP,       42', 
1,  1, 


iT, 

2?, 
0, 
43S 


14', 
24', 
34', 


0, 
1, 


1, 
1, 
1, 
1, 
0, 


=  0. 


(66) 


CHAPTER  II. 


THE   RIGHT   LINE. 


Section  I. — Gaetesian  Co-oeddtates. 


23.  To  represent  a  right  line  hy  an  equation,  there  are  three 
cases  to  be  considered. 

1°.   When  the  line  intersects  both  axes,  but  not  at  the  origin. 

First  method. — Let  the  line  be  8Qf  and  let  it  cut  the  axes 
in  the  points  A,  B;  then  OA^  OB 
are  called  the  intercepts  on  the  axes, 
and  are  usually  denoted  by  a,  b. 
Also  when  the  axes  are  rectangular, 
the  tangent  of  the  angle  which  the 
line  makes  with  the  axis  of  x  on  the 
positive  direction  (viz.  the  angle 
FAX)  is  denoted  by  m.  Now  take 
any  point  F  ia  8Q,  and  draw  FM  parallel  to  OF;  then  OM, 
MF  are  the  co-ordinates  of  P\  and  if  the  axes  be  rectangular, 
we  have,  drawing  -»r  parallel  to  OX,  since   TF  ^  MF  -  OB 

TF 


BT 


=  tanP-4X, 


or 


y-b 


=  m; 


therefore 


y  ^mx-vb. 


(66) 
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If  we  had  taken  any  other  point  in  SQ,  and  called  its 
co-ordinates  x  and  y,  we  should  have  obtained  the  same 
equation.  On  this  account  y  =  mx  +  h  is  called  the  equation  of 
the  line.  If  the  axes  were  not  rectangular,  the  equation  would 
stall  he  of  the  same  form.  For  in  that  case  TF  -f-  BT=  OB  ^AO 
=  an  OAB  -=-  sin  ABO  =  sin  ^  ^  sin  (co  -  A\ 


or 


y-h 


=  sin  -4  -r  sin  (o)  -  ^)  =  m ; 


therefore 


y  =  mx  ■{■  bf 


and  the  only  thing  changed  is  the  quantity  represented  by  m. 
Since  x,  y  denote  the  co-ordinates  of  any  point  along  the 
line,  they  are  called  current  co-ordinates.  They  are  also  called 
variables,  because  they  yary  as  the  point  which  they  represent 
moves  along  the  line. 

The  quantities  tn,  b  are  called  constants,  because  they  retain 
the  same  values  while  the  line  remains  in  the  same  position, 
and  vary,  only  when  the  position  of  the  line  varies ;  b  is  called 
the  ordinate  at  the  origin  and  m  the  coefficient  of  direction. 


Second  method. — Let  AB  be  the 
line;  and  denoting  the  co-ordinates 
of  any  point  P  in  it  by  x,  y,  and  the 
intercepts  (see^r«^  method)  OA,  OB 
by  a,  b,  we  have,  from  similar  tri- 
angles, 


X     PB       .y    AP 
a'-AB^'^H^AB'^ 


therefore 


a     b 


(67) 


a,  b  are  subject  to  the  rules  of  signs. 
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Third  method, — Let  -45  be  the  line, 
dicular  OP  from  the  origin ;  and  de- 
noting OP  by  py  and  the  angles  A  OP, 
POB  by  a,  )3,  respectively,  we,  from 
(38),  have 

—  +  -^  =  1  • 
OA      OB       ' 


Let  fall  the  perpen- 


hence 


P  P 

OA        OB 


y^Py 


or 


a?  cos  a  +  y  cos  /3  =  p,  (58) 

In  this  equation  the  positive  direction  of /?  is  from  the  origin 
towards  the  line,  and  a,  /3  are  the  angles  which  the  positive 
directions  of  the  axes  ms^e  with  the  positive  direction  oip. 
Hence,  if  the  axes  be  rectangular, 

X  cos  a  -4-  y  sin  a  s  j9.  (59) 

This  form  of  equation,  which  in  many  investigations  is  more 
manageable  than  any  other,  has  been  called  the  standard  form. 
See  Hesse,  Vorlesungen  Analytieehe  Geometrie, 

Fourth  method, — 7%d  general  equation  Ax  -k-  By  ■\'  C  ^  0^  of  the 
first  degree^  represents  a  right  Une. 

Bem. — By  transposition,  and  dividing  by  B,  we  get 

A        C 

y-^B'^'B^ 

and  this  (see  first  method)^  being  of  the  form  y  =  m«  +  3,  re- 
presents a  right  line. 

24.  2°.  When  the  line  passes  through  the  origin. 

Let  OA  be  the  line.     Take  any 
point    P    in    it,    and    draw    PM 
parallel  to  OF;  then,  if  the  angle 
POM  be   denoted  by  a,  we  have 
MP:  OM: :  sin  a :  sin  (oi  -  a), 
or      y :  d; : :  sin  a  :  sin  (o>  -  a) ; 

therefore 

sin  a 


sin  («  -  a) 


X, 


-B 


M 
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Hence,  putting        -r-7 r  =  m,  we  get  y  =  mx.  (60) 

"^  sin  (tt>  -  a) 

This  equation  may  be  inferred  from  (56)  by  putting  ft  »  0. 

Hence — If  the  equation  of  a  line  contain  no  abiohUe  term^  the 

linepaesee  through  the  origin. 

25.  3°.  JFlhen  the  line  is  parallel  to  one  of  the  axes. 

Let  the  line  AB  be  parallel  to  the  axis  of  Xy  and  make  an 
intercept  h  on  the  axis  of  y.     Kow  ^ 

take  any  point  P  in  AB,  and  draw 
the  ordinate  MP,  which  is  equal 
to  h  [Euc.  I.  xxxiY.].  Hence  the 
ordinate  of  any  point  P  in  the  line  ( 

ABia  equal  to  h;  and  this  state- 
ment is  expressed  algebraically  by  the  equation  y  "  ft,  which  is 
therefore  the  equation  of  the  line  AB. 

This  result  can  be  obtained  differently,  and  in  a  way  that 
will  connect  it  with  a  fundamental  theorem  of  Modem 
Geometry. 

X        f/ 

Prom  equation  (57)  we  have-  4-  7  «  1,  where  a  and  ft  are  the 

a     0 

intercepts  on  the  axes.    Now  if  the  intercept  a  be  infinite*, 

X 

that  is,  if  the  line  meet  the  axis  of  x  at  infinity,  the  term  -  will 

y  ^ 

vanish,  and  we  get  ^  =  1 ,  or  y  »  ft ;  but  y  «  ft  denotes  a  line  parallel 

to  the  axis  of  x.  Hence  a  line  which  meets  the  axis  of  x  at 
infinity  is  parallel  to  it ;  and  we  have  the  general  theorem,  that 
lines  which  meet  at  infinity  are  parallel.  In  a  similar  manner 
X  -  a  denotes  a  line  parallel  to  the  axis  of  y  at  the  distance  a. 
Hence  we  have  the  following  general  proposition : — If  the 
equation  of  a  line  contains  no  x,  it  is  parallel  to  the  axis  ofx;  and 
if  it  contains  no  y,  it  is  parallel  to  the  axis  ofy. 

From  the  discussion  in  the  preceding  §§  23-25  we  infer  the 
following  definition : — 

The  equation  of  a  line  is  such  a  relation  between  the  co-ordinates 
of  a  variable  point  that  if  fulfilled  the  point  must  he  on  the  line. 

n 
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1.  What  line  is  represented  by  the  equation  y  s  0  ? 

Ans.  The  axis  of  x.    For  if  5  «  0  in  the  equation  y  »  3,  we  get  y  »  0. 

2.  ProYe  that  if  the  equations  of  two  lines  differ  only  in  their  absolute 
terms,  the  lines  are  parallel. 

3.  Find  the  intercepts  which  the  line  Ax  +  By  •¥  C  =  0  makes  on  the 
axes.  C      C 

A*     B 

4.  If  the  equation  of  a  line  be  multiplied  by  any  constant  it  still  repre- 
sents the  same  line ;  for  the  intercepts  made  by  \Ax  +  xBy  +  A.C  =  0 
on  the  ases  are  the  same  as  those  made  by  Ax  +  £y  +  C7=  0. 

5.  Prove  that  the  line  which  divides  two  sides  of  a  triangle  proportion- 
ally is  parallel  to  the  third  side. 

6.  Find  the  locus  of  a  point  which  is  equally  distant  from  the  origin 
and  the  point  (lx\  2y'). 

If  (xy)  be  equally  distant  from  (0,  0)  (2x\  2y)f  we  have 

Hence  a?**  +  yy' =  a?'*  +  y'«.  (61) 

And  since  this  contains  x  and  y  in  the  first  degree,  the  locus  is  a  right 
line. 

7.  Find  the  loci  of  points  equally  distant  from  the  following  pairs  of 
points : — 

V.    {a  GOBp,  ^  sin  0) ;  (a cos ^\  bwa^'). 

Ans.    r-^ .     ,f^ Tx  =  («*-*»)  CO6i(0-f).    (62) 

coeJ(^  +  4>')      8m}(^  +  ^')  avr     r/     V     / 

2^.  {aco6(c(+/3),  dsin(a  +  /3)};   {acos(a-/3),  dsin(a-i3)}. 

Ans.   —-  -  r^=(a2-4«)cosi8.  (63) 

cos  a      smo 


(64) 


4^     (a^,  2a0  ;  (a^^,  lai'). 

Ans.    2(<  +  Oa?  +  4y  =  «(^  +  0(''+^'*  +  4).         (66) 
5".     (a  sec  ^,  h  tan  ^) ;  (a  sec  ^\  h  tan  ^'). 

lax  2by  a«  +  *'       _  ^ 

Ans.   ,+  .  ,  — ;r  = ;.     (66) 

cos  ^  +  cos  ^   sm  (^  +  ^ )  cos  ^  cos  ^ 


>i 
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26,  If  the  equations  Ax  -k-By+C^O;  xeosa+jfiina-p=:Oy 
represent  the  same  line,  it  is  required  to  find  the  relations  between 
their  eoeffieienis. 

1^.   When  the  axes  are  rectangular. 

IKviding  the  first  equation  by  R,,  and  equating  with  the 

second,  we  get 

A  B      . 

■^  =  cos  a,     —  =  Hin  a. 

Square,  and  add,  and  we  get 
A^^B^ 


^ 


=  1 ;  therefore  R  =  ^A*  +  B". 


Hence 


""' "  -  v^rr^'  "^ "  'y/:^T^- 


(67) 


2^.  When  the  axes  are  oblique.   It 
is  required  to  compare  the  equations 

Ax-{-By-\-  C  =  0, 

and      X  COB  a  +  y  cos  /8  -  j?  =  0. 

Let  OQ,  OR  be  the  intercepts ; 
then  we  have 


Hence 
but 

Hence 


QR^-r^^A^  +  B*-2ABco9io; 

QR :  OR ::  sin  (I) :  sin  Q  or  cos  a. 

A  sino) 


C08a  = 


In  like  manner,        cos  ^  = 


Cor.  1.— 

B-  A  cos (i> 


8ma  = 


v'-4*+ j5*-2iii/.o^w* 
^sino) 

A-B  cos  <i) 


Vui*+-B»-2^5co8o> 


,  8in)8= 


>/u4^+i^-2^^coscD 


r.       ry       J.            B  -AcOBm    ^        ^     A  -  B  COS  (a 
Cor.  2. — ^tan  a=  — :— : ,  tan  /3  = 


A  sino) 


B  sin  (u 


1)2 


(68) 


(69) 
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27.  To  find  the  angle  between  the  lines  Ax^  £g  +  C^0{1); 
and  A'x -\- B'y -^  C'=0(2). 

1^.  Let  the  axes  he  rectangular.  Then,  if  ^  be  the  angle 
between  (1)  and  (2),  it  is  equal  to  the  difference  of  their 
inclinations  to  the  axis  of  x ;  but  the  tangents  of  these  in- 
clinations are  (see  §  23,  fourth  method), 

A       ^     A' 

Hencetan^^^^  -  ^)  ^  (l  +  ^  j  =  ^^jT^^.        (70) 

Cor.  1 . — If  the  lines  ( 1 )  and  (2)  be  parallel,  they  make  equal 
angles  with  the  axis  of  x ;  therefore 

A        A^ 
'  B^"  B'' 
Hence  the  condition  of  parallelism  is 

AB'-A'B^^.  (71) 

IT 

Cw,  2. — ^If  0  = --,  tan  ^  is  infinite  ;  and  from  (70)  we  infer 

the  condition  of  the  lines,  being  at  right  angles  to  each  other,  is 

AA'^-BW^^x  (72) 

That  is,  if  two  lines  whose  equations  are  given  he  perpendicular 
to  each  other,  the  sum  of  the  products  of  the  coefficients  of  like 
variables  is  %ero. 

Cor.  3. — If  the  lines  y  =  ma:  +  ^,  y  =  m'x  +  b'  be  perpen- 
dicular to  each  other, 

mm'  +  1 «  0.  (73) 

Cw.  4. — The  angle  between  the  lines  y^m»-\-h,y^  m'x  +  V 
is  given  by  the  formula 

Cor.  5. — If  the  equations  of  the  given  lines  be  in  the 
standard  form, 

«  cos  a  +  y  sin  o  -  ji?  =  0,    a:  cos  )3  +  y  sin  /3  -p'  =  0, 
we  have  ^  «  o  -  j8.  (75) 


\ 
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2?.  Let  the  axes  be  oblique. 

llB.ff  denote  tlie  angles  which  the  given  lines  make  with 

the  axis  of  x ;  then  (§  26,  2^)  wq  have  0  «  a  +  90 ;  therefore 

A  sin  a>         ,-,  , ,      , -^.  . 

.    (See  equation  (69).) 


tantf  =  -coto= 


tan»'= 


Similarly^ 
Hence 

tan^»tan(tf-^)  = 


A  cos  ia  —  B 

A'  fmnn 
A'cosia-£** 

(A'B  -  AB')  sin  u> 


.    (76) 


AA'+BB'--  {AB'+  A'B)  cos  o) 
Cor.—  If  the  lines  be  perpendicular  to  each  other 

AA'  ^-BB!  ^  {ABf  +  A'B)  cos  <u  -  0.  (77) 


EXSB0I8B8. 

1.  Find  the  angle  between  the  lines 


xcoe/3,yBin/3     ,_^    arco87^y8m7 


a  ^ 

.  .     .    ^    tf38in(iB~7) 

Asm,  8in^s~7 ,.  . — .      .      ==^=^g-, 

2.  Find  the  angle  between  the  lines  jp— y  a  0  and 


(78) 


:;> 


h. 


tan^'  +  tan  ^"     cot  ^'  +  cot  ^ 

;  1  +  tan  ^'  tan  ^ 


Am,  tan~ 


(1- 


)■ 


tan^^'tan^)")'       ^^^' 
Dbp. — Ths  result  of  gfthstitutinff  the  eo-ordinatee  of  any  point 
in  the  equation  of  any  line  or  curve  is  called  the  "Power  of  that 
point  with  reepect  to  the  line  or  curve. 


»    r, 


s  ("y) 


[This  definition,  flrst  given  by  Stbinrb, 
is  now  employed  by  all  the  French  and 
German  writen.] 

28.  To  find  the  length  oftheperpen- 
dieularfrom  the  point  afyf  on  the  Une 
Ax  +  By^C=-0. 

1^.  Zet  the  axes  be  rectangular. 
Let  the  line  intersect  the  axes  in 
the  points  Q,  B,  then  the  perpendicular  from  P  is  equal  to 
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twice  the  area  of  the  triangle  FQR  divided  by  the  base  QS ; 
but  the  area  of 

FQR  =  -^  {Asf  +  By'  +  C\  (Equation  (24).) 
and  ftB "  -^  v^2»T^-  (Equation  (11).) 


Therefore  the  length  of  the  perpendicular  is 


(80) 


±  v/u4H^ 

The  area  FQJi  changes  sign  when  R  goes  from  one  side  to 
the  other  of  the  line  QJS.,  Thus  the  formula  (80)  must  hare 
the  sign  +  for  all  points  on  one  side  of  the  line,  the  sign  -  for 
those  on  the  other  side.  We  find  the  proper  sign  by  observing 
that  the  distance  from  0  to  the  line,  viz.  C\  y/jFTB*  must  be  +. 

Hence  we  have  the  following  rule  for  finding  the  length  of 
the  peipendicular  from  a  given  point  on  a  given  line  : — 

Divide  the  power  of  the  given  point  with  respect  to  the  given  line 
hy  the  square  root  of  the  sum  of  the  squares  of  the  coefficients  of  the 
variables,  and  the  quotient  taken  with  the  proper  sign  will  he  the 
length  required. 

2°.  Let  the  axes  he  oblique. 

Since  the  axes  are  oblique,  the  area  of  the  triangle  FQR  is 

C  {Ax'  ■{■  By*  ■\'  (7)sinctt 
2AB  ' 

and  the  length  of  QR  is 


Cy/A^  +B*-  2AB  cos  <o 

AB  ~ 

Therefore  the  perpendicular  is 

(Ax*  +  By'  -I-  C)  sin  w 


.  (Equation  (12).) 


±-/^»  +  ^-2^i?cosa) 


(81) 
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29.  If  the  equation  of  the  line  AB  be  given  in  the  form 


or  cos  a  +y  COS  )3  -  I?,  we  find  the  length  of  the  perpendicular 
from  the  ^oint  If,  as  follows  : — 

Let  Of" «  ^,  FM  =  y',  and  MR  the  perpendicular  from  M 
upon  AB^p^.  Then  the  projection  of  OB  on  OQ  is  equal  to 
the  project  on  of  the  contour  OPMR  on  OQ.    Hence, 

|i  =  jr'c(8a  +  y^cos/3  +  j/,  .'.  -//  =  a/  cos  a  +  y*  cos  )8  -j?, 

.'.  j/  =-  the  power  of  the  point  M.  (82) 

We  suppose  that  jof  is  subject  to  the  same  rule  of  signs  as  p ; 
p  is  always  4,  and  the  points  for  which  p'  is  positive  are  on  the 
same  side  of  tie  line  as  the  origin  of  co-ordinates. 

Car. — ^The  power  of  any  point  on  a  line  with  respect  to  the 
line  is  zero ;  aid,  conversely,  if  the  power  of  a  point  with  respect 
to  a  line  be  zeio,  the  point  must  be  on  the  line. 

80.  If  iS»^a?  +  ^y  +  (7-0,  8*  m  A'x -v  ffy  ■¥  C*  ^  (i,  he 
the  equations  ojmy  two  lineSy  and  /,  m  any  two  mtdtiptes  {inelud- 
ing  fm%),  eithtr  positive  or  neyative,  then 

IS  +  in5' «  0  (83) 

is  the  equation  ojecme  line  passing  through  the  intersection  of  the 
lines  8  and  8f. 

For,  since  8  vnd  8'  are  of  the  first  degree  with  respect  to 
X  and  y,  ZjS  +  mf  s  0  will  also  be  of  the  first  degree,  and  there- 
fore will  be  the  quation  of  some  line.  Again,  if  P  be  the  point 
of  intersection  otiS  and  iS',  the  powers  of  P  (§  29,  Cor.)  with 
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respect  to  8,  8'  are  respectively  zero.  Hence  the  power  of  F 
with  respect  to  18  +  m8' »  0  is  zero,  and  therefore  the  line 
18  +  fn8'  s  0  mnst  pass  through  P. 

Cor,  1. — ^The  line  y  -y'  ^m{»-  xf)  =0  passes  throngl  the 
point  xfj/y  for  the  power  oisd  y*  with  respect  to  it  is  zerc 

Or  thus :  y  -  y'  »  0  denotes  (§  25)  a  line  parallel  to  tie  axis 
of  X  at  the  distance  y' ;  and  x~  xf  =  Q  9.  line  parallel  to  flie  axis 
of  y  at  the  distance  af.    Hence, 

y-y'-«(«-«')  =  0  (84) 

denotes  a  line  passing  through  their  intersection,  that  is,  through 
the  point  xf  y'. 

Cor.  2. — ^In  the  same  manner  it  may  he  sho^oi  that  if 
iS  a  0,  /S'  a  0,  he  the  equations  of  any  two  loci  (such  ai  a  line  and 
a  circle,  or  two  circles,  &c.),  18  +  fn8' «  0  will  denotefiome  curve 
passing  through  all  the  points  of  intersection  of  8  md  8\ 

31.  To  find  the  equation  of  a  line  pasainy  throu^  two  points 

Take  any  variahle  point  xy  on  the  line,  then  thi  three  points 
^y»  ^yi  ^^y"  ^®  collinear.    Hence  (equation  (18), 


=  0,  (85) 


which  is  the  required  equation. 

It  may  he  otherwise  seen  that  this  is  the  option  of  a  Une 
passing  through  the  two  given  points.  1®.  Itfontains  x  and  y 
in  the  first  degree  ;  hence  it  is  the  equationof  a  right  line. 
2°.  If  we  substitute  a/y'  for  xy  the  determinaii;  will  have  two 
rows  alike,  and  therefore  will  vanish ;  hencefche  co-ordinates 
xfy*  satisfy  it,  and  the  line  passes  through  a^'.  Similarly  it 
passes  through  xf'y".    The  determinant  (85)  ^panded  gives 

f 
p 

(y'-y")*-(«'-*")y  +  «'y"-*"^=0;         (86) 


*, 

y. 

h 

a^, 

ti', 

1, 

«", 

tf", 

1, 
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from  which  we  infer  the  following  practical  rale  for  writing 
down  the  equation  of  a  line  passing  through  two  given  pointa 

Place  the  eo-ordinates  of  one  of  the  given  paints 
under  those  of  the  others  as  in  the  margin  ;  then  the        af,    /, 
difference  of  the  ordinates  of  the  given  points  will        ssf\   f^', 
give  the  coefficient  of  x :  the  eorresponding  difference 
of  ike  ahseisses  with  sign  changed  will  he  the  eoeffleient  of  y»  Lastly ^ 
the  determinant^  with  two  rows  formed  hy  the  given  co-ordinates^ 
win  he  the  absolute  term, 

(hr.  1. — ^If  the  equation  of  the  line  joining  a//,  xf'y"  he 
written  in  the  form  Ax  +  ^y  +  (7  »  0,  we  haye 

f'-^y"^A,    (aZ-a/')"-^,    t!fy"-x''y'^C. 

Cor,  2. — Hence  may  he  inferred  the  condition  that  the  pointa 
x'V'f  sfff"'  may  subtend  a  right  angle  at  af  jf, 

Por,  let  the  joins  of  the  points 

and  the  join  of  the  poiuts 

^y',  «"Y"  be  A'x  +  ^y  +  (7'=  0  ; 
and,  since  these  are  the  right  angles  to  each  other, 

AA'^BB^*^', 
and,  substituting,  we  get 

(;r'  -  O  (*'  -  «"')  +  W-  y")  W  -  f)  =  0.    (Comp.  (14).) 


1.  Fmd  the  equation  of  the  join  of  (2,  —  4),  (3,  ~  6). 

Am,  jp  +  y  +  2  s=  0. 

2.  Find  the  medians  of  the  triangle  whose  yertioes  are  s^y\  ^'y'\  x**'}f"* 

Ans,  (y"  +  y"'  -  2^-)  x  -  (*"  +  aT"  -  2*')  y  +  («"  +  «"')  / 

-  (Z' +  y"')  **  =  0,  &c.    (87) 
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3.  Find  the  equationa  of  the  joins  of  the  pain  of  points — 
l*.  (r  cos  ^',  r  sin  ^') ;  (r  cos  ^",  r  sin  ^"). 
Am.  cos  J  (^'  +  ^")  X  +  sin  J  (<^  +  ^")  y  =  r  cos  J  (^'  -  ^'').    (88) 

2°.  (a  cos  ^',  ^  sin ^') ;  (a  cos ^",  6  sin  ^''). 

Ant.  cos  J  (f  +  ^")  -  +  Bin  J  (^'  +  ^")  ?  =  cos  J  (^'  -  4»").     (89) 

a*.  {acos(«  +  /3),  ft8in(a  +  i8)} ;   {acos(a- jS),  &8in(a-^)}. 

^IM.  COS  a  -+  sin  a  X  =  cos  i9.     (90) 
a  o 

A\  (at^,  2a0  ;  («<'',  2a<').    -4>u.  2«  -  (<  +  <')  y  +  2a/<'  =  0.     (91) 


3*.  (a  seo  ^,  6  tan  ^) ;  (a  sec  ^',  &  tan  ^'). 


An$,  cos}  (^-  4»')  -  -  sin  J  (<^  +  ^')  ?  =  cos  t  (^  +  ^').     (92) 
6*".  (A;  tan  ^,  A;  cot  ^) ;  (Ar  tan  ^\  k  cot  ^'). 

^>M.   ^ ;  +  ^ .  =  k.     (93) 

tan  ^ -I- tan  ^'      cot  ^  + cot  ^ 

4.  Find  the  equations  of  the  joins  of  the  middle  points  of  the  opposite 
sides,  and  also  of  the  joins  of  the  middle  points  of  the  diagonals  of  the 
quadrilateral  whose  vertices  are  x'y%  x"y'\  «'"y^,  a/"y"'  and  show  that 
the  three  lines  thus  found  are  concurrent. 


32.  To  find  the  eo-ordinatea  of  the  point  of  interaeetion  of  two 
lines  whose  equations  are  given. 

Since  the  co-ordinates  of  the  point  of  intersection  must  satisfy 
the  equation  of  each  line,  this  problem  is  identical  with  the 
algebraic  one  of  solving  two  simultaneous  equations  of  the  first 
degree.  Thus  the  co-ordinates  of  the  point  of  intersection  of 
the  lines 

a:      y     ,     «      y     ,  mn        mn  . 

—  +  i  =  l    -  +  £.  =  1    are  ,    

m      n         n     m  m-¥n    m+n 
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I.  Find  the  co-ordiiiates  of  the  points  of  intersection  of  the  following 
pdis  of  lines : — 

r.  apcoe^  +  3f  sin^sr,    :r  cos ^' +  y  sin ^' s  f . 

^'"- *-coB j(0  -  4.r^  -  cosj(^-*r   ^^ 

s  y  ^  if 

2*.  -  oo«^+  -rajnb=  1,  -  cos  0' +  T  sin 0'  ■  !• 
a  b  a       ^      b       ^ 


«cosjrfrt_^)  ^,      ^8in^(»-l-»0 


(96) 


2- If    5-  +  rT  =  l>7r3  +  -;n;  =  ^^  ^^®  P*^'^  ^^  opposite  sides  of  a 

qoaddlatenl,  and  the  co-ordinate  axes  the  other  pair,  find  the  co-ordinates 
of  the  middle  points  of  its  three  diagonals,  and  prove  that  they  are 
eoUinear. 

3.  Find  the  oo-ordinaies  of  a  point  equally  distant  from  the  three  points 
(a  co6^,  ^  sin^) ;  (a cos  ^\  b  sin^') ;  (a  cos  ^"f  b  sin ^'0- 
The  locus  of  a  point  equally  distant  from 

(a  cos  ^,  3  sin  0) ;  and  {a  cos  0',  bmja.  p'), 

iatheline         —r-^ -    .    ,  ,^      ,,  =  (a«  -  b^)  cos  J(0  -0'). 

Similarly,        rr^ — 7-^  -   .    ,  ,^ — ;;r  =  (a»  -  ^)  cos  *  (0'  -  0") 

coe^(0'  +  0")     8mJ(0'+0")      ^  '        *^^      ^' 

is  the  locus  of  a  point  equally  distant  from 

(a  cos  0',  &  sin  0') ;  and  (a  cos  ^",  b  sin  0"). 
Hence,  solving  from  these  equations,  we  get 

*  =  -^  ooei(4>  +  0')  cos  J(f  +  0")  cos  J  (0"  +  0), 
nnJ(<^+0')  sinJ(0'  +  0")sinJ(<^"  +  0) 


(97) 


44 


The  Right  Line. 


*4.  Find  the  oo-ordinates  of  a  point  equally  distant  from — 
An$.  a?  =  5  (<«  +  <'»+<"»+  «'  +  <'r  +  n  +4), 

«2^  (a  wo  ^,  5  tan  ^) ;  (a  sec  ^\  ^  tan  ^') ;  (a  sec  p'\  h  tan  <^")* 

^^^,«^  +  »'coeK»-»')coei«>'-Ocoei(^"^»)   ^ 
a  cos  ^  C08  0'  cos  ^"  ' 

_  «*  +  ^  am^(»-t-»')sint(»'4-»^')8in}(»'^+») 
A  cos  ^  cos  ^'  cos  ^" 

♦8«.  (it  tan  ^,  ifc  cot  <^) ;  (*  tan  ^',  *  cot  0') ;  [k  tan  ^'^  Kc/iff*). 


(98) 


(99) 


^iM.  «  B  -  (cot  ^  cot  ^'  cot  ^^  +  tan  ^  +  tan  ^'  +  tan  ^"), 

y  s  -  (tan^  tan ^'  tan ^"  +  cot  ^  -i-  cot  ^'  +  cot  ^") 

*4".  (a  COS  a,  &  sin  a) :  {a  cos  (a  +  iS),  3  sin  (a  +  jS) }  ; 
(a  cos  (a  -  jS),  d  sin  (a  -  /3) } . 

a*  -^ 

^M«.  X  t= cos  (a-  i  iB)  cos acoa  (a  +  i  iS), 


.      (100) 


(101) 


y  e  — T —  sin  (a  -  J  /5)  sin  a  sin  (a  +  }  jS) 


33.  To  find  the  equatitm  of  the  line  through  sefy'y  making  an  angle 
^  with  -4*  +  -ffy  +  C  =  0. 

Let  A'x  +  B'y  +  C  ^0  be  the  required  line ;  and  since  this 
passes  through  Vy',  we  have  -4V  +  B'g'  +  C  =  0.  Hence 
-4' (a?  -  a?')  +  ^'  (y  -  y')  =  0  is  the  form  of  the  required  equation. 

A'B  -  AW 


Again,  we  have    tan  ^  = 


A  A'  +  BW' 


(Equation  (70).) 


Hence  A\B  -  ^  tan  «^)  =  B'^A  +  B  tan«^). 

And  the  required  equation  is — 


^  -  ^  tan  <^     u4  +  ^  tan  <^ 


0, 


(102) 
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which  may  be  written  in  either  of  the  following  forms : — 


B  cos  <^-^siQ4^     ^coB^  +  wSsin^ 


»0. 


(103) 


=  0.    (104) 


A  Bin  ^  -  ^  COB  ^,     ^  COB  ^  +  £  sin  ^,     0 

«»  y,  1 

^,  y',  1 

If  the  angle  <^  be  right,  the  equation  becomoB 

Hence  the  equation  of  the  line  through  xfy*,  perpendicular  to 
Ax-^-  By  ■¥  Cjis 

B{X'^)^A{y'-^.  (106) 

This  may  be  otherwise  proved  as  follows  : — 

The  line  Bx  -  Ay  -^  C*  fulfils  the  condition  (72)  of  being 
perpendicular  to  Ax  +  By  +  C;  and  if  it  pass  through  ^y',  we 
get  Bx^  -  Ay'  +  C'-O.  Hence  subtracting,  we  get  the  equation 
jost  written. 

34.  The  line  through  ^y'^  making  an  angle  ^  with  ymmx+hf 
is 

«-^  y  -y* 


I  -tm  tan  ^     m  ~  tan  ^' 


(106) 


Cor. — ^The  line  through  ar'y'  perpendicular  to  y  =  mx  -^  h  ia 


y-y*^  —  («  -  ^)- 


(107) 


1.  Find  the  line  through  (0,  1),  making  an  angle  of  30^,  with  «  +  y  ^  2. 

2.  Ftoye  that  the   lines   «  +  yV3-6«0,    Sic-s^  VS  -  4  =  0  are  at 
n|ht  angles  to  each  other. 
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3.  Find  the  equations  of  the  perpendiculars  of  the  triangle  whose  angular 
points  are  x'y',  jc'V,  x*'Y'' 

4.  Find  the  equation  of  the  perpendicular  to  the  line 

d;  cos  a     y  sin  o      ,    ,  ^,         ,  ^  ,  i.      . 
+  — T —  =  1  at  the  point  (o  cos  Oy-VBin  a). 

6.  Find  the  perpendicular  to 

x-y  tan  ^  +  a  tan'^  =  0,  at  the  point  (a  tan'^,  2a  tan  ^). 

35.  To  find  the  equation  of  a  line  dividing  either  of  the  angles 
between  the  lines   Ax  +  J?y  +  C  =  0,   A'x  +  B'y  +  C*  =  0,    into 

two  parts  whose  sines  have  a  given  ratio  a  :  h. 

Let  LL\  MM*  be  the  given  lines  ;  ON  the  required  line. 
From  any  point  XFon  ON 
let  fall  perpendiculars  on 
the  given  lines :  these  per- 
pendiculars will  be  to  one 
another  in  the  ratio  of  the 
sines  of  the  angles,  and  will 
both  be  of  the  same  sign 
(§  28),  if  the  origin  of  co- 
ordinates lies  in  either  of  the  angular  spaces  ZOJf,  L'OM*  \ 
and  of  different  signs,  if  in  either  of  the  two  remaining  spaces. 
Hence 

Ax^-By^-C  ^  A'x^By\(y  ^    a 

y/ATTJ^     ^    v/ui'»  +  B^    "     *' 

the  choice  of  sign  depending  on  the  position  of  the  origin. 
Hence  the  equations  of  the  lines  dividing  the  angles  between 
Ax-k-  By  ■\-  C  =  0,  A'x  +  B'y  +  (T'  =  0  into  parts,  whose  sines 
are  in  the  ratio  a  :  h,  are 

b{Ax  +  By^C) ^  ^  a{A*x^Fy^a) 

the  sign  +  being  the  proper  one  for  one  of  them,  and  -  for  the 
other. 
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In  this  proof  it  is  assumed  that  the  powers  of  the  origin  with 
respect  to  hoth  lines  have  like  signs.  If  they  have  unlike  signs, 
the  conclnsions  will  be  reversed. 

Cor.  1. — If  we  put 

b  a 

— ===L  =  h  and  — ==  =  m, 

the  equations  (108)  are  transformed  into 

liAx  +  ^y  +  C)  ±  OT  {A'x  +  5'y  +  C)  =  0.         (109) 

Now  if  a  and  h  are  given,  I  and  m  will  be  given.  Hence  we 
have  the  following  important  theorem : — If  the  eqttations  of 
two  given  lines  he  multiplied  respectively  hy  given  constants,  and 
the  products  either  added  or  subtracted^  the  result  will  he  the 
equation  of  a  line  dividing  one  of  their  angles  into  parts  whose 
nnes  have  a  given  ratio. 
Cor.  2. — If  in  the  equation 

l{Ax  '{'Bg-¥  C)-^m {A'x  +  By'  +  C^)  =  0, 
veput 

mll=X,  weget  Ax +  Sy+  C  +  X {A'x  +  B'y -^^  C")  =  0  ; 

and  giving  all  possible  values  to  A,  we  get  all  possible  lines 
through  the  intersection  of 

Ax  +  By-^  C=0,   and  A'x  +  B'y+  C'  =  0; 

Compare  §  30,  Cor.  1. 

Cor.  3. — If  the  equations  of  the  given  lines  be  in  the  stan- 
dard form,  the  ratio  of  the  sines  will  be  the  same  as  the  ratio 
of  the  multiples. 

Cor.  4. — Since  the  line  passing  through  a  fixed  point  x'y' 
and  the  intersection  of  the  lines 

Ax  +  By+  C=0,    A'x  +  B'y+  C'  =  0 
divides  the  angle  between  the  lines  into  parts  whose  sines 
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are  in  the  ratio  of  the  perpendiculars  on  them  from  d/y',  we 
have 

Hence,  substitating  these  yalues  in  (108),  we  get 
{Ax  +  ^y  +  C){A'a^  +  By  +  C) 

-  {A'x-k-B'y+C){Axf+By'+  (7)  =  0.      (110) 

36.  To  Jind  the  eanditian  that  three  given  lines  he  eoncurrenty 
let  the  lines  be 

Ax-^Bg-^-C^O,  A'x-^ffg-^a^O,  A''x +B"g-^  C"  ^0, 

we  see  (§  35,  Cor.  2)  that  the  third  must  be  of  the  form 

l{Ax  +  Bg+  C)  '\-m{A'x  +  B'g  ^  (7). 
And,  comparing  coefficients,  we  get 

lA-\-mA''A"^Oy 
IB+mB'-B^'^O, 
W  +  mC-  C"  =  0. 

Hence,  eliminating  /,  m,  the  condition  of  concurrence  ii 

A,  A',    A" 

B,  B',    F'      =0. 

Cy     a,    C" 

Cor. — If  the  eoeffieiente  in  the  equati^me  of  three  lines  he  swh 
that  when  the  equations  are  multiplied  hy  any  suitable  constants 
they  vanish  identically ,  the  lines  are  concurrent. 
For  if 

\{Ax'^By'\-C)'¥ii.{A'x-^B'y-^C)'^v{A"x-\-B"y^G')^0, 
we  have,  comparing  coefficients, 

X^  +  ^ui' +  v^"  =  0, 
X^  +  /i^  +  v^'  =  0, 
XC  +  /aC'  +  vC)"  =  0; 

and  eliminating  X,  fi,  v,  we  get  the  condition  (111)  of  concur- 
rence. 


(Ill) 
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1.  Find  the  lines  which  divide  the  angles  between 

3«  +  4jr  +  12  =  0,    8*  +  15y  +  16  =  0, 
into  parts  whose  sines  are  in  the  ratio  2  :  3. 

Ant,   61  (3a?  +  4y  +  12)  ±  10  (8*  +  16y  +  16)  »  0. 

2.  Write  the  equations  of  the  bisectors  of  the  angles  between 

xcoBa  +  yana-p-Oy    d?C08/3  +  y  sin/S  *p' s  0, 
in  the  standard  form. 

3.  ¥onn  the  equations  of  the  perpendiculars  of  the  triangle  whoee  sides 
are 

wli«+J5iy+Ci«0,  (1)    ^2«+5jy+C^=0,  (2)  ^i3«+Jay+Ci  =  0,  (3); 

the  perpendicular  on  (1)  must  be  of  the  form  (2) -*  (3) ;  and  the  condition 
cf  perpendicularity  gives 

k  =  {A1A2  +  BiSi)  -^  (AzA\  +  BzBi). 
Henee  the  perpendicular  is 

{A^i  +  B^Bl)  {A2Z + Sjy  +  (^)  -  {AiAt  +  B1B2)  (Aa»  +  Pjy  +  (7$)  «=  0.  (1 12) 

4.  Show  that  the  orthocentre  of  the  triangle  formed  by  the  lines 

is  the  point  -  a,    a  (<  +  ^'  +  r  +  tW).  (113) 

6.  Find  the  equatbn  of  the  line  which  passes  through  the  intersection  of 
Aix  +  Biff  +  Ci  =  0,     AiX  +  Biff  +  (7s  -  0, 
and  is  parallel  to  A3X  +  Bzy  +  C3  s  0. 

6.  If  the  distances  of  a  certain  point  from  the  lines 

*co8a+y8ina-i»=0,  a^cosa'  +  ysina'-p^sO,  ^cosa'^+ysina'-^'sO 
be  dy  if,  d",  respectively,  and  if 

prove  ABin(a-o")+A'sin(a"-a)  +  V'sin(a-o')  =  0.  (114) 

7.  Being  given  two  triangles  MiMzMz,  JViiVjJVi,  to  find  the  condition  that 
the  parallels  through  Mu  M%,  Jfs  to  JViiVa,  N^Ni,  N1N2  may  be  concurrent. 

Let  the  co-ordinates  of  ifi,  M2,  Mi  be  oiii,  azh,  thh ;  and  the  co-ordi- 
nates of  Ni,  A2,  N$  be  eidi,  e^fiky  cjds,  respectively,  then  the  equations  of  the 
parallels  ojo. 

(y  -  bi){Ci  -  c)  -  (jj  -  ai){d2  - dz) «  0,  &c. 

E 
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If  these  equations  be  added,  the  coefficients  of  x  and  y  yanish  identically. 
Henoe,  in  order  that  the  lines  may  be  concurrent,  the  sum  of  the  absolute 
terms  must  yanish  in 

Or 


du 
dt, 

dly 


1 
1 
1 


<^, 

hu 

1 

<^l 

K 

1 

<^» 

*3, 

1 

oO. 


(116) 


(Nbubbrg). 

Cor.  1. — If  parallels  through  the  summits  of  the  first  triangle  to  the  sides 
of  the  second  be  concurrent,  parallels  through  the  summits  of  the  second  to 
the  sides  of  the  first  are  concurrent.  {Ibid,) 

Cor.  2. — If  two  trian^es  aresuch  that  lines  through  the  summits  of  the 
first  making  the  same  angle^a^pthcfie  sides  of  the  second  pre  ^current, 
the  lines  through  the  summits  of  the  second  making  an  angle  a^thuie 
sides  of  the  first  are  concurrent.  {Ihid.) 

8.  To  find  the  condition  that  the  perpendiculars  through  the  sununits  of 
M\M%Mz  on  the  sides  of  NiN^Nz  may  be  concurrent. 
The  equations  of  the  perpendiculars  are 

(x  - ai)(tf2  -  ci)  +  (y  -  bi){d%  -  <ft)  =  0,  &o. 

And  we  find,  as  in  Ex.  7,  the  condition  of  concurrence 

Sai(tfj  -  «»)  4  tbi(d%  -  dz)  =  0. 


Or 


«lf 

<?i, 

1 

K 

du 

1 

«a, 

^f 

1 

+ 

h, 

d2, 

1 

«8, 

«*> 

1 

K 

rfs, 

1 

=  0. 


(116) 
{Ibid.) 


Cor.  1. — If  the  pexpendiculars  from  the  summits  of  MiMiMz  on  the  sidee 
of  N\N2N'z  are  concurrent,  the  perpendiculars  from  the  summits  of  i^iiVjAs 
on  the  sides  of  M\MtMz  are  concurrent.  (Stbinbr.) 

Two  such  triangles  are  said  to  be  orthotogique. 

Cor.  2.—li  M\M%Mzi  NiNzNz  be  orthologique,  and  if  2?i,  i>2,  Lz  divide 
the  lines  M\N\y  Mz^%,  MzNz  in  (he  same  ratio,  DiD%Ih  is  orthologique  to 
each  of  the  triangles  M\MzMzy  NiNzNz-     For,  if  we  substitute  in  (116)  for 

^i>  ; >  forrfi ; ,  &c.,  the  resulting  determinant  will  vanish. 

w  +  ••  fn  +  H 

(Nbube&o.) 
Cor.  3.— If  EiEzEz  divide  MiNi,  MzNz,  MzNz  in  the  same  ratio,  the 
triangles  DiIhDzj  E\E%Ez  are  orthologique.  {Ibid.) 
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37.  To  find  when  an  equation  of  the  second  degree  ie  the  product 
of  the  equations  of  two  lines, 

1^.  Let  the  equation  contain  only  one  of  the  variables,  such 


«*  -  (a  +  3)  a?  +  tf^. 

Since  this  is  evidently  the  product  of  the  equations 

x-a=tOy    X  "h  =  0, 

we  see  that  an  equation  of  the  second  degree^  containing  only  one  of 
the  f^riahles,  represents  two  lines  parallel  to  the  axis  of  the  other 
variable. 

2^.  If  the  equation  he  homogeneous  in  both  variables,  it  represents 
two  lines  passing  through  the  origin. 

For  example, 

a?-5«y+6y'  =  0  is  the  product  of  (:r-2y)  =  0,  (4;-3y)«0. 

3°.  If  the  general  equation 

aa^  +  2hxg  +  bg^  +  2yaj  +  2/y  +  c  =  0 
denotes  two  lines,  throwing  it  into  the  form 

we  see  that  the  second  member  must  be  a  perfect  square. 

Hence  (A*  -  ah){g^  -  ac)  -  {gh  -  aff  =  0, 

or  abe^2fgh-ap-bg*-ch^^Q.  (117) 

This  important  function  of  the  coefficients  of  the  general 
equation  of  the  second  degree  is  called  its  discriminant.  It  may 
be  written  in  determinant  form  as  follows : 

fl,        hy        g 

A,        5,        /       -0.  (118) 

Or  thus,  let 

ase^  +  2hxy  +  ^*  +  2gx  +  2/y  +  ^  ■  (&  +  my  +  n){lfx  +  m'y  +  »') . 

si 
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Hence,  comparing  coefficients,  we  get 

a  s=  IV  y    h  =  mm'y    e  =  nn\ 
2f=mn'  -k-m'ny     2y  =  n/'  +  n7,     %h-lm'-\-Vm. 
Now  the  product  of  the  matrices 


h  v 

^  I 

my  w! 

X 

• 

tn  y  tn 

«,   »' 

n'y   n 

Hence 


2lVy                        i 

Im'-^Vmy 

In'^Vn 

= 

hnl  +  Im'y      2mm' y 

mn'  +  m'n 

In'  +l'ny    mn'-^m'n, 

2nn' 

«, 

^1        9 

A, 

h        f 

=  0. 

9^ 

/,        c 

=  0. 


The  student  should  carefully  commit  each  of  the  formulas 
(117),  (118)  to  memory.  The  minors  of  the  determinant  (118) 
will  be  denoted  by  the  corresponding  capital  letters.     Thus, 

A^he-f^y    B^ca-fy     C^ab-h\     F^gh-afy 

Q^hf-hgy    E^fg-ch. 

38.  Ifihsg&MfaX  eqitation  represent  two  lineSy  it  is  required  to 
find  the  co-ordinates  of  their  point  of  intersection. 
Let 

<Mf*  +  2Aicy  +  Jy'+  2gx  +  2fg  +  e  s  (Ix  +  mg  ■\- n)(l'x  ■{■  m'g  ■{■  n')y 
2/=  mn'  +  m'n,    2g^nl'+  n7,     2h  =  /«t'+  I'm ; 
and  solving  for  x  and  y  from  the  equations 

Ix  +  mg  +  n  =  0,     I'x  +  m'g  +  »'  =  0, 

we  get         x:g  :ly  : :  mn'-m'n :  nt'-n'l :  Im' -  I'm ; 
Hence  xig  \\  ::  A^:£^:  C*, 

which  are  the  required  values. 
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Cor.  1. — ^If  the  general  equation  represent  two  perpendicular 

lines, 

0  +  3  »  0  for  rectangular  axes.  (1 19) 

a  +  ^  -  2A  coB<k>  =  0  for  oblique  axes.  (^2^) 

Cor.  2. — ^If  the  general  equation  represent  two  lines  making 
an  angle  ^,  we  have  for  oblique  axes, 


2  a/a  -  ab  .BUXia 

tan  6  = z — - , . 

a-^b  -2h  COB  (li 

Hence,  if  A'  -  oi  =  0,  the  lines  are  parallel. 


(121) 


1.  What  lines  are  represented  hj  afi  -f*=*0? 

2.  What  lines  are  represented  by  «*  -  2^  sec  S  +  y*  »  OP 

3.  Proye  that  the  two  lines  ax^  +  2Axy  +  ^y'  =  0  are  respectively  at  right 
angles  to  the  lines  hx^  -  2hxy  +  ay^  =  0. 

4.  Find  the  angle  between  the  lines  ai^  +  2hxy  +  ^*  a  0.    If  the 
equation  represent  the  two  linee  y  —  mz^O^  y  —  m'x  s  0,  we  get 


m  ss ,  m  as      ■         » 


:i  •  .  m  -  wl        _        ^  2VA'  -  ah  „„^, 

and  smce  tan  ^  = ;,  we  have  tan  ^  = r— •  (122) 

1  +  mm  a  +  tf 

6.  The  angle  between  the  lines. 

(a^  +  y»)(co8*a  sin'a  +  sin'a)  -  («  tan  a  -  y  sin  ^)»  is  «. 

6.  Find  the  bisecters  of  the  angles  made  by  the  lines  ad^+  *lhxy  +  6y>  a  0. 
The  bisectors  of  the  angles  between  the  lines  y  ~  m«  a  Q,  y ..  maf  =  0, 


are— 


y  —  m»     y  —  fiCx      ^  y  —  «»•*     V  —  **'*  _  ^ 


Vl  +  m«     Vl+w'*  Vl+m*      Vl  +  m'» 

Hence,  multiplying  and  restoring  valueSi  we  get 

A  («*  -  y*)  -  («  -  *)  «y  =  0.  (128) 

7.  The  lines  o^  +  2«y  sec  2a  +  y'  =  0  are  equally  inclined  to  «  +  y  «  0. 
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8.  THe  difforence  of  the  tangents  which  the  lines 

«'  (tan»e  +  C08«e)  -  2«y  tane  +  y«  sin'ff  =  0 

make  with  the  axis  of  a;  is  2. 

9.  If  A  denote  the  discriminant  (118),  prove  the  following  relations — 

aA^BO-F^,    bA=CA^(P,    eA^AB-S^.       (124) 

10.  "When  A  «=  0,  prove    -4  :  5 :  C:  :  -=  :   —  :   ^=i.  (126) 

Jf*       6r*       M* 

11.  Ji  ax^  +  2hxy  +  Jy'  +  2gx  +  2/y  +  <?  =  0  represent  two  lines,  prove 
that  the  lines  an^  +  2hxy  +  ^^  =  0  are  parallel  to  them. 

12.  Find  the  discriminant  of 

(««•  +  2,hxy  +  *y«  +  2^«+  2/y  +  «)  +  X  (a?«  +  y"  +  2«y  cos»). 

18.  Prove  that  if  in  the  result  (123)  we  change  x,  y  into 

Ai  Bi 

we  get  the  equations  of  the  bisectors  of  the  angles  made  by 

(a«3  +  2hxy  +  V  +  2^*  +  2/y  +  tf)  =  0, 

when  it  denotes  lines. 

*14.  If  the  sum  of  the  angles  ^,  ^',  0",  ^"^  be  2ir,  prove  that  the 
points 

(aco0^,  68in^);(acos4»',  6sin^');  (a  cos  ^'',  6  sin  ^'') ;  (ac06  4»'",  dsin^ 
are  concjclic. 

By  hypothesis  i  (^  +  0')  =  »  -  J  (^"  +  4»'"),  and  J  (4>  +  f )  « 
**  '  i  (0'+  ^'")  making  thefe  substitutions  in  (97)  we  infer  that  the  point 
which  is  equidistant  from  the  Ist,  2nd,  3rd  of  the  given  points  is  equidistant 
from  the  2nd,  3rd,  4th.    Hence  the  four  points  are  concyclic. 

•16.  If  <  +  <'  +  <^  +  t"'  =  0,  prove  that  the  points 

(«<»,  2at) ;  {af^y  2aO ;  (a^\  2a<") ;  (a^*,  Uf'*) 
are  ooncydic    This  foUows  from  equations  (98). 

*16.  If  ^,  y  denote  the  mean  centre  of  the  points  in  Ex.  14,  prove  that 
the  co-ordinates  of  the  circumoentre  are 


a 


Compare  the  co-ordinates  of  the  mean  centre  (39)  and  of  the  circumoentre 
(97). 
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*17.  The  points 

(ittan^,  A;oot^);  (ifctan^',  kcoi<^*)\  (ifctan^",  ^oot^"}! 
(A:  cot  ^ .  oot  ^'.  cot  ^'^  ;t  tan  ^ .  tan  ^'.  tan  ^'O* 
an  concydie.    Make  use  of  equations  ( 1 00] . 

Theoby  op  Avharmokic  Batio. 

39.  Bef. — The  anharmanie  ratio  of  four  eoUinear  points 
Ay  By  Cf  D  is  the  quotient  of  the  ratios  of  section  of  the  two 
last  mth  reject  to  the  two  first,  and  is  denoted  hy  {ABCD), 

Thns  {ABGD)  -^'^-^-  cbTLA  '  ^'''^ 

Cor,  1. — The  anharmonio  ratio  is  inyerted  by  invertiiig  either 
pair  of  points.    For 

{ABCD)^  ^^:-^;  {ABDC)^^.^. 

Hence  {ABCB)  =  1/{ABJ)C).  (128) 

Similarly  {ABCB)  =  l/^BACB).  (129) 

Cor.  2. — ^The  anharmonic  ratio  remains  nnaltered  if  any  two 
of  the  four  points  be  inverted,  and  at  the  same  time  the  two 

remaining  points.    Thus 

{ABCB)  =  {BABC)  =  ( CBAB)  -  {BCBA).     (180) 

40.  To  express  {ABCB)  in    terms   of  the    co-ordinates    of 

Ay   By    Cy   B. 

Let  OXy  0  F  be  the  axes,  and  let  parallels  to  0  F,  OX  through 
Ay  By  Cy  B  mcot  the  axes  in  A\  By  Cy  B ;  AI\  B\  Cy  J9" ; 
and  putting  OA' »  a',  OB  =  Vy  &c.    Then,  evidently, 

{ABCB)^{£BClf)^^,:^^j^^:y-^.    (§1) 
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Similarly       {ABCB) 


(131) 


41.  To  express  {AJBCD)  in  terms  of  the  ratios  of  section  made 
hy  the  points  A,  3,  Cy  D  on  a  given  segment  PQ. 

P  A  B  c  D  Q 

Let  AP/AQ  =  a..  .  From  AF/AQ  =  a  we  h&YeAP=aAQ; 
therefore 

QP^  QA^aAQ,    Hence  QA  =  QP/{1  -  a). 

Similarly  QB  «  QP/Cl  -  *),  &c. ; 

v^  ^^p^m     Q^'QO  QA-QD 

but  (^^cr2>)  =  ^:r^:  QffTQ3 ' 

and  substituting  for  QA^  QB,  &c.y  we  get 

iABCD)  =  "^y^^-  (132) 

Dbp.— TjT  {ABCD)  «  -  1,  ^,  J9,  C,  2>  «rtf  <?a/fo<f  a  Aor- 
montV  system  of  points^  and  C^  D  are  said  to  he  harmonic  con- 
jugates  to  A,  B,    In  this  case  we  have 

CA  _    DA 
CB"^  DB' 

which  agrees  with  §  11,  Def.  i. 

42.  If  Af  By  Cy  D  he  a  harmonic  system  of  points,  and  M  the 
middle  of  AB — 

l^  MB'  ^MC.MD.         2°.  21  AB  ^  {l/AC  +  l/AB). 
^    MC     AC*      BC* 
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Let  0,  by  c,  d  he  the  abscisssB  of  A,  B,  C,  D  with  respect  to 
an  oiigm  O  upon  AB.    Then 

1^  =  -^    or    2(aJ  +  i^i)-(«  +  *)(^  +  iO  (1). 

1°.  If  0 be  the  middle  point  of  AB  we  have  a^-h,  and  (1) 
becomes  a^  »  (;(^. 

2^.  If  0  coincide  with  ^  or  a  «  0,  ( 1 )  becomes  2cd  ^h{e-¥  d\ 
and  dividing  by  hcd^  we  get 

2^1      1 
h~  e      d 

S°.  If  O  is  at  M,  we  have 

AC     c  -a     e  7  */ cd       V^ 


Hence 


AUf^d'  MB' 


Cor.  1. — ^If  iV  be  the  middle  point  of  C2>,  the  relation  (1) 

becomes 

OA.OB+  OC.  OB  =  20If.  ON,  (134) 

or  the  som  of  the  powers  of  0  with  respect  to  two  harmonic 

segments  is  donble  the  power  of  0  with  respect  to  their  middle 

points. 

Cor.  2. — If  the  abscisssa  of  the  points  ^,  ^  be  given  by  the 

equation  or*  +  2px  +  y  =  0,  and  those  of  (7,  D  by  o'«*  +  2p!x 

+  y  =  0,  we  have  ah  =  y/a,  a  +  3  =  -  2)5/a,  &c.,  and  substituting 

in  (1),  we  get 

a-/  +  a'y  =  2)8j8'.  (135) 

It  is  the  same,  if  the  points  A,  B,  C,  B  are  defined  by  their 
ratios  of  section  (§41). 

48.  Def. — The  anharmonio  ratio  of  fimr  rays  a,  J,  Cy  d  of  a 
pencil  is  the  qw>tient  of  the  ratios  of  section  of  c  and  d  relative  to 
a  and  by  and  is  denoted  by  {abed). 
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II  Pjjf;  q,  q'  be  the  perpendiculars  from  two  points  (7,  D  of 
c  and  d  upon  a  and  5,  we  have 

sin otf   sin  iu^     ^]iiac .vinhd 


{ubci)^t:i^^. 


y  ^     sin  i(? '  sin  3^     sin  eu^ .  sin  ^0 


(136) 


The  sign  of  {abe^  is  independent  of  any  particular  convention 
of  signs.    For  if  the  rays  e^  d  both  pass  between  a  and  &,  the 

ratios  ^,  and  -,  have  the  same  sign,  and  {dbei)  is  positive. 


It  will  be  the  same  if  e  and  d  divide  the  supplementary  angle 
{afh)\  but  if  one  divide  the  angle  {ab)  and  the  other  {a'h\ 
{abed)  is  negative. 

44.  If  the  pencil  of  four  rays  a,  S,  e^  d  he  cut  by  any  trans- 
versal in  the  points  A,  B,  C,  D,  then  both  in  magnitude  and  sign 
{abed)  «  {ABCD). 

Dem. — Both  in  magnitude  and  sign 

p     AC    /^^ 

q^  AD'    q'"  BD 
£[ence 

(187) 
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45.  If  S  ^  0,  iS'  =  0  be  any  two  lines ^  the  anharmonie  ratio  of 
the  four  lines  S-\-a8'  =  0,  8  +  bS'  =  0,  S  +  eS'^^O,  S+d8'^0 
is  equal  to 

a  —  e   a  "  d 

h  -  c'h  -  d 

and  cutting  the  pencil  by  the  axis  of  Xj  the  abscissae  of  the 
points  of  intersection  of  the  four  rajs  are 

C  +  a(y  C^hC    ^ 


and  substituting,  we  get 

a?i  —  a?j   Xi—  x^     a  -  e   a  ^  d 
«a  —  a?8    x%^  Xi      b  "  c    b  "  d 


(138) 


Cor. — The  anharmonie  ratio  of  the  four  lines  S^  8',  8  +  a/S', 
8  4-  bS^  is  equal  to  a  :  ^. 

Dep. — A  pencil  of  four  rays  {a,  b,  e,  d)  is  said  to  be  har- 
monie  when  (abed)  s  -  1. 

Examples — 

1°.  An  angle  and  its  internal  and  external  bisectors. 

2^.  The  sides  AJB,  JBC  oi  &  triangle,  the  median  AM,  and 
a  parallel  through  AtoBC. 


1.  With  a  given  range  of  four  points  A,  B^  0,  L  there  can  be  formed 
dx  different  anharmonie  ratios. 

For  with  four  letters  can  be  formed  24  different  permutations,  and  these 
ooniidered  as  anharmonie  ratios  are  equal  4  by  4.     (}  39,  Cor.  2). 

The  six  distinct  anharmonics  are  {ABCD),  {ABDC),  (ACfL),  (IcbJS), 
(AJ)BCf),  {AJ)tfB) ;  and  the  2nd,  4th,  6th  are  reciprocals  of  Ist,  3rd,  6th 
({  39,  Cor.  1). 
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2.  Piore  that  (ABCD)  +  (AC£D) »  1, 

{ABDCf)  +  (ADSCf)  «  1, 

{ACDB)  +  {ADCB)  =  1 .  (ISU) 

3.  If  ABCD  B  X,  prove  that  the  values  of  the  other  fiye  anharmonics  are 

1/X,     (l-X),     1/(1 -X),     X/(X-1),     (X-l)/X.  (140) 

4.  If  through  the  point  0  (see  flg.,  {  43)  we  draw  a  line  ECF  parallel  to 
8dy  and  cutting  Sa,  Sb  in  the  points  E,  F,  show  that  the  six  anhannonic 
ratios  of  the  pencil  (8 .  abed)  can  be  expressed  in  terms  of  the  three  seg- 
mento  EC,  CF,  FE. 

5.  If  {ABCJD)  e  -  1,  prove  that  (AOBD)  -  2,  and  ACDB  »  \, 

6.  If  circles  described  on  AB,  CD  as  diameters  intersect  in  an  angle  B, 
the  values  of  the  six  anhazmonic  ratios  are* 

0  6  9  9  9  9 

-tan'^,     800^2'     '^'2'    -cot*-,     cos»-,    coeec»-.       (141) 

7.  If  two  di£fldrent  transversals  cut  the  same  pencil,  their  anhannonic 
ratios  are  equal. 

8.  If  two  equal  anhannonic  pencils  have  a  common  ray,  the  intersections 
of  the  remaming  three  homologous  pairs  are  ooUinear. 

^  9.  If  three  sides  of  a  variable  triangle  pass  through  three  coUinear  points, 
and  two  of  its  vertices  move  on  fixed  lines,  the  locus  of  the  third  vertex  is 
a  right  line. 

10.  If  Af  B,  C;  A\  B'f  C  be  two  triads  of  points  on  two  lines  inter- 
secting in  0,  and  if  (OABC)  =  (OA'B'C),  the  lines  AA\  BB',  CC  are 
concurrent. 

Sbchon  II. — Sybtemb  of  Three  Co-oBDnrATES. 

46.  Def.  I. — A  fundamental  triangle  ABC^  whose  eidee  are 
given  in  position^  and  which  is  used  for  the  purpose  of  defining 
the  position  of  any  figure  in  its  plane,  is  called  the  Mangle  of 
reference,  and  its  sides  the  lines  of  reference. 

*  This  theorem  was  first  published  in  the  Fhihtophical  Tranioeiumi  in 
the  Author's  **  Oyclides  and  Sphero  Quartics." 
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DxF.  n. — If  ths  perpendiculars  from  any  paint  P  to  the  sides 
efthe  triangle  he  denoted  hy  Oj  fi,  y;  a,  P,  y 
ere  eaUed  the  tbilinsab  or  kobhal  co-ordi- 

XATBS  of  P. 

If  the  point  P  be  on  the  side  JBC^  the 
peipendicular  from  it  on  JBO  will  vanish. 
Hence  in  trilinear  co-ordinates  the  equation 
of  ^C  is  a  «  0.     Similarly  the  equations  of    B  C 

(Li,  AB  are  P  =  0,  y  =  0,  respectively.  In  order  to  pass  from 
trilinear  to  Cartesian  co-ordinates  (a  problem  of  frequent  recur- 
rence) it  is  necessary  to  express  the  equations  of  AB,  BC,  CA 
inx,  y  co-ordinates.  For  this  purpose  the  most  convenient  are 
the  standard  forms 

X  cosa  +  y  sina-j>  =  0,     «C08^  +  y  sin)8-y  «  0, 

df  cosy  +  y  siny-^'as  0; 

the  origin  being  in  the  interior  of  the  triangle.  From  this  it 
foUowB  that  the  normal  co-ordinate  of  any  point  P  correspond- 
ing to  any  line  of  reference  is  positive  or  negative,  according  as 
P  and  the  opposite  summit  of  the  triangle  are  on  the  same  or  on 
different  sides  of  that  line. 

Cor.  1. — ^The  normal  co-ordinates  of  any  point  P  in  the  in- 
terior of  the  triangle  of  reference  are  all  positive,  and  for  any 
exterior  point  two  are  positive  and  one  negative. 

Cor.  2. — If  a,  p,  y  be  the  trilinear  co-ordinates  of  a  point  P, 
Xj  y  its  Cartesian  co-ordinates, 

a  sarcosa -i-y  sina-^,     /?  a  «C08j8  +  y  sin^S -^', 


// 


y  sipcosy  +  y  siny  -p 


Observation. — ^In  these  identities  it  wiU  be  seen  that  a,  iS,  y  are  used 
with  different  significations;  but  after  a  little  practice  this  causes  no 
inoonvenienoe. 
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Cor,  3. — If  a,  l^  e  be  the  lengths  of  the  sides  of  the  triangle  of 

reference,  A  its  area,  a,  fi,  y  the  normal  co-ordinates  of  any  point 

in  its  plane, 

aa  +  hp  +  ey^  2A.  (142) 

Cor,  4. — If  E  be  the  circnmradius  of  the  triangle  of  reference, 

a8inui  +  j8  8inj9  +  y8inC=  A/i2.  (143) 


1.  Find  the  equations  of  the  bisecton  of  the  angle  Cof  the  triangle  of 
reference.  The  equation  of  any  Une  through  Ciaoi  the  form  a — k$,  where 
k  denotee  the  ratio  of  the  sines  of  the  angles  into  which  Cis  divided.  Hence 
the  internal  bisector  is  a  —  /3  «  0,  and  the  external  a  +  /3  »  0.  Both  are 
included  in  the  equation  a  ±  $^Q.  (144) 

2.  Find  the  equation  of  the  median  that  bisects  AB. 

If  D  be  the  point  of  bisection  of  AB,  we  have  £D  =  DA.  Hence  the 
ratio  of  section  of  the  angle  C  is  sin  BjaxL  A^k,  and  the  equation  of  CD  \a 

asin^-i3sin^  =  0.  (146) 

3.  Find  the  equation  of  the  perpendicular  from  0  on  AB, 

Here  the  ratio  of  section  is  cos  Bjooa  A,    Hence  the  perpendicular  is 

a  cos  ^  -  ^  cos  J  =  0.  (146) 

Observation. — ^The  equations  of  the  internal  bisectors  of  the  angles  of 
the  triangle  of  reference,  viz., 

a-/3  =  0,     3-7  =  0,     7-0  =  0, 

may  be  written  in  the  form  a  =  /3  =  7,  where,  by  omitting  any  letter,  we 
bavo  the  equation  of  the  bisector  of  the  angle  between  the  sides  denoted  by 
the  remaining  letters.    Similarly  the  three  medians  are 

a  sin  u4  =  /3  sin  J?  =  7  sin  (7,  ^ 

and  the  perpendiculars 

a  cos  ^  B  iS  cos  ^  =  7  cos  (7. 

4.  Three  lines  whose  equations  are  in  the  form  la  =  m/3  s  ny,  are  con- 
current. 

For  these  equations  are  equiyalent  to 

/a  —  m^  ss  0,     #«i8  -  W7  =  0,    #17  -  fe  =  0 ; 

and  these,  when  added,  vanish  identically.  Or  thus,  the  co-ordinates  1//, 
1/m,  1/n  satisfy  the  threo  equations. 
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47.  T?he  lines  la  -  tnp  =  0,  a/l  -  ^/m  =  0  are  equally  inclined 

to  the  Jnsector  of{afi). 

For  the  ratio  of  section  of  the  first  is  1/^:  1/m;  that  is,  as 
m  :  I,  and  the  ratio  of  section  of  the  second  / :  m.  Hence  one 
makes  the  same  angle  with  a  which  the  other  makes  with  fi. 

Car.  1. — If  three  lines  through  the  summits  of  a  triangle  he 
concurrent,  the  lines  equally  inclined  to  the  hisectors  of  its 
angles  are  concurrent.  For  if  the  three  first  he  ^  =  mfi  =  ny, 
the  others  are  a/l  =  ^Jm  =  y/n. 

Def.  I. — Two  points  P,  -P,  which  are  such  that  lines  drawn 
from  them  to  the  summits  of  the  triangle  of  reference  are  equally 
inclined  to  the  hisectors  of  its  angles  are  called  isogonal  conjugates 
with  reject  to  the  triangle. 

Cor.  2. — If  a,  P,  y,  a'jSy  he  the  normal  co-ordinates  of  P,  P, 

aa' =  )8j3' =  y/.  (147) 

For  ao'=  CFanBCF.  CP'siaJBCF' 

=  CFauFCA .  CF' sin P'C^  =  Pfi". 

Bjef.  n. — The  isogonal  conjugate  of  the  centroid  of  the  triangle 
of  reference  is  called  its  symmedian  point,  and  the  lines  from  ths 
angles  to  the  symmedian  point  the  symmedian  lines  of  the  triangle. 
Their  equations  are 

a/sin  A  =  ^/sin  B  =  y/sin  C.  (148) 

h        e        a 
48.  If  the  lines  -a  =  -^  =  ^-y  meet  in  O,  and  ifQ!  he  the  iso- 

c       a        0 

gonal  cordate  ofQ,  the  angles  ClAB,  QFCj  QCA,  Q/BA,  d'CB, 
QfAC  are  all  eqtuil. 

Dem. — ^Let  tlAB  he  denoted  hy  q>,  then  CAQ  =  A  -  q);  and 

since  the  equation  of  AQ  is 

c         a  c  a  . 

-B  =  r  y,  we  have  -  sin  (-4  -  <u)  =  -r  sin  w. 
ah'  a  h 

Hence,  hy  an  easy  reduction, 

cot  b>  (that  is  cot  QAB)  »  cot  ^  +  cot  B  +  cotC; 
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and  it  may  be  shown  that  the  cotangents  of  iUBCf  OCAf  &c., 
have  the  same  value. 

Dbf. — The  poinU  O,  Q'  are  called  the  Broeari  points^  and  co  the 
Broeard  angle  of  the  triangle, 

49.  The  ratios  of  the  normal  co-ordinates  of  a  point  ore 
fiufficient  to  determine  its  position.  For  all  the  points  of  a 
given  line  drawn  through  A  are  such  that  )3  :  y  is  constant. 

The  following  Table  contains  the  normal  co-ordinates  of  some 
special  points : — 

If  A,  A',  h"  denote  the  altitudes  of  the  triangle  of  ref  erence  ^  J?  (7, 
the  co-ordinates  of-  - 

^       -4  are  A, "6,0;    J?areO,  A',  0;     CareO,  0,  A"; 
centroid  JA,  JA',  JA";   or  simply   1/a,  1/J,  l/<?; 
the  symmedian  point  a,  5,  c ; 
incentre  r^r^r\  or  1,  1,  1 ; 
excentre  -  r.,  r^,  r.,  &c. ;  or  -  1,  1,  1,  &c. ; 
circumcentre  cos^,  cosJ?,  cos  C; 
orthocentre     sec^,  sec^,  sec  C; 
12  ejh^  aje,  hja; 

O'  b/Cy  c/a,  ajh. 

Certain  points  related  to  the  triangle  have  been  named 
after  the  Geometers  Steiner,  Tarry,  Kagel,  and  others.  These 
will  occur  in  the  course  of  the  work. 

Car, — ^The  orthocentre  is  the  isogonal  conjugate  of  the 
circumcentre. 

Bahtcektbic  Co-ohbikates. 

50.  The  areal  co-ordinates  of  a  point  M  are  the  areae  of  the 
triangles  BMC,  CMA,  AMB,  formed  hg  joining  If  to  the  summits 
of  ABC.  Since  Mis  the  centre  of  gravity  (§  14)  ^  masses  pro^ 
portional  to  the  areas  BMC,  CMA,  AMB,  placed  at  the  points 
A,  B,  C,  the  areal  co-ordinates  are  called  hy  French  and  German 
Geometers  Babtcsntrio  Co-ohdixat£s. 
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U  the  areas  JBMC,  CMA,  AMB  be  divided  by  ABO,  the 
quotients  are  called  the  absolute  Barycentric  co-ordinates  of  M. 
Hence  if  these  be  denoted  by 

ai,  A,  yi,     ai  +  )8i  +  yi»l.  (149) 

Cwr,  1. — If  a,  j3,  y  be  the  normal,  and  a^  jSi,  yi  the  Bary- 
centric co-ordinates  of  a  point  My  then 

!^-fe-5i.  (150) 

aa      hp      ey  ^       ^ 

Cor.  2. — If  (a,  P,  y),  (a',  ^,  /)  be  the  absolute  normal,  and 
(oiy  Pu  yi)»  Wi  Pi  9  yi')  ^^  absolute  Barycentric  co-ordinates  of 
two  points  if,  iT,  then  the  co-ordinates  of  a  point  P  such  that 
MP :  M*P ::-/:«»  are  respectively 

&c.,   and      '  \&c.  (161) 

*  +  »i  »  +  »» 

51.  TTte  Unes  la-mP^^O,  all-  P/m  «  0  meet  the  Me  AB  of 
the  triangle  of  reference  in  points  eqmlly  distant  from  its  middle. 
For  if  fa  -  mp=  0  meet  AB  in  D,  we  have  BDC .  I «  CDA .  w. 
Hence  BD :  2)^  : :  m  :  /;  therefore  {I  +  «n)  2)u^  « ife^.  Simi- 
larly if  ajl - )3/»i meet ^^  in ZX,  we  have  (/  +  m)BTy^&BA. 
Hence  J?2X  s  i>^ ;  therefore  2),  i)'  are  equally  distant  from  the 
middle  point  of  AB. 

Def. — Two  points  P,  P*  which  are  such  that  pairs  of  lines  con- 
necting them  with  any  angle  of  the  triangle  meet  the  opposite  side 
equidistant  from  its  middle  are  called  isotomic  conjugates  with 
respect  to  the  triangle. 

Cor. — ^If  (a,  Pj  y),  (a',  j8',  y)  be  the  Barycentric  co-ordinates 
of  isotomic  points  with  respect  to  the  triangle,  then 

aa'«/8^  =  y/.  (162) 

p 
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52.  The  following  are  the  Barycentric  co-ordinates  of  some 
special  points : — 

The  Lemoine  or  symmedian  point,     a',  ^,  (^. 

The  Brocard  points  O,  O',    .    ^-5,  -,  -  ;  ^,  -^  ^. 

The  third  Brocard  point,      .     -r,  r;,  -. 

(r    r     r 

The  centroid, 1,    1,    1. 

The  circiuncentre,      .     .     .  sin  2^,  sin  2^,  sin  2(7. 

The  orthocentre,    ....  tan  A^  tan  B^  tan  C, 

The  incentre, sin  ^,  sin  ^,  sin  67. 

The  excentres,      .     .     .     .  -sin^^  sin^,  sin  C,  &c. 

Steiner's  point,     ....    ^  j~,  ^,. 

Barycentric  co-ordinates  are  for  many  investigations  simpler 
than  the  normal,  but  not  always.  Whenever  we  employ  them 
we  shall  state  it  explicitly. 

63.  To  find  the  equation  of  the  join  of  the  potnta  a'^Sy ,  a"^Y' 
The  determinant 


=  0,  (153) 


or  say  La  +  Iffi  +  Ny  =  0  is  evidently  the  required  equation,  for 
it  contains  a,  ^,  y  in  the  first  degree,  and  is  therefore  a  right 
line.  Again,  if  for  a,  p,  y  be  substituted  the  co-ordinates  of 
either  point,  the  determinant  will  have  two  rows  alike,  and 
therefore  vanishes  identically.  Hence  the  line  (153)  passes 
through  the  given  points.  The  foregoing  will  be  the  form  of 
the  equation  whether  the  co-ordinates  are  normal  or  Barycentric. 
If  they  are  normal,  Z,  Jf,  iV  are  respectively  twice  the  areas  of 
the  triangles  formed  by  a')3Y>  a"i8'Y'>  ^^^  t^®  summits  of  the 


a, 

ti. 

7 

a'. 

iS'. 

y 

a", 

y8", 

y 
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triangle  of  reference  multiplied  respectiyely  by  sin^,  sin^, 
sin  C.  fat  these  triangles  having  a  common  base  are  propor- 
tional to  the  perpendiculars  on  it  from  the  points  A,  3,  C. 
Therefore,  if  these  perpendiculars  be  denoted  by  X,  /t,  v,  the 
equation  (153)  may  be  written 

(XBin-4)o+(/xffln^)j8+(i'8in  C)y  =  0,  or  \aa+  fjibfi -^vey^O, 

That  is  in  Barycentric  co-ordinates  Xa+  fi)3  +  vy  =  0.  Sence  when 
the  equation  of  a  Une  is  written  in  Barycentric  co-ordinates  the 
coefficients  X,  fi,  v  are  proportional  to  the  perpendiculars  on  it  from 
the  summits  of  the  triangle  of  reference — a  result  which  is  other- 
wise evident. 


1.  Find  the  equations  of  the  joins  of  the  four  pomts  ch  ±  /3»  ±  7.' 

-4>M.  a/a  ± /S/iS' =  0,     iB/jB' ±  7/7' «  0,     yjy' ±  aja' ^  0.         (164) 

Hence  they  intenect  in  pain  at  the  summitt  of  the  triangle  of  reference. 


2.  The  determinant 


For 


bf      e 


0,    "C, 


=  2A  (a  -  a"). 


(166) 


3",    7 


1 

c 


0,    -  tf ,      0 
a,       $\     2A 
a",      /3",     2  A 


3.  Find  the  eqiiations  of  the  joins  of  the  following  pairs  of  points : — 

1**.  Orthocentre  and  centroid. 
Afu.  aBm2Aaji[B-C)-¥fiBm2BanlC-A)-\-ymn2CsiJi(A-jB)»0. 
This  is  called  the  line  of  Euler.  (156) 

2*.  The  circumoentre  and  symmedian  point  {diameter  o/Broeard). 
Ant,  o  sin  (^  -  C)  +  3  sin  (C-  ^)  +7  sin  (-4  -  JB)  =  0.     (157) 

3*.  The  Brocard  points  A,  ft'  (the  Broeard  Une) . 

Ane,  (a*-  *V)  -  +  (ft*  -<f»a«)  ?+  (<>*-  «»*»)  ^.     (168) 

a  0  c 

4*.  The  centroid  and  symmedian  point. 

Ane.  (ia  -  <j»)  aa  +  (<J»  -  fl«)  bB  +  (a»  -  *»)  ^  -  0.     (169) 

¥2 
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Tbiufeab  Poles  and  Polass. 

54.  CoiEs's  Thbobem. — If  en  each  radius  vector  through  a  fixed 
point  0,  and  meeting  the  sides  of  the  triangle  of  reference  in  the 
points  Ely  jSt,  Bt,  there  he  taken  a  point  R  so  thai 

SIOR^l/ORi  +  IIOR2+  l/OR^. 

The  locus  of  R  is  a  right  line. 

Dem.—  Let  0  be  taken  as  oiigin  of  Cartesian  co-ordinates,  and 
the  equations  of  the  sides  of  ABC  be  given  in  their  standard 
forms  d?  cosa  +  g  tana-  p^^  0,  &c.  Then,  if  OR  make  an 
angle  $  with  the  axis  of  x,  we  have 

Oi2i-jp7cos(d-o),  0-Bg  =  y/cos  (tf  -  ^),  ORi  =  p"' /cos  {6 -y). 

Hence  denoting  OR  by  p,  we  get 

3      cos  {$  -  g)      cos  (g  -  P)      cos  {0  -  y) 
p"        /         **"        y        "^       /"       ' 

cos(g-a)  ^  1      cos(g-^)      1      cos(tf-y)      I 
F  P  P  P  P  P 

gcosg-f  y  sing- j?^     xcoB^  +  gem  ft  -- p'^ 

«  COS  y  +  y  sin  y  - 1?'" 
or  as  it  may  be  written 

^Ip'  +  PiP"  +  y/i»'"  =  0.  (160) 

Def. — The  line  (160)  m  cd/^(^  the  polar  line  of  0  with  respect 
to  the  triangle,  and  0  is  called  the  pole  of  the  line  (Salkoit,  Higher 
Curves),  or  for  shortness,  trilinear  pole  and  polar  (Mathieu). 

Cor.  1. — The  polar  line  of  the  point  g',  fi*,  y 

is  g/g'  +  fills'  +  y/y  =  0.  (161) 

Cor.  2. — The  trilinear  polar  of  a  point  has  the  same  form  in 
normal  and  Barycentric  co-ordinates. 


or 
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Car.  3. — II  h, »  mfi  =  fiy  be  three  concurrent  lineSi  the  tri- 
linear  polar  of  their  common  point  is 

^  +  m^  +  »y  =  0.  (162) 

Cor,  4. — The  line  connecting  a  point  0  with  any  smnmit  of 
the  triangle  of  reference  and  the  trilinear  polar  of  0  meet  the 
opposite  side  in  points  that  are  harmonic  conjugates  with  respect 
to  the  reuLaining  vertices.  For  making  y  =  0  in  2a + mfi + ny  »  0, 
we  get  la  +  mP  =  0,  which  is  the  harmonic  conjugate  of  2a  -  m/3 
=  0  with  respect  to  a  and  p, 

Thsoby  of  the  Complete  Qxtadbilateril  os  Quabkakole. 

55.  Bef.  I. — The  figwre  formed  hy  fowr  lines  a,  3,  e,  d  produced 
indefinitely^  no  three  ofwhichare 
eoneurrent,  is  called  a  complete 
quadrilateral.  The  lines  are 
eaUed  the  sides  of  the  quadri* 
lateral.  The  intersection  of 
the  sides  its  summits.  There 
are  six  summits,  which  consist 
of  three  couples,  ^y^'\  ^y  ^*\ 
C,  C*  of  opposite  summits.  The 
Joins  of  opposite  summits,  viz. 
AA',  BB,  CC\  are  called  the 
diagonals.  The  triangle  formed  hy  them  is  called  the  diagonal 
triangle  of  the  quadrilateral.  (Stbikeb.) 

Def.  n. — Ths  figure  formed  hy  four  points  A,  B,  Cy  JD  and 
their  joins  is  called  a  complete  quadrangle.  The  points  are  eaUed 
its  summits  ;  and  the  joins  of  the  summits  are  called  its  sides.  There 
are  six  sides  which  consist  of  three  pairs  of  opposite  couples,  AB  and 
CD,  BC  and  AD,  CA  and  BD,  The  point  of  intersection  of  two 
opposite  sides  is  called  a  diagonal  point.  There  are  three  of  these 
paints.  The  triangle  formed  hy  them  is  called  the  diagonal  triangle 
of  the  quadrangle.  (Steuieh.) 
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Dkf.  m. — A  quadrilateral  whose  three  diagonals  are  the  sides 
of  the  triangle  of  reference  4s  eaUed  a  standard  quadrilateral ;  and  a 
quadrangle  whose  diagonal  points  are  the  summits  of  the  triangle  of 
reference  is  called  a  standard  quadrangle. 

56.  The  equations  of  any  four  lines  F  a  fiX  +f^  4-/3  =  0, 

no  three  of  which  are  concurrent^  are  connected  hy  an  identical 
relation  of  the  form 

fF  +  gG  +  hR-^-kK^O  (163) 

where  f  g,  h,  k  are  constants, 

Bern. — Such  an  identity  requires  that  ff  +  ggi  +  AAi  +  iti^  »  0, 
#a+^^«  +  A^  +  ^^«0,  ff^-^ggz-^hh^-^kk^mO,  Hence (S^lLMok, 
Modem  Algebra,  page  4),  the  values  of/,  y,  A,  i  are  proportional 
to  the  minors  of  the  matrix 

fu    gu     hi,     ki 
A    gti     hzf     Ajj 

fzf   g^t   As,    A3 

These  minors  each  differ  from  zero,  since  no  three  of  the  lines 
are  concurrent.  This  proposition  may  be  stated  and  proved 
differently  as  foUows : — 

If  ay  fi,  y  be  any  three  lines  forming  a  triangle  ABCy  the 
equation  of  any  fourth  line  DF  is  of 
the  form  la'¥mfi  +  ny=  0. 

Dem. — "Now  since  CD  passes 
through  the  intersection  of  a  and  fi  its 
equation  is  of  the  form  la  +  mfi  «  0, 
§  30,  and  since  DF  passes  through 
the  intersection  oi  la  +  mfi  ^  0,  and 
y  =  0,  its  equation  is  the  form 

la  +  mfi  +  «y  ss  0. 

67.  In  every  complete  quadrilateral  each  diagonal  is  divided 
harmonically  by  the  two  others. 


Systems  of  Three  C<hordifMtes.  71 

Bern.— It  results  from  (163)  that  fF-\-  gQm^  {hE^  kK). 
Therefore  the  equationB/F+^^  =  0,  hH-¥hK=  0  represent  the 


same  liie.    This  line  passes  through  the  point  of  concourse  of 

F  and  (<,  and  through  that  of  H  and  K.    It  is  therefore  the 

diagonal  Jf,  from  which  it  follows  that  the  equations  of  the 

diagonals  are 

M^fF+  gQ^--  {hS-v  kK)  =  0, 

N^fF+hHm  -  {gQ  +  kK)  =  0, 

P  ^fF-¥  kK^  -  {gG  +  hH)  =  0. 

Hence  JV  -  P  s  {hS  -  kK) ;  hut  i^T  -  P  =  0  represents  the 
line  passingthrough  7,  and  hH-  AiiTthe  line  passing  through  4. 
Hence  the  quation  of  the  line  47  is  hS-  kK=  0  ;  it  is  there- 
fore the  hamonio  conjugate  of  Jf »  hS-^  kK=  0  with  respect 
to  the  lines  -5"=  0,     JP  =  0  ;    .-.  (2578)  =  -  1. 

Cor,  In  BM^ry  complete  quadrangle  any  two  diagonal  points  arc 
separated  hffmonically  hy  the  pair  of  opposite  sides  passing 
through  the  hird  diagonal  point. 

For,  if  thesomplete  quadrangle  he  2356  the  diagonal  points 
are  1,  4,  7,  aid  the  line  17  is  divided  harmonically  hy  the  lines 
36,  26.  Thi  follows  from  the  fact  that  the  pencil  (4-2678)  is 
harmonic. 


72  The  Right  Line. 

58.  The  quadrilateral  whose  sides  are  ^  +  mfi  +  ny  «  0  (1), 
/a  +  i»)8-ny«0(2),  /o-««j8  +  ny»0(3),  -^+ w)S  +  ny  =  0(^), 
or  say  the  four  lines  la  ±  mfi  ±  ny  «  0  is  a  standard  quadiilateial. 

For  (1)  -  (2)  a  2ny  =  0,  (3)+(4)  =  2»y  =  0.  Hence  y  =  0  is  a 
diagonal. 

59.  Dbf. — Two  triangles  which  are  such  that  the  lines  joning 
eorreeponding  summits  are  ctmewrrent  are  said  to  he  in  perspetHvej 
the  point  of  ooneurrenee  is  called  the  centre  of  perspective, 

Pbop. — Two  triangles  whose  corresponding  sides  intersex  in 
eollinear  points  are  in  perspective. 

Dem. — ^Let  one  be  the  triangle  of  reference,  and  let  tte  line 
of  coUinearity  be  fe  +  nkP  +  wy  =  0.  Then  evidently  the  equa- 
tions of  the  sides  of  the  other  triangle  are  Va  +  mP  +  fy  »  0, 
la+m'p-h  ny=  0,  &i  +  f»)8+n'y  =  0  ;  and  taking  the  diffrences 
of  these  in  pairs  we  get  the  concurrent  lines  {I  -l')a=  {in-  m')P 
=(n-n')y,  which  are  evidently  the  joins  of  coiresponding  -vertices. 

Dbf. — The  line  of  coUinearity  of  the  points  of  inter setion  of 
the  corresponding  sides  of  triangles  in  perspective  is  caJed  their 
axis  of  perspective. 


1 .  The  pomts  (a',  ^',  -/) ;  (-  a',  jS',  V) ;  (d',  -  ffy  -/) ;  (a',  0',  -  Y)  are  the 
lummits  of  a  Btandard  quadrangle. 

For  the  pain  of  opposite  sides  are 

o/a'  ±filfi=0  filff  ±  r/y  =  0  7/7'  ±  aja'  =  0, 
equation  (154),  and  each  pair  intersect  in  a  summit  of  the  tiiai^le. 

2.  The  triangle  formed  hy  any  three  sides  of  a  standard  qua^Hateral  is  in 
perspective  with  the  triangle  of  reference,  the  axis  of  perspectre  being  the 
fourth  side  of  the  quadrilateral,  and  the  triangle  formed  by  any  iiree  summits 
of  a  standard  quadrangle  is  in  perepectiye  with  the  triangle  o^f  erence,  the 
centre  of  perspective  being  the  remaining  summit  of  the  quad^gle. 

3.  The  trilinear  polars  of  the  four  summits  of  a  standard  qiUdrangle  form 
the  sides  of  a  standard  quadrilateral. 

4.  The  centres  of  perspective  of  the  triangle  of  reference  ^d  each  of  the 
four  triangles  formed  by  the  sides  of  a^standard  quadrilateral  f <tm  the  summits 
of  a  standard  quadrangle,  and  the  axes  of  perspective  of  ie  triangle  of 
reference  and  each  of  the  four  triangles  formed  by  the  summ^  of  a  standard 
quadrangle  form  a  standard  quadrilateral. 

I 
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5.  If  the  lines  2a  +  m/3  +  ny  »  0,  all  +  fifm  +  yjn  b  0,  meet  tliA  sides 
BC,  CA,  ABy  of  the  triangle  of  reference  in  the  points  A',  B',  C;  A\^  Bi,  Oi, 
reepectiTely,  then  the  pairs  of  lines  AA',  AA\ ;  BB,  BBi ;  CC,  CCi,  are 
iflogonal  or  isotomic  conjugates  according  as  the  co-ordinates  are  nonnal  or 
Bazycentric. 

6.  If  two  points  be  isogonal  conjugates,  their  trilinear  polars  are  isogonal 
transTersals ;  and  if  they  be  isotomic  conjugates,  the  polars  are  isotomic 
transrenals. 

60.  To^find  the  length  of  the  perpendicular  fram  the  point 
a',  P'j  y  on  the  line  la  +  mp  +  ny  =  0, 

This  equation  in  Cartesian  co-ordinates  is 

S/  (a;  cos  a  +  y  sin  a  -  J?)  =  0 ; 
and  the  distance  of  the  point  a/y'  from  this  line  is 

2/(dKcosa  +  y'sina-j?) 
v^CSTcos  ay  +  (2/  sin^' 

or    (Sfti')/v^P  +  w'+«'-2wi»  0O8-4-2n/co8jB-2^  cos  C; 
putting    v^?+ w'+n"  -  2mn  cos  A  -  2nl  oosB  -  2lm  cos  (7  =  0. 

The  perpendicular  distance  of  a'ySV  &om  (la  +  tnp  +  ny)  is 

{W  +  fnfi''^nY)IO.  (164) 

61.  To  find  the  angle  between  the  lines 

la  +  mP  +  ny  =  0,     Fa  +  m'fi  +  »  y  =  0, 

let  V  denote  the  angle  between  the  lines.      Then  if  when 
transformed  into  Cartesian  co-ordinates  they  become 

^ar+^y-f  C7=0,     ^'a?+^y+ (7'=  0, 


we  have 


sin  F= 


or 


The  numerator  of  this  fraction  is 

A,     B 

I  cosa+m  cos)3  +  n  cosy, 
Tcos  o+w' cos  j8  +  n' cosy, 


/  sina+m  Bin)3  +  i»  siny 
rsina+f»'  sin )8+n' siny 
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That  ie  the  product  of 

Hence  the  numerator  is 

/,  m 


cos  a,     cos  )3,     cos  y 
sin  a,     sin  )3,     rin  y 


n' 


(165) 


sin  Ay     sin  J9,     sin  C 
and  the  denominator  is  evidently  (10^     See  §  60. 

Oor,  1. — The  vanishing  of  the  determinant  (165)  is  the  con- 
dition of  parallelism  of  the  lines 

/a  +  m^  +  ny  =  0,     Va  +  f»'j8  +  n'y  -  0. 

Cor.  2. — The  equation  of  the  line  at  infinity  is 

asin^  +  )SsinJ?  +  ysin  C7-0,  (166) 

for  the  determinant  (165)  is  the  condition  that  the  lines 
fci+  mj8  +  «y  =  0,     /'a+  iw'/J  +  n'y  =  0 

should  intersect  on  that  line. 

Car.  3.— If   Aic^By-^  C=  0,    ^'jr  +  ^y  +  C  =  0  be  per- 
pendicular, AA*  +  BBf  =  0,  §  27.    Hence  the  condition  that 
la  +  w^  +  «y  =  0  may  be  perpendicular  to  /'a  +  «i'/3  +n y  =  0  is 
(S;  cos  a)(S/'  cos  a)  +  2(/  sin  a)  2(^  sin  a)  «  0, 

or        IV + m»i'  +  wn'  -  {^n!  +  w'n)  cos  -4  -  (n?'  +  «7)  cos  j5 

-  (/«'  +  f  m)  cos  C  =  0.  (167) 

Cbr.  4. — ^Every  line  is  parallel  to  the  line  at  infinity,  and 
every  line  is  perpendicular  to  the  line  at  infinity.  The  first 
follows  from  (165)  by  substituting  sin  A^  sin  B^  sin  C  for  T,  m\  n! 
and  the  second  from  (167). 

Cor,  5. — ^The  condition  that  /a+  mp  +  fiy  s  0  may  be  perpen- 
dicular toy  is    n  sm  cosu^  + /cos^.  (168) 

Cor,  6. — ^The  angles  which  la  +  m/3  +  f»y  »  0  makes  with  a,  j9,  y 
are 
sin  F^s(nsinj9-msin  C)/0,  sin  F^s  (/sin  C-n  sinu^)/n, 
sin  Fy  =  (w  sin ^  -  /  sin ^)/0.  (169) 
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Cyclic  Points — Isotbopio  Likxs. 

62.  The  function  denoted  by  fl\  §  60,  being  the  sum  of  two 
squares  breaks  up  into  the  two  imaginary  factors 

(S^  cos  a)  ±  \/-  1  (2/  sin  a), 
or  fo^  +  fM^P  +  n#«v     and    Ir^  +  nun^  +  tur^y. 

The  quantities  e^,  e^,  e^y,  and  r*«,  r»P,  ^*y  are  the  co-ordi- 
nates of  two  imaginary  points,  say  the  points  /,  Jj  which  are 
called  cyclic  points.  They  are  at  infinity,  for  if  we  form  the 
equation  of  their  join  we  get  asiaA-¥p  an  B-^y  sinC=0,  which 
is  the  line  at  infinity,  and  we  shall  see  in  Chapter  m.  that  every 
circle  passes  through  them. 

63.  Dep. — The  Join  of  any  real  paint  to  either  lor  J  is  called  an 
isotropie  line. 

The  join  of  af^y  and  /is 

a\      ^,      y      =0. 

e^,      e^fiy       tyt 

or  Xi^  +  F«*^  +  Zeyf  =  0,  where  X  "  {fiy  -  jS'y),  &c.     Similarly 
the  join  of  a')8y  and  /is  Xr"*  +  Ye'^  +  Xtn-y  =  0.    Hence  the 
product  of  the  equations  of  the  two  isotropic  lines  from  oipy  to 
/,  /is 
Z*+r»+^-2XrcosC-2rZcos^-2ZZcos^  =  0.     (170) 

64.  If  Zj)  Lj  denote  the  powers  of  the  points  I^  /with  respect 
to  the  line  L^la-^  mfi  +  «y  =  0.  Then  the  condition  ( 1 67)  that 
the  lines  Z^la-hmp +  ny  =  0,  Z'a  ^'a  +  m'fi  +n'y  =  0  may  be 
at  right  angles,  can  be  written  LjL'j  +  L'jLj  =  0.  Now  let  M 
be  the  finite  point  of  intersection  of  Z,  Z',  and  if  Z  pass  through 
/,  the  condition  just  written  proves  that  L'  passes  through  /; 
therefore  L'  coincides  with  Z.  Renoe  a  Une  which  passes  through 
either  ey die  point  is  perpendicular  to  itself. 


76 


The  Bight  Line, 


1.  Find  the  equation  of  the  perpendicular  to  the  side  y  of  the  triangle  of 
reference  at  its  middle  point. 

An9,adnA'-fiaRJB  +  yBm(A^B)  =  0.     (171) 

2.  Find  the  condition  la  +  m$-\-ny^  0  may  be  perpendicular  to  itself. 

J  Afu.  a  «  0. 

3.  Find  the  equation  of  the  line^al3'7'  parallel  to  fa  f  mjS  +  tvy. 

Let  Va  +  m'fi  +  n'7  =  0  be  the  required  parallel ;  then  since  it  passes 
through  a'fify'f  we  have  fa'  +  m'/B'  +  »y  =  0  ;  and  the  condition  (166)  of 
parallelism  may  be  written 

r  (m  sin C -  »  sin ^)  +  m'  (n  sin  ^  -  ZsinCT) +  »'  (/sin^- m  sin^). 
Hence  eliminating  t,  tn\  n',  we  get 

fi^,        m  sin  (7  —  n  sin  ^ 

r,        ffy       n  sin  ul  -  /  sin  C 

7,        y\        Ivm-B-maxiA 


4.  ProTethat 


(172) 


(wf/  -m^w)  sin^  +  (fif  -  w"/)  sin  J+  (Un'-Vm)  sin  C 

'      ~  W'+inm'+««'-(m«'+m'if)co8-4  -  (if/'+»^oo8jB-(/m'+/'m)cos(7' 

(178) 

5.  Find  the  equation  of  the  perpendicular  to  /a  +  mjS  +  My  through  a*fi>*y\ 

6.  If  8a>  8*,  8c  be  the  distances  of  A,  B,  C  from  the  line  la-¥fn$-\-ny»0 

prove  that 

4A*  cs  2a<8a'  -  2  2a»  8a  86  cos  C.  (174) 

Let  J?)  qt  r  be  the  altitudes  of  ABC,  we  have  8*  =  IpjCi,  9h  «  m^/H, 

8«  s  nr/fi.    Hence  /  =  A .  8a/jp,    m  s  Q .  8»/^,    ft  =  fl .  80/r, 

but 

fis  =  ;>  +  fn>  +  n*  -  2/m  COS  C-  2  m»  cos^  -  2fi/  cos  i^  ($60) 

thereforo 

80^       »^   8a.86COSC'    .     .  2A 


;  btttp  =  — ,  &c. 
a 


Hence  the  proposition  is  evident. 

7.  Prove  that  the  paraUel  through  a'fffy  to  the  join  of  a"fi'Yf  a'"i3" V 
is 

a"-!^",  i3"-/5"',  y-y" 


(176) 
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8.  ProTe  that  the  join  of  the  orthocentre  and  centrdd  is  perpendicular  to 
a  006^  +  B  cobB •¥  y  cobC=0. 

Dbf. — A  line  DE  cutting  the  tidee  CA,  CB  of  the  triangle  of  rrferenee  to 
that  the  triangle  CDE  it  inoertely  timilar  to  CBA  it  called  an  antiparallel  to 
the  bate. 

9.  If    la  +  mfi+nyhe  antiparallel  to  7,  prove  that 

/8in^-mBini?-ii8in(^~^)=0.  (176) 

10.  Prove  that 

4A>  »  2a3  (8<i  -  9b)(Bm  -  8«).    See  ex.  6.  (177) 

11.  If  /a  +  mi9  +  fty  s  0  he  the  equation  of  a  line  in  abeolute  Barycentric 
co-ordinates,  prove  that  the  distance  of  the  point  a',  0^,  y  from  it  ia 

la'  +  mfi^  +  ny.  (178) 

12.  If  12  he  the  circumiadiuB  of  the  triangle  of  reference,  prove  that  the 
peipendicnlan  from  ite  aunmiits  on  Eider's  line,  equation  (166),  are 


2B«)BAt3n(B-  (7)/Vl-8oos^  qorB cob  0,  &c. 


(179) 


13.  Prove  that  the  locus  of  the  centres  of  mean  distances  of  the  points  in 
which  parallela  to  /a  +  m/9 + n7  =  0  meet  the  sides  of  the  triangle  of  reference 

a/(ie  sin -B  -  main  Cf)  +$HlBmC-  n  smA)  +  7/(m  sin^  -  /  sin  J)=  0.     (180) 
[Make  use  of  equations  (169).] 

14.  If  the  points  t^fify,   a"fi"y*  subtend  a  right  angle  at  afiy,  prove  that 
3a>{iB'i8"  +  yY  +  {BY  +  /5'V)  coa  ^}  -  2ajB{a'i8"  +  a"fi^  + 

(y«"  +  y"a)  cofl  ^  +  (iB'y"  +  ^ V)  cos  ^  -  27'  y"  cos  C}  =  0.      (181) 

15.  If  the  equation  aa'  +  bfi^  ■\-  cy*  -^  2hafi  +  2f$y  +  2gya  s  0   represent 
two  perpendicular  lines,  prove  that 

a  +  *  +  tf  -  2/co8^  -  2^  cos  j5  -  2A  cos  (7=  0.  (182) 

16.  If  the  same  equation  represent  two  parallel  lines,  prove  that 

a,  A,          g,  an  A 

A,  h,  /,  sin^ 

g,  /,           ct  sin  C 

tmAf  mnBf  sinO,  0 


0. 


(183) 
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Distance  betwebit  Two  Ponrrs. 

65.  To  find  the  distance  h  between  two  points  ai)9iyi,  fttPiyi. 

From  the  given  points  draw  perpendiculars  to  the  sides  AB, 
AC ot  the  triangle,  and  from  oaPtyz  draw  parallels  to  AB^  A C. 
Then  denoting  MNhj  I,  we  have 

8«8in»^  =  /«  =  (A-A)'+(yi-ya)'  +  2(/9i-/Ja)(yi-ya)cos^, 

but      08i  -  A)  -  {eZ  -  ai^)/2A,  y,  -  y,  «  {aM-  5Z)/2A  ; 

therefore  (1^^) 

4A»8»sin«J[  =  (oL  -  alT)^  +  (aiT-  5Z)»  +  2  ((?Z  -  aiVO(flir 

-  hZ)  cos  -4 

=  a«  {Z»  +iP  +iV^  -  2iCVcos  A  -  2iVZ  cos  B  -  2Zif  cos  (7} . 

Hence 

B 
8  «  -j-v/Z»  +  iP  +  iV*  -  2iC\rcos  ^  -  2iVi;  COS  ^  -  2Zif  cos  C. 


(184) 


^<'.<'; 


B(ay,ii?;  ^xi'  (o,o,7)C 


Cor, — The  quantity  under  the  radical  is  the  power  of  either 
of  the  given  points  with  respect  to  the  pair  of  isotropic  lines 
drawn  from  the  other  to  the  cyclic  points. 


1.  Proye  that 
«  ^  { (ai  -  a»)»  Bin 2A  +  (jSi  -  fa)»  rin  2B  4  (yi  -  7«)'  "in  2C} 

This  may  be  reduced  to  (184)  by  substituting  for  (ai  -  as),  Ac,  their 
values  from  equation  (156). 
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2.  Pttnrethat 


«*  -  -  ^2«(/8i  -  fii)  (yi  -  71). 


(186) 


3.  The  diiitanofle  of  aifiiyt  from  the  summit*  of  the  triangle  of  refe- 
rence are 

Vi^T^T^fi^ooTcrjIamC,  Ac.  (187) 

4.  Fniye  that  the  dUtance  between  the  points  of  intersection  of 

la -\- mb  +  fiy  t:  0 

with  the  lines    ha  +  mifi  +  niy  s  0,     /2a  +  m2i3  +  nry  —  0, 

is  n  (/,  mi,  fi3)/  { (/,  miy  sin  C)(/,  ms,  sin  (7) } .  (188) 

where  (/,  mi,  113)  denotes  the  determinant 

/,      m,      II 

hi    •wii    *• 
^}    m2,    Its 


Abba,  of  Tbianols. 
66.  To  find  the  area  of  the  triangle  whose  sutnmite  are  ajjSiyi^ 

If  the  axes  be  oblique,  the  area  of  the  triangle  whose  sum- 
mits  are  x^^^  a?ay„  x^^  (§  8),  ii 


Bin<i> 


1,      1,      1 

But  taking  as  axes  the  lines  a  =  0,  /3  »  0,  we  have 

sin  Q)  s  sin  (7,    ^isin  o  =  ai,    yi  sin  (i>  s  ^|,     &c. ; 
therefore 


A' 


cosec  C 


O-U       «1>        «8" 

1,      1,      1 


cosec  C 
2T 


A>  ft>  A 
r,    7;   r 


Now,  taking  Te  a  sin  ^  +  ^  sin^  +  y  sin  C  =  A/jS,  we  get, 
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diminiBhing  the  last  row  by  the  sum  of  the  first  multiplied 
by  sin^  and  the  second  by  sin^, 


A'.^ 
2A 


^(a,)8,y,) 


2A 


(189) 


yi»   y«>  ys 

Or  ihu$ : — ^Writing  the  equations  ai  s  0,  &c.,  in  Cartesian 

co-ordinates, 

X  cos  ai  +  y  sin  a  -  ^1  e  0,  &c. 

By  multiplication  of  determinants,  we  have 


«1>     <»»>     fl« 

«i,   yi, 

^i>  A,  A 

= 

a?a,      tfty 

yii   yt>  y» 

«»,   ys, 

therefore 

A' 

-  (ai/JaVj 

1 
1 
1 


cos  a,  sin  <&,  —  j?i 
cosjS,  sin/3,  -j^s 
cosy,  siny,  -jij 


=  2A'r; 


(7or.  1. — If  ai,  j3i,  yi,  &c.,  be  not  the  actual  lengths  of  the 
co-ordinates,  let  them  be 

(i»iai,  Wi^i,  wiiyi) ;    {nhq^,  nhfiti  nhft) ;    (wjOji  »H^8>  »*8y8)> 
and  we  get  Ai  s  i2miin,m,  (ai/3sys)/2A.  (^^0) 

Cor.  2. — To  find  the  factors  nh,  m^,  ms,  we  have  evidently 
ifiitti sin ^  +  miPiBmB  +  miyi sin  C s  T^^jR ; 
or  mi7\  =  A/J2 ; 

therefore  m,  =  A/JZT;.  (191) 

Cor.  3.—  A»  o  A»(ai)52y,)/(2iPTi  T, T,).  (192) 


1.  Find  the  factors  m  of  proportionality  for  the  following  points — 

1*.  The  Bymmedian  point ;  2^.  The  circumoentre ;  3*^.  The  orthocentre. 

2.  Prove  that  the  area  of  the  triangle  fonned  by  a;  cos  a  +  y  sin  a  —  p  and 
the  line  pair  aa^  +  2hxy  +  ^'  ~  0  ia 

>*  VA*  -  abl{a  8m*a  -2A8macosa+5  oos'a).  (193) 
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3.  Fiad  the  area  of  the  triangle  foimed  hy  the  lines 

l\a  4  f«i3  +  n\y  =  0,  -  fca  +  mjjS  +  nrf  =  0,     h»  +  «9^  +  «87  =  0. 
Solying  between  the  second  and  third,  we  get  the  oo-ordinatee  of  their 
point  of  intersection  proportional  to  the  minors  Zi,  ifi,  Ni  of  the  determi- 
lumt  (hmtm).    Hence,  in  this  case, 

Ti  B  Xi  sin  ^  -I-  if  1  sin  27  +  J^Ti  sin  C,  &c. ; 
and  substituting  in  equation  (191),  we  get  the  area. 

4.  If  (Ai,  iau  y\) ;  (^s>  Ai2>  ya) ;  (^>  Mt)  i^)  ^  the  absolute  barycentrie 
co-ordinates  of  three  points,  prove  that  the  area  of  the  triangle  whose  sum- 
mits they  are  is  A  (XiA^iys). 

CoHPLBifsirrAKT  Ponm  and  Figubes. 

67.  Let  A\  ff,  a  he  the  middle  patnte  of  the  sides  BC,  CA, 
AB  of  the  triangle  of  reference,  Then^  if  Jf,  M'  he  homologous 
points  with  respect  to  ABC,  A^B'Cy  M'  is  called  the  complemen- 
tary of  M,  and  M  the  anti-complementary  of  W, 

If  ^  be  the  centroid  of  ABC,  then  it  is  also  the  centroid  of 
A'B*0\  that  is,  it  is  their  double  point.  Hence  Q  divides 
MM'  in  the  ratio  2:1.  Hence  if  (a^y),  (a')Sy)  be  the 
absolute  barycentric  co-ordinates  of  M,  JT,  the  co-ordinates  of 

^««—  a+2a^      jg-f  2ff^      7  +  V       1 

3       "        3        "       3       "3' 

Henc  a'=to,    ^..r±?,    y»i±^,  (194) 

a  =  )8'  +  y'-a',     P^a'-^P'^-/,     y  =  a'  +  )S'-y.     (195) 
If  the  point  JIf  describe  any  figure  F,  M*  will  describe  a 
figure  F*.    F'  is  called  the  complementary  of  F,   and  F  the 
anti-complementary  of  F, 


1.  If  three  concurrent  lines  be  drawn  through  the  middle  points  of  the 
sides  of  a  triangle,  parallels  to  them  through  the  summits  are  concurrent. 

2.  If  A\B\Ci  be  the  triangle  formed  by  parallels  to  BC,  CA,  AB  through 
A,  B,  C,  the  triangles  A\B\Ci,  ABC  have  if,  M'  as  homologous  points. 

3.  In  normal  co-ordinates,  the  complementary  of  the  point  afiy  is  the  point 

— - — ?,  ,  — ;  the  anta-complementaty,  thepomt , 

2a  2o  2c  0 

Ac.  (196) 

4.  Centre  of  circle  ABC  is  complementary  of  orthooentre. 


82  The  Right  Line. 

Sttpplementabt  Ponrre. 
68.  If  a,  Pj  y  he  the  normal  co-ordinates  of^a  point  M,  the 
point  -3r,  vihoee  co-ordinates  are  P  -k-y^   y  -^  ^   a  +  fi  is  called 
the  supplementary  of  M. 

By  definition,  ^r «  — ^  =       ■    - 

Hence,  if  we  seek  whether  M^  M!  can  coincide,  we  must  have 

g      _     P     ^  __y a  +  ff  +  y 

/J  +  y~*y+a"  a+  P  *"  2  (a  +  /J  +  y)  "  *' 
These  will  be  satisfied  either  by  a  =  )S  =  y ;   that  is,  by  the 
incentre  of  the  triangle  of  reference,  or  by  the  points  of  the 
line  a  +  /8  +  y  =  0,  which  is  the  trilinear  polar  of  the  incentre. 


1.  Any  point  and  its  sapplementaiy  are  collinear  with  the  incentre. 

2.  If  if  describe  the  line  la  4  m3  +  My  =  0,  prore  that  JT  describes 

(^  +  m  +  «)(«  +  3  +  y)  -  2(/a  +  fniS  +  ny)  =  0.  (197) 

3.  The  points  supplementary  to  the  summits  of  the  triangle  of  reference 
are  the  points  A',  B\  (T,  where  the  internal  bisectors  meet  the  opposite  sides. 

For,  putting  n  =  0  in  (197),  we  see  that  the  supplementary  of  any  line 
/a  +  mjS  =  0  passing  through  (7  is  the  line  (/  -  m){a  -  ^)  -  (^  +  m)  y  passing 
through  C 

4.  The  supplementary  of  the  triangle  whose  summits  are  the  centres  ol 
the  escribed  circles  is  the  triangle  of  reference. 

Tbianglbs  in  Multiple  Pbbspectiye. 

69.  We  have  given,  in  §  59,  the  fundamental  property  of 
triangles  in  perspective ;  but  here  we  shall  enter  into  more 

detail. 

To  find  the  condition  that  the  triangle  of  reference  may  he  in 
perspective  with  one  whose  summits  have  the  co-ordinates  ai)8iyi, 
fhfiiyty  c^sysi  or  whose  sides. have  the  equations 

/ia  +  »iij8  +  »iy«0,    4a  +  m^  +  msy  =  0,    ^a  +  m,)9  +  nys «  0. 

1^.  The  equations  of  the  joins  of  corresponding  summits  are 
easily  found  to  be  fi/fii  =  y/yi ;  y/y,  =  a/a, ;  a/o,  =  /8/ft.  Hence, 
eliminating,  the  condition  of  concurrence  is 

iSiyjOf  -  yio^iSs.  (198) 
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Or  thuft— 

Let  la  +  mfi  +  »y  s  0,  the  axis  of  perspective.  The  lines 
Jia  +  tniP  +  fiiy  =  0  . . .  meet  JB  C,  CA,  AB  in  the  same  points  as 
_  ^  _  m     tn^  n     n%    I      l^  ,, 

n      fti    »      »i    ITS     ^3 

2°.  If  the  minors  of  the  determinant  (/imsti,)  he  as  in  §  66, 
Ex.  3,  Li,  Jfj,  Ni^  &c.,  the  summits  of  the  triangle  whose  sides 
are  lia  +  miP  +  niy  =  0^  &c.y  will  he  these  minors.  Hence,  from 
(198),  the  required  condition  is 

If.N^L,,  =  N,I^M^.  (199) 

70.  If  ABC,  AiB^Ci  be  such  that  the  lines  AA^,  BB^  CCi 
are  concurrent  in  a  given  point,  say  (1,  1,  1),  the  co-ordinates 
of  Aif  Biy  Ci  are  of  the  following  forms  (iwi,  1,  1),  (1,  Wj,  1), 
(1,  1,  Ms),  and  the  triangle  ABC  can  he  in  six  different  ways 
in  perspective  with  AiB^  C^ — 

1^  ABC,AyB^C^\  2°.  ABC,B^CiAi\   3°.  ABC,  C.AxBr, 
4°.  ABC,  AiCiB.'y  6°.  ABC,  C^B.Ar,  6°.  ABC,  B,A,C^, 
The  equation  (198)  gives  for  these  different  cases  the  follow- 
ing conditions,  viz.,  for 

2^  and  3^.  mimT^ss  1 ;  4^.  m%^m^  ;   5°.   ms  «  mi ;   6^.  mi  =  m^. 

71.  The  quantities  mi,  m%,  mj  denote  anharmonie  ratios. 

A 


7or  let  P  he  the  point  (1,  1,  1),  the  equations  of  BP  and 

e2 
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BAi  are  a  a  y  and  a  «  my.    Hence  f»i  is  equal  to  the  anhar- 
monio  ratio  {AA'PAi).    Similarly, 

From  §  70  we  have  the  following  cases  of  multiple  per- 
Bpeotives : — 

(a)  li  in%-  in,,  ABC  is  in  perspective  with  AiBiCi  and  with 
AiCiBif  and  the  triangles  are  biperspective ;  the  second  centre 
of  perspective  is  on  the  line  AAi.  Similar  results  follow  from 
fn%  »  ift|  or  fiti  s  fn%, 

(>)  If  mimsin,  =  1,  there  is  triple  perspective,  viz.  ABC  with 
AiBiCi,  and  with  B^CiA^  and  CiAiBi. 

(«)  If  wi  =  «H  =  m, ;  that  is,  if  (AA'FA,)  «  {BFPB,) 
e  ( CC'FCi),  there  is  quadruple  perspective. 


In  order^to  construct J-4i^iCi  in  quadruple  perspective  with 
ABCf  being  given  ABC  and  P. 

Let  AP,  BPy  CP  meet  BC^  CA^AB'm  A',  B\  C,  respec- 
tivelj.  Join  RC^  cutting  B  Or  A'\  and  drawMg^  any  line 
through  A"y  cutting  BP  in  Bi  and  CP  in  C7|.  Again,  let 
C"  be  the  point  of  intersection  of  A'B*  with  AB.    Join  CB^, 
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cutting  AJP  in  Ai.     Then  AiBiCi  has  quadruple  perspectiTe 
with  ABC. 

Por,  join  ^"P,  C"P,  and  it  is  evident  that  (AATA,) 
^{BB'PB^)^{CC'PC,). 

{d)  The  triangles  ABC^  AiBiCi  will  have  quadruple  per- 
spective if  mi  s  m^  =  l/\/«»j. 

(«)  If  mi  =  m,  B  ^3  is  equal  to  an  imaginary  cube  root  of 
unity,  there  will  be  a  sixfold  perspective,  but  then  the  triangle 
AiBiCi  is  imaginary. 

EXEB0ISE8. 

1.  If  in  the  triangle  ABO  we  insoribe  A'B'C  in  penpective  with  ABO; 
and  in  A'B'C,  A"B"Cr'  in  perapective  with  A'B'Cr,  then  A"B*'(r'  is  in 
perspective  with  ABC. 

2.  UA'B'C  be  the  orthique  triangle  of  ABG  (that  is,  formed  by  the 
feet  of  perpendioulan)  and  A"B"G"  the  orthique  of  A'B'Cy  show  that 
the  normal  co-ordinates  of  the  centre  of  perspectiye  of  ABO  and  A'B''(T* 
are  sec  ^  cos  2^,  &o.,  and  that  it  is  a  point  on  Eulb&'s  line. 

3.  In  the  same  case,  if  A"\  B^'\  C"  be  the  summits  of  the  triangle  formed 
by  tangents  in  ^,  ^,  C  to  the  circle  ABC,  the  normal  co-ordinates  of  the 
centre  of  perspective  of  A'B^C,  A'"B"'C"'  are- 
sin  A  tan  Aj    sin  B  tan  B,    sin  C  tan  (7, 

and  it  is  a  point  on  Eulbr's  line.  (Gob.) 

4.  Prove  that  the  isogonal  conjugate  of  the  centre  of  perspective  in  Ex.  8 
is  the  isotomic  conjngate  of  the  orthocentre  of  the  triangle  ABC,  and  also 
the  anti-complementary  of  its  symmedian  point. 

Dbf. — Three  points,  whose  haryeentrie  eo-ordinaUi  are  {afi'y*),  (/8'7'a ), 
{y*a'0'),  is  called  an  uobaryo  group  of  pointi. 

5.  The  triangle  formed  by  an  isobaryo  group  is  triply  in  perspective  with 
the  triangle  of  reference. 

6.  If  the  triangle  ABC  \a  in  perspective  with  A\BiC\,  the  sides  of 
A\B\C\  have  equations  of  form 

/i«  +  «^  +  ««  =  0,    te  +  miy  +  ns  =  0,    to  +  «y  +  «i«  ■  0. 

Deduce  from  these  equations  the  conditions  of  multiple  perspective. 
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SeOTION   III. COMPABISON   OP  PoiNT   AKD   LiNB 

CO-OBDIKATES. 

72.  Dep. — The  coefficients  in  the  equation  of  a  line  are  called 
line  co-ordinates.  Because,  if  the  coefficients  be  known,  the  posi- 

OS       t/ 

tion  of  the  line  is  fixed.     Thus,  let  -  +  ?  -  1  =  0  be  the  equa- 

a     d  ^ 

tion  of  a  line ;  then,  putting  —  =  «,     ^  j  ^sv,  we  get 

d  0 

a?M  +  yr  +  1  =  0,  (200) 

In  this  equation  i«»  v  are  called  line  eo-ordinates^  and  «,  y 
point  co-ordinates.  Jixy  yhe  fixed,  and  u,  v  variable,  we  shall 
have  different  lines,  but  each  shall  pass  through  the  fixed 
point  (^xy).  Thus,  if  xy  be  the  point  {ab) ;  then,  in  Modem 
Oeometry,  the  equation 

au  +  fc  +  I  =  0  (201) 

is  called  the  equation  of  the  point  (ab)^  and  the  variables  u,  v 
are  the  co-ordinates  of  any  line  passing  through  it.  Hence  we 
have  the  following  general  definition  : — The  equation  of  a  point 
is  such  a  relation  between  the  co-ordinates  of  a  variable  line  which, 
if  fulfilled,  the  line  must  pass  through  the  point;  thus,  if  the  point 
co-ordinates  00  satisfy  the  equation  of  a  line,  it  must  pass  through 
the  origin ;  and  if  the  line  co-ordinates  00  satisfy  the  equation 
of  a  point,  it  must  be  at  infinity. 

73.  The  following  examples  will  illustrate  the  reciprocity 
between  both  systems  of  co-ordinates : — 


l^  Take  the  general  equation : — 
Equation  of  the  Hne, 


Equation  of  the  point, 
Au-\-  J3v+  C=0. 


For  the  line  co-ordinates, 
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We  shall  haye— 

For  the  point  co-ordinates, 
A  B  A  B 

Cbr. — ux  +  vy  B  0  denotes  either  a  line  passing  through  the  origin  or  a 
point  at  infinity. 

2".  Let  there  he  given 
Two  points, 


{*>•),    {tTy"). 


For  the  equation  of  their  line  con- 
nexion, called  ih»  join  of  ih$  two 
potntiy 


Two  lines, 
(u'f'),     (uT'v"]. 

We  shall  have — 

For  the  equation  of  their  point  of 
intersection. 


«i     y,      h 

^",   y, 


-"    ..'*    I 


=  0. 


V. 


1, 


»".    v",    1 


0. 


The  results  and  the  operations  which  lead  to  them  are  the  same  in  both 
cases.  The  significations  of  the  variables  only  are  different  since  the  deter- 
minants will  be  satisfied  if  we  put 

y^l}f^  my", 
1  a  /  +  m. 

For,  in  fact,  they  are  the  results  of  eliminating  /,  m,  1.    Between  these 

,   „ ,  .  m 

two  systems  of  equations,  we  shall  have,  putting  X  =  -r, 


M 

^W 

+  m«". 

« 

«=;©' 

+  mv'\ 

1 

c=;  + 

m. 

«  = 


y  = 


1  +  A 


Supposing  X  variable,  these  two 
equations  represent  the  co-ordinates 
of  any  point  of  a  row  by  means  of 
two  special  ones.  It  U  the  most 
ffeneral  representation  of  a  line  at 
the  base  of  a  row  of  points.  Com- 
pare {  11,  Cor.  1. 


|;ss 


V  +\r 


»t 


l  +  \ 


Supposing  \  variable,  these  two 
equations  represent  the  co-ordinates 
of  any  ray  of  a  pencil  by  means  of 
two  special  rays.  It  is  the  most 
general  representation  of  a  point  as 
the  vertex  of  a  peneil  of  rays.  Com- 
pare {  36,  Cor,  2. 
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74.  The  equation  (198)  can  be  rendered  homogeneous  by 

taking  ~,  -  for  point  co-ordinates,  and  — ,  —  for  line  co-ordinates, 
%   %  to  w 

then  (198)  becomes 

««  +  yt;  +  «ur  =  0.  (202) 

Cor. — w  s  0  is  the  equation  of  the  origin. 

Thbeb-podtt  Line  Co-oBDnrixES. 

75.  If  a,  )3,  y  be  the  barycentric  co-ordinates  of  a  point  with 
respect  to  the  lines  of  reference  BC^  CA,  AB,  and  if  «a  +  f^ 
+  M^y  a  0  be  the  equation  of  a  line,  u,  v,  w  the  co-ordinates  of 
this  line  (§  53)  are  proportional  to  the  perpendiculars  from 
Ay  By  C  on  the  line.  Hence  we  haye  the  following  defini- 
tion '."^The  absolute  co-ordinates  of  a  line  are  its  distances  i„  8^, 
8,  from  the  summits  Ay  B^  C  of  the  triangle  of  referenocy  and  are 
of  the  same  or  different  signs  according  as  the  summits  are  on  the 
same  or  on  different  sides  of  the  line. 

76.  The  equations  (200)  and  (202)  express  the  union  of  the 
positions  of  the  point  and  the  line ;  in  other  words,  they  denote 
that  the  point  is  found  on  the  line,  or  what  is  the  same  thing, 
that  the  line  passes  through  the  point.  And  since  it  does  not 
vary,  if  we  interchange  «,  Vy  u?  with  Xy  y,  z  we  have  the  follow- 
ing important  result : — In  the  equation  which  caresses  the  union 
of  the  positions  of  a  point  and  lincy  point  and  line  co-ordinates 
enter  eymmeirieaUy,  The  point  therefore  enjoys  in  the  geometry 
of  the  line  the  same  r6U  which  the  line  does  in  the  geometry  of 
the  point. 

77.  The  equation 

,A  ^  S  (|Y  -  25  ^--**  cos  0-0,  (203) 

denotes  the  cyclic  points. 

For,  if  a,  /?,  y  be  the  angles  which  the  lines  BC,  CAy  AB 
make  with  any  line  whatever,  the  equation  may  be  written 


S  — cosa  j  +fs-^sina  j  =  0, 


or 


that 
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|S  — (co8a  +  tsina|(  |S  — (  cosa- tsina  j|  «  0, 


\P  q  r       )\p  q  r       J 

which  proves  the  proposition. 


1.  If  the  coefficients  in  the  equations  of  a  given  line  he  connected  hy  a 
given  linear  relation  it  paases  through  a  given  point. 

2.  If  the  vertical  angle  of  a  triangle  he  given  in  magnitude  and  position, 
and  I  times  the  reciprocal  of  one  side  plus  m  times  the  reciprocal  of  the 
other  he  given,  the  hase  passes  through  a  given  point. 

3.  If  a  vaiiahle  tiiangle  ABC  have  its  vertices  on  three  concuirent  lines- 
OA,  OB,  OCyrMch  are  given  in  position^  and  if  two  of  its  sides  pass  through 
fixed  points,  the  third  side  will  pass  through  a  fixed  point. 

For,  if  the  reciprocals  of  OA,  OB,  OChe  m,  v,  w  the  conditions  of  the 
question  give  au  +  bv  +  I  ^0,  a'v  -k-  h'w  +1  =  0.  Hence,  eliminating  v 
we  get  a  linear  relation  hetween  u  and  i«,  which  is  the  equation  of  the  point 
through  which  the  third  side  passes. 

4.  If  («,  r,  %d),  {u\  v',  w')  he  the  co-ordinates  of  two  lines,  prove  {lu  +  mti',. 
Iv  +  mv'f  lio  +  mvo')  are  the  co-ordinates  of  a  concurrent  line. 

6.  If  (Uf  V,  w),  (u',  v\  v/)  he  the  co-ordinates  of  §  72,  prove  that  the  line 
(lu  4  mu\  h  +  mv'f  Iw  +  mw')  divides  the  angle  hetween  them  in  the  ratio- 
of  section  I :  m. 

6.  The  anharmonic  ratio  of  four  lines  corresponding  to  the  values  (/i,  mi), 
ftf  «H),  (hi  «3),  {k,  mi)  is  equal  to 

.  — ^  C^O^) 

7.  Iffis^O,  vsO,  fc  -0  in  the  equations  of  the  three  summits  of  the 

triangle  of  reference,  prove  that  the  equations  of  the  middle  points  of  the 

sides  are 

u  +  v=0,    v  +  tt>=0,    w  +  waO.  (206) 

8.  In  the  same  case  prove  that  the  points  at  infinity  on  the  sides  are 

ti-vsO,    r-waO,    fa-«  =  0.  (206) 

9.  If  ««=  0,  9  s  0,  «;  =  0  he  the  equations  of  three  points,  prove  that  they 
are  ooUinear  if  for  any  system  of  multiples  /,  m,  n,  lu  -^  mv  +  nw  m  0. 
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mSOBIiLANEOTTS  BXEBOISES. 

1.  Find  the  equation  of  the  join  of  the  origin  to  the  intersection  of 

2.  Prove  that  2a^  +  Zxy  -  2^  -  &p  +  4y  =  0  denotes  two  lines  at  right 
angles. 

3.  The  opposite  sides  of  a  parallelogram  are 

«»  -  6«  +  6  =  0,    y»  -  13y  +  40  =  0, 
find  the  equations  of  its  diagonals. 

4.  If  X  =  0,  X'  s  0  he  two  parallel  lines,  prove  that  X  -l-  X'  =  0  is  mid- 
way hetween  them. 

5.  Find  the  locus  of  the  intersection  of  the  diagonals  of  the  quadrilateral 
formed  hy  the  axes  and  the  lines 

f+^-leO,    ±  +  4-l«0ifx  vary. 
ah  '    \a     Kb  ' 

6.  Find  the  equation  of  the  line  which  joins  the  intersections  of  the 
transverse  and  direct  joins  of  the  point- pair  g^  +  2§ix  +  e  »  0  with  the  point- 
pair  y«  +  2/V  +  «  =  0. 

7.  Prove  that  the  lines  represented  hy«'-ay-6y*  +  2«-y  +  l  -Oare 
inclined  at  an  angle  of  45°. 

8.  If  AiSif  A%B2  .  .  .  J-nBn ;  CxBi,  Ctlh  •  .  -  C'mDn  he  two  systems  of 
aegments  in  the  same  plane,  such  that  AiBi  :  CiDi  s  AtB^  i  C%D%  .  .  . 
«  AnBn :  CnDn  =  *  ;  and  if 

(AiBi,  CiDi)  «  (AtBi,  (hlh)  .  .  .  =  (^nBn),  CnDn)  =  o, 

the  rosultants  of  these  systems  have  the  same  ratio  k,  and  are  inclined  at 
angles. 

The  proof  is  easily  inferred  from  {  3. 

9-14.  If  on  the  sides  BC,  AC,  AB  of  a  triangle  there  he  constructed 
externally  three  squares  BCSD,  ACFG,  ABKH,  and  if  A',  JT,  C  he  the 
centres  of  the  squares,  then 

l"*.  The  middle  points  a,  b,  c  of  BC,  CA,  AB  aro  the  centres  of  squares 
constructed <extemally  on  the  aides  of  the  triangle  A'B'C.      (Nbubbro.) 
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For  Ce  =  and  peipendioular  to  o^,  ea^  and  perpendicular  to  bB* ;  there- 
fore the  resultant  of  Cc  and  ea  «  and  perpendicular  to  the  resultant  of  ab 
and  bB* ;  that  is,  Ca  s  and  peipendicular  to  aB*.  Hence  a  is  the  centre  of 
the  square  described  on  B*C. 

r.  The  ^drilaterals  BCGH,  QFBK,  HKGF  are  each  equal  to  B'C'K 

{Ibid.) 

For  it  is  easy  to  see  that  SC^  and  perpendicular  to  BQ ;  therefore  area 
BCGH^\B[C'BG^\HC^.  Again,  HA^&A  V2  and  AC=AJ^f2\ 
therefore  resultant  of  SA,  AC ^^2  times  the  resultant  of  (TA,  AB' ; 
that  is,  BC  =^yf2'  CB'.    Hence  BCQH  ^BTC^, 

3°.  The  lines  AA\  BB\  CC  are  equal  and  perpendicular  to  the  sides  of 
the  triangle  B'CA*.  {Ibid.) 

4°.  The  lines  AA\  BG,  KF,  CS  are  concurrent.  (Ibid.) 

Let  F  he  the  intersection  of  BG,  CH,  then  in  the  cyclic  quadrilateral 
AVCG  the  angle  AVG  =ACG^  v/4.  In  the  same  manner,  in  the  quadri- 
lateral BVCA*  the  angle  -BF^'  =  BCA'  =  »/4.  Hence  ^  F,  -4'  F  are  the 
bisectors  of  the  angles  RVG,  BVC.  The  demonstration  is  the  same  for  KF, 

6".  The  quadrilaterals  LEGH,  FGKD,  BKEP  are  each  equal  to 
4A'B'C.  {Ibid.) 

For  DG  »  and  parallel  to  2A'B\  and  BE  «=  and  parallel  to  2A'C*. 

e^.  The  quadrilaterals  BCGK,  BCFS,  CAKE  are  each  equal  to  2A'B'C. 

(Ibid.) 

15.  Find  the  locus  of  a  point,  the  sum  of  whose  distances  from  the  sides 
of  a  giyen  polygon  is  constant. 

16.  If  a  =  0,  /3  s=  0,  7^0,  8  =  0  be  equations  of  the  four  sides  of  a 
quadrilateral  in  standard  form,  and  a,  3,  «,  d  their  lengths,  prove  that 
the  line  aa  —  &/3  +  ^  —  i8  «  0  bisects  the  diagonals. 

Dip. — Tkt  line  whieh  bisects  the  diagonals  of  a  quadrilateral  is  called  the 
Nevtonian  of  the  quadrilate)-al. 

17.  The  Newtonians  of  the  five  quadrilaterals  formed  by  five  giyen  lines 
«i,  tfa,  tfs,  «4,  «5,  taken  4  by  4,  are  concurrent. 

For,  taking  ««,  tis  as  axes  of  co-ordinates,  the  equations  of  u\,  «>,  us, 

X      y 

~  +  Y  -1  =  0,  &c.,  the  Newtonians  of  the  quadrilateral  uiuatfitfs  passes 

a\      b\ 

through  the  points  {\a\,  }^),  {\a%,  \b\).    Hence  its  equation  is 
(*i  -  Aj) «  +  (ai  -  oa) y  -  J  (ai*i  -««*«)  =  0. 

Adding  this  to  the  equations  for  the  quadrilaterals  usu^u^u^  u^uiu^ut, 
the  sum  yanishes  identically.    Hence,  &c 
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18.  If  on  the  three  sides  of  the  triangle  of  reference  ABC  three  similar 
ifloeceles  triangles  BCA\  CAB\  ABC  be  described,  proye  that  the  lines 
AA'y  BB\  CC  are  concuirent;  that  is,  the  triangles  ABC,  A'B'C  are  in 
perspective. 

If  the  triangles  be  described  externally,  and  if  the  base  angles  be  0,  the 
normal  co-ordinates  of  the  common  point  are  l/sia  [A  +  0),  l/sin  (B  +  0), 
l/8in(C+0). 

19.  In  the  same  case,  prove  that  the  equation  of  the  axis  of  per- 
spective is  a  /(sin  ^  sin  (7  +  sin  ^  sin  20)  +  iS/  (sin  (7  sin ^  +  sin  ^  sin  29) 
+  7/  (sin^  sin^  +  sin  (7 sin  2d)  =  0. 

20.  Find  the  equations  of  the  perpendiculars  to  the  sides  of  a  triangle  at 
tbeir  middle  points.        Am.  a  sin  ^  -  j8  sin  j9  +  7  sin  (^  -  j9)  =  0,  &c. 

21.  Prove  by  the  properties  of  a  harmonic  pencil  that  7  is  parallel  to 
a  sio^  +  jSsinjS. 

22.  Prove  that  the  equations  of  the  lines  joining  the  middle  points  of  the 
sides  of  the  triangle  of  reference  are  i3  sin  ^  +  7  sin  (7  -  a  sin  ^  s=  0,  &c. 

23.  Prove  that  the  line  at  infinity  is  the  trilinear  polar  of  the  centroid 
of  the  triangle  of  reference. 

24.  Find  the  equation  of  the  line  through  affy  perpendicular  to 
/tt  +  «/3  +  n7  =  0. 

Afu.         a,  a',         /  —  m  cos  C7  —  ft  cos  B, 

0f        fi',        m-ncosA  —  lcoB  C, 
Jf        y'i        «  -  /  cos  J  -  m  cos  A 

25.  Prove  that  the  perpendicular  to  Euler's  line,  which  bisects  the  dis- 
tance between  the  circumcentre  and  orthocentre,  is 

asin  3^  +  iS  sin  3^  +  7  sin  3C7=  0.  (208) 

26.  Find  the  area  of  the  triangle  formed  by  tbe  lines 

a? cos  g     y  sin  g  a;cos/3     y  sin  3  i;cos7     y8in7 

a  b     "    "   '        a  l  ~    '    ~~a  ""*  ~ 

Afu.  od  tan  i(g  -  iB)  tan  i  (iS  -  7)  tani(7  -  g).     (209) 

27-29.  If  ^',  B\  C  be  the  feet  of  tbe  altitudes  of  the  triangle  ABC, 
prove  that  the  normal  co-ordinates — 
V.    Of  the  centroid  of  A'B'C,  are 

Bin^A  COB  {B  -  C),    8in»jBcoa((7--4),    an^C cob  (A -B).    (210) 
2**.    Of  the  orthocentre  of  A'B'C,  are 

cos  2A  cos  (B  -  C),  cos  2B  cos  {C-A),  cos  2C  cos  {A  -  B),    (211) 
3*.    Of  the  symmedian  point  of  A'B'C, 

tanuicos(^- (7),  tan5cos(C- ^),  tan (7 cos  (^  - -8).       (212) 


=  0.  (207) 
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30.  If  a  tranBTenal  make  with  the  sides  of  the  triangle  ABC  angles 
A\  S!'j  CT,  all  meaBured  in  the  same  direction,  and  if  ft  he  any  integer, 
prove  that 

sin  nA  *  sin  nA'  +  sin  fiB  sin  nB'  +  sin  nC  *  sin  nC  s  0.      (M'Cat.) 

(218) 

31.  If  ^,  3,  (7  be  three  points  of  a  line  «,  and  A'y  B',  C*  three  points  of  a 
line  V ;  show  that  the  points  of  intersection  of  AB'  and  A*By  BC  and  B'C, 
CA'  and  C'A,  are  coUinear. 

32.  If  V  be  the  line^at  infinity^  show  that  the  Newtonian  of  the  quadri- 
lateral 0^70  in  barycentric  co-ordinates  is 

(/3  +  y  -  o)/?  +  (7  +  o  -  iB)/  m  +  (a  +  i8  -  y)ln  «  0.       (214) 

33.  Pn>ye  that  the  join  of  (1,  1,  1)  and  (cos  {B  -  C),  cos  {0  ~  A)^ 
cos  (-4  —  1?))  is  perpendicular  to  aaUp  -  c)  +  bfij  («-«)  +  ^/  (a  —  i)  «  0. 

34.  Show  that  Cotes'  theorem,  §  54,  may  be  extended  to  any  number  of 
lines. 

35.  Prove  that  the  ratio  in  which  the  join  of  j/j^',  x"y"  is  divided  by 

-4«+-By+  C=  0  is  -(^«"  + Jy"  +  C) :  (Ax*  +  2?V+  C). 

36.  If  a  transversal  cut  the  sides  of  a  polygon  of  n  sides,  the  ratio  of  one 
set  of  alternate  segments  of  the  sides  to  the  product  of  the  remaining  seg- 
ments is  (-  !)•. 

37.  Prove  that  the  triangle  whose  sides  are 

a  +  fii5  +  7/m  -  0,     /3  4  ^  +  a/n  =  0,     7+ ma  +  ;8//s=  0 

is  inscribed  in  the  triangle  of  reference. 

38-40.  If  X,  /i,  IT  denote  the  sines  of  the  angles  which  la  ^mfi-^ny^O 
makes  with  a,  /3,  7,  respectively,  prove  that 

V,  /*«  +  y«  +  2Aii^  cos  ^  =  sin»-4,  &c.  (215) 

2^  X*  sin  2j<  +  /i^  sin  2B  +  y>  sin2C=  2  sin^  sin^  sin  (7.       (216) 

3^  sin^/X  +  sin^/;i  +  8in(7/y  +  sin^sin.Ssin(7/XAiyaO.        (217) 

41.  If  .4  be  the  mean  centre  of  the  points  A\,  A%^  , . .  A»  for  the  mul- 
tiples mi,  ms,  . . .  mn»  and  if  Ar  describe  a  right  line  ArBr,  ^toy^  that  A 
describes  a  parallel  line  whose  length  »  mrArBrl^im).  (Neubbeo.) 
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42.  If  ul  be  the  mean  centre  of  the  points  Ax^  Az,  . . .  An  for  the  mul- 
tiples mi,  mi,  . . .  mil,  and  B  the  mean  centre  of  J9i,  B29  ...  ^n  for  the  same 
multiples,  prove  that  AB  is  the  resultant  of  segments  parallel  to  A\Bi,  AtB% 
. .  .  AnBu  multiplied  respectively  by  mi/36w,     mzl^m,  &c.     (Nbubero.) 

43.  If  two  polygons  AiA%  , , ,  AnAu  BiBt  ...  BnBi  haye  the  same 
centre  of  mean  distances,  the  resultant  of  the  lines  AiBi,  A%B% . . .  AnBn  is 
zero.  (Ibid,) 

44.  If  on  the  sides  of  a  polygon  A\A2  •  •  >  AnAi  triangles  directly  similar 
AiBiAi,  A%B2Azt  &c.,  be  described,  the  summits  3i,  B%  ,  . ,  Bnoi  these 
triangles  have  the  same  centre  of  mean  distances  as  the  original  polygon. 

(Lais  ANT.) 

46.  Being  given  two  triangles  ABC,  A'B'C  in  the  same  plane  to  find 
multiples  mi,  m»,  ma  for  which  the  summits  of  both  triangles  have  the  same 
mean  centre.  (Nbubb&o.) 

46.  If  the  summits  of  the  triangles  ABC,  A!BfC*  have  the  same  mean 
centre  for  the  multiples  mi,  ms,  ms,  and  if  the  triangles  AA'A",  BB'B", 
CCC"  be  directly  similar,  the  triangle  A*'B^'C"  has  the  same  mean  centre 
for  the  same  multiples.  (Ibid,) 

47.  If  on  the  altitudes  AA\  BBf^  CC*  be  taken  portions  AA\^  BBiy  CCi, 
respectively  proportional  to  BC,  CA,  AB,  the  centre  of  mean  distances  of 
^1^1  Ci  coincides  with  that  of  ABC,  (Ibid.) 

48.  If  AiBiCi,  A^B^C^i  . . .  AnBnCn  be  a  system  of  n  triangles  directly 
similar,  and  if  a,  /3,  7  be  the  mean  centres  of  the  A  summits,  the  B  sum- 
mits, and  the  C  summits  respectively  for  any  common  system  of  multiples, 
the  triangle  a/37  is  similar  to  ABC.      *  (Lais ant.) 

49.  If  lor  each  of  the  triangles  formed  by  four  lines,  a  line  be  drawn 
bisecting  perpendicularly  the  distance  from  circumcentre  to  orthocentre  the 
four  bisecting  lines  are  concurrent.  (Hbrvbt.) 

60.  If  the  joins  of  corresponding  vertices  of  two  triangles  be  concurrent 
the  intersections  of  corresponding  sides  are  collinear. 

For,  if  the  joins  be  the  lines  a = /3  «  7,  the  sides  of  the  triangle  will  be 

«  +  /8  +  «aO,  /8  +  7+«  =  0,  7+a  +  a=0;     a+^  +  J*"©,  i3+7  +  ?'  =  0, 

7  +  a  +  a'  =  0, 

and  each  pair  of  corresponding  sides  intersect  on  9  —  8'  =  0. 

Dbp. — A  line  DB  ciUting  the  sides  CA,  CB  of  the  triangle  of  reference  in 
the  points  2>,  B  so  that  the  triangle  CLE  is  inversely  similar  to  CBA  is  called 
an  anti'parallel  to  the  base  AB, 
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61.  Find  the  oondition  that  \a+fi0+wyssO  maj  be  anti-panllel  to.  y. 

Ant,  lamA-tnnnB-'ntm{A-B)  =  0.        (218) 

62.  Find  the  equation  of  the  line  through  the  B]rinmedian  point  of  a  tri- 
angle anti-parallel  to  the  haae. 

^iM.  acot^  Binj9  +  i3  ootj^sin^  ay.  (219) 

63.  The  summits  B,  C  of  a  triangle  move  on  a  fixed  line,  the  snmmit  A 
IB  fixed;  prove  that  the  locus  of  the  trilinear  pole  of  a  giyen  line  with 
respect  to  the  triangle  ABC  is  a  right  line.  (Hs&mbs,  Crelle's  Journal, 
▼ol.  66,  page  207.) 

64.  Find  the  co-ordinates  of  the  points  anti*complementary  to  the  four 
points  a,  b,  c;  ^a,  b,  e;  a,  ^b,  e;  a,  b,  —  e. 

Am.  cotAI2,  cot^/2,  cotC7/2;  -  cot ^/ 2,  tan ^/2,  tan  (7/2;  tan^/2, 
-  cot  BI2,  tan  (7/2 ;  tan  AI2,  tan  3/2,  -  cot  (7/2.  These  are  called  NaohVb 
pointSf  and  are  denoted  by  y,  va,  n,  r«,  reepeeiively.  Their  ieotomie  eot^fu- 
gates  are  called  the  Ob&oonnb  points,  and  are  denoted  by  r,  Ta,  r».  To 
reepeetively. 

56.  The  diagonal  triangle  of  the  quadrangle  whose  summits  are  the  Nagel 
points  is  the  anti-complementary  of  ABC. 

66.  The  triangle  ABC  is  in  perspectire  with  each  of  the  four  triangles 
formed  by  the  Gergonne  points,  the  centres  of  perspective  being  the  Nagel 
points.  It  is  also  in  perspective  with  each  of  the  triangles  formed  by  the 
Nagel  points,  the  centres  of  perspective  being  the  Gergonne  points. 


CHAPTER  III. 


THE  CIBCLE. 


Section  I. — Gabtesian  Co-obdikatks. 


78.  To  find  the  general  equation  of  a  circle. 

Let  {ah)  be  the  centre,  {xy)  any 
point  P  in  the  circumference  ;  then, 
if  the  radius  OP  be  denoted  by  r, 
■we  have  (Art.  1), 

(fl:-tf)'  +  (y-*)*  =  r';       (220) 
or 
«»  +  y»-2«c-25y  +  a*  +  ft*-r*«0,       

which  is  the  required  equation. 

The  following  observations  on  this  equation  are  very  impor- 
tant:— 

P.  It  is  of  the  second  degree.  2^.  The  coefficients  of  a?  and 
y*  are  equal.  3^.  It  does  not  contain  the  product  xy.  Hence 
we  have  the  following  general  theorem : — Every  equation  of  the 
second  degree  which  does  not  contain  the  product  of  the  variables, 
and  in  which  the  coefficients  of  their  second  powers  are  equal,  repre- 
sents a  circle. 

The  following  are  special  cases  : — 

1°.  If  the  centre  be  origin,  the  equation  is  a:*  +  y'  =  r*,  which 
is  the  standard  form.  (221)    ' 

2°.  If  the  origin  be  on  the  circumference,  a;*  +  y*  -  2ax 
-  2iy  =  0.  (222) 
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3^.  If  the  axis  of  x  pass  tlux)ngh  the  centre,  9AA  the  origin 
be  on  the  circumference,  a;'  +  y'  s  2ax.  \       (223) 

4°.  If  the  axis  of  y  pass  through  the  centre,  and  the  origin 
be  on  the  circumference,  s^  +  y^*^  2hy.  (224) 

Ohservation, — The  criterion  that  the  product  xy  must  not 
be  contained  in  the  equation  is  true  only  when  the  axes  are 
rectangular ;  for  if  they  were  oblique  the  equation  would 
(§5)  be 

(«  -  a)»  +  (y  -  i)«  +  2  (a?  -  a)  (y  -  J)  cos  «  =  r*.     (225) 

79.  If  the  equation  of  a  circle  be  yiven,  we  can  comtruet  it. 
Vox  let  the  equation  be  a«*  +  <iy*  +  2yx  +  2^  +  ^  =  0.  Dividing 
by  0,  and  completing  squares,  we  get 


H'i'^i) 


a» 


Comparing  this  with  the  fundamental  equation  (220),  we  see 
that  the  co-ordinates  of  the  centre  are 


-  ?    --^ ;  and  that  the  radius  is  X.£jlJL_^,     (226) 
a        a  a  ^       ' 

Hence  the  circle  can  be  described.  We  have  the  following 
cases  to  consider :  if  y*  ^-Z'  be  greater  than  or,  the  circle  is  real, 
and  can  be  constructed ;  if  y^  +/*  be  equal  to  ae^  the  radius  is 
zero,  and  the  circle  is  indefinitely  small,  that  is,  it  is  a  point ;  if 
y*  +/*  be  less  than  ac^  the  radius  is  imaginary :  there  is  no  real 
circle  corresponding  to  the  equation ;  io  other  words,  aa?  +  ay' 
+  2ya;  +  Ify  +  <?  s  0  represents  in  this  case  an  imaginary  circle. 

Car, — Since  the  co-ordinates  of  the  centre  of  the  circle 
eu^  +  oy^  +  2y^  +  2/y  +  «  ■  0  do  not  contain  Cy  it  follows  that 
two  circles  whose  equations  differ  only  in  their  absolute  terms  are 
concentric. 
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80.  Geometrical  BsPRssENTATioir  of  the  Power  of  a  Poikt 

WITH  RESPECT  TO  A  CiRCLB. 

The  power  of  a  point  with  respect  to  a  eirele  (§  27)  ie  positive, 
zero,  or  negative,  according  as  the  point  is  outside^  on^  or  inside  the 
circumference, 

v.  Let(a?-a)»  +  (y-i)«-f«  =  0 
be  the  circle  x*  y'  on  external 
point ;  then  the  power  of  x'yf 
with  respect  to  the  circle  is 

that  is  (§  5)  0P»  -  r»,  or  ^,  since 
OCFiB  a  right  angle.    Hence  the 
power  of  an  external  point  with  re- 
spect to  a  circle  is  equal  to  the  square  of  the  tangent  drawn  from 
that  point  to  the  circle, 

2^.  When  the  point  is  on  the  circle  its  power  is  evidently 
zero. 

3^.  Let  x^y*  be  an  internal  point ;  then 
denoting  OP  by  3,  the  power  of  OF  with 
respect  to  the  circle  is 

8»-r«,  or-(r+8)(r-8); 

that  is  s  -  AF,  FB^  a  negative  quan- 
tity. ^ 

Cor, — If  for  shortness  the  equation  of  a  circle  be  denoted 
by  iS  =  0,  the  power  of  any  point  xfy'  with  respect  to  8  will 
be  denoted  by  8\  for  this  is  the  result  of  substituting  the 
co-ordinates  a^y'  in  place  of  xy. 


1.  If  the  equation  of  a  line  be  added  to  the  equation  of  a  circle,  the  sum  is 
the  equation  of  a  circle. 

2 .  The  sum  of  the  eqiuitions  of  any  number  of  circles  is  the  equation  of  a  circle. 

3.  Construct  the  circles — 

I*.  *»  +  sf«  -  4«  -  8y  «  16 ;    r.  3«»  +  3y'  +  7«  +  9y  +  1  =  0. 
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4.  Find  the  equation  of  a  circle,  passing  through  the  point  (2,  4)  through 
the  origin,  and  haying  its  centre  on  the  axis  of  x. 

5.  Find  the  locus  of  the  vertex  of  a  triangle,  being  giren  the  base  and 
the  nun  of  the  squares  of  the  sides. 

6.  Find  the  locus  of  the  vertex  of  a  triangle,  being  given  the  base  and 
m  squares  of  one  side  +  n  squares  of  the  other. 

7.  If  ^1  =  0,  5t  -  0,  Si  s  0,  kc.,  be  the  equations  of  any  number 
of  circles,  prove  that  the  centre  of  IS\  +  mSt  +  nSz  -I-  &c.  =  0  is  the 
mean  centre  of  the  centres  of  Si,  St,  Sz,  &c.,  for  the  system  of  multiples 
/,  m,  A,  &c. 

8.  Find  the  equation  of  the  cirde  whose  diameter  is  the  join  of  the 
points  xT/,  x'y. 

Ant.  (x  -  a?' )(«  -  a^')  +  (y  -  y  )(y  -  y")  =  0.        (227) 

9.  Given  the  base  of  a  triangle  and  the  vertical  angle,  prove  that  the 
locus  of  its  vertex  is  the  circle  5  +  X  cot  C  =  0  where  S^O^  denotes  the 
circle  described  on  the  base  as  diameter,  and  X  =  0  the  equation  of  the  base. 

(228) 

10.  Given  the  base  of  a  triangle  and  the  vertical  angle,  prove  tliat  the 
locus  of  the  orthocentre  is  the  circle 

^.XootC-0.  (220) 

11.  Find  the  locus  of  a  point  at  which  two  given  circles  subtend  equal 
angles. 

12.  If  a  line  of  given  length  slide  between  two  fixed  lines,  the  locus  d 
the  centre  of  instantaneous  rotation  is  a  circle. 

13.  Given  the  base  of  a  triangle  and  the  ratio  of  the  tangent  of  the  ver- 
tical angle  ^  the  tangent  of  one  of  the  base  angles,  prove  that  the  locus  of 
the  vertex  is  a  circle. 

14.  If  the  sum  of  the  squares  of  the  distances  of  a  point  horn  the  sides 
of  an  equilateral  triangle  or  of  a  square  be  given,  the  locus  of  the  point  is 
adicle. 

16.  If  the  sum  of  the  squares  of  the  distances  from  a  variable  point  to 
any  number  of  fixed  points,  each  multiplied  by  a  given  constant,  be  given, 
the  locus  of  the  point  is  a  circle. 

16.  If  the  base  «  of  a  triangle  be  given  both  in  magnitude  and  position, 
and  a&  sin  ((7  —  a),  where  a  is  a  given  angle,  be  given  in  magnitude,  the 
locus  of  the  vertex  Cis  a  circle.  (M'Cat). 

h2 
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81.  The  equations  of  a  Une  and  a  eirele  being  given,  it  is 
required  to  find  the  equation  of  the  eirele  whose  diameter  is  the 
intercept  which  the  latter  makes  on  the  former. 

Let  the  equations  be — 

«C08a  +  y  fiina-^-O,     (1)       «'+y»-f*»0.     (2) 
Eliminating  y  and  x  in  succession,  we  get 

«■  -  2px  cos  a  +jp*  -  r*  sin'a  =  0 ;     (3) 
y*  -  2py  sin  a  +  p*  -  r*  cos'o  =  0.     (4) 

Equation  (3),  being  a  quadratic  in  x^  denotes  (§  37)  two 
lines  parallel  to  the  axis  of  y  through  the  points  of  intersection 
of  (1)  and  (2).  Similarly,  equation  (4)  denotes  two  lines 
through  the  same  points  parallel  to  the  axis  of  x.  Hence,  by 
addition,  we  get 

jj«4.y»«  2p(a?cosa  +  y  sino-|?)  -r"-  0,      (230) 

which  is  evidently  a  circle  passing  through  the  four  points  in 
which  the  pair  of  lines  (3)  intersect  the  pair  (4).  Hence  it 
has  for  diameter  the  intercept  made  by  (2)  on  (1).  See  §  30, 
Cor.  2. 


1.  Find  the  equation  of  the  circle  whose  diameter  ia  the  intercept  which 
the  circle  «*  +y* -66 »  0  makes  on  3x4  y -  25  >»  0. 

Am.  a^  +  y* -  Ibx  -By  +  60. 

2.  Find  the  condition  that  the  intercept  which  a:'  +  y*  -  r*  »  0  makes  on 
s  CMa  +  ytana—p^O  suhtends  a  right  angle  at  x'y'. 

Ana.  The  circle  (230)  must  pass  through  x'y'.    Hence  the  required 
condition  is  «'» +  y''  -  2p  (x'  cos  a  +  y'  sin  a  -  p)  -  r»  =  0.    (281) 

3.  Find  the  condition  that  the  intercept  which  x  cos  a  +  ysina—jysO 
makes  on  «'  +  y^  +  2gx  +  2/y  +  «  «  0  suhtends  a  right  angle  at  the  origin, 
•piipiifiafing  X  and  y  in  succession  hetween  these  equations,  and  adding, 
we  get  a  circle  whose  diameter  is  the  intercept ;  and  hy  the  given  condi- 
tion this  must  pass  through  the  origin ;  therefore  the  ahsolute  term  must 

▼anish.    Hence 

2p»  +  2p(y  oosa+/sina)  +  0sO.  (232) 
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4.  If  a  variable  chord  of  a  circle  sabtend  a  right  angle  at  a  fixed  point 
y/,  find  the  locus  of  the  middle  point  of  the  chord. 

The  middle  point  of  the  chord  is  evidentlj  the  centre  of  the  csrole  (280) 
which  has  the  chord  for  diameter.  If,  therefore,  XZ  be  the  oo-ordinatee  of 
the  middle  point,  we  have 

Z=pcoea,     Ts^sino;  tbereforeX*+ r*=;»*; 
and  sahetituting  in  the  equation  (231),  we  get 

(I-«')»  +  (r-y')>  +  Z»+r»-r»  =  0.  (283) 

82.  To  find  the  equation  of  the  tangent    to  a  given  circle 


vQ^y) 


{x  -  af  -k-iy-  hy  =  r^  at  a  given 
point  {xfy*). 

First  method,— Let  0  be  the 
centre,  Q  aoy  point  xg  in  the 
tangent.  Join  OQ;  then,  since 
the  points  (a;y),  (ah)  subtend  a 
right  angle  at  {x^g*),  we  have 
equation   (14),    {a^  -  x){xf  -  «)    — 

+  (y'  -  y)(y'  -  J)  =  O ;  also,  since 
the  point  ar'y'  is  on  tbe  circle,  we  have 

(«'-«)»+(y'-*)'  =  f-. 
Hence,  bj  anbtraction, 

(*-<•)(«' -•)+(y-J)(y'-*)-»^, 

which  is  the  required  equation. 

Cor, — If  the  equation  of  the  circle  be  given  in  the  standard 
form  a:*  +  y*  =  r',  the  equation  of  the  tangent  is 

xsif  +'gg'  =  f*.  (235) 

Second  method. — Taking  the  standard  form  of  the  equation  of 
the  circle,  if  a/y',  «"y"  be  two  points  on  its  circumference,  then 
the  equations  of  the  circle  described  on  the  join  of  ar'/,  a/'y''  as 
diameter  is  {x  -  ar){x  -  x")  +  (y  -  g'){g  -  y")  =  0,  equation  (14) ; 
and,  subtracting  this  from  the  equation  of  the  circle,  we  get 

^.+y«_r>-{(a:-a/)(«-«")+(y-y')(y-y")}  =  o, 
or         (a/+«")«+(y'+y")y-^-«'*"-//'-^»      (2^6) 


(234) 
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which  (§  30,  Cor.  2)  is  the  equation  of  the  secant  through  the 
two  points  a/y',  af*y".  Now  suppose  the  points  ar'y',  yf'y"  to 
become  consecutive,  the  secant  becomes  a  tangent,  and  this 
equation  (236)  reduces  to 

i»c'  +  yy'  -  r*  =  0. 

Third  method.-^The  polar  co-ordinates  of  a?'/,  x"y"  are 
(r  cos  ^,  r  sin  ^') ;  {r  cos  ^',  r  sin  0") ;  and  the  equation  of  the 
join  of  these  points  is  (§  31,  Ex.  3), 

X  cos  J(^'+  r)  +  y  sin  J(tf'+  r)  =  r  cos  J(^-r) ; 
and  if  the  points  be  consecutive,  this  reduces  to 

a?  cos  ^'  +  y  pin  ^  =  r,  (237) 

which  is  another  form  of  the  equation  of  the  tangent. 

83.  From  any  point  {Mc)  can  he  draton  to  a  circle  two  tangents^ 
which  are  either  real  and  dietinct,  coincident,  or  imaginary. 

For  if  dfy*  be  the  point  of  contact  of  a  tangent  from  {hk)  we 
get,  substituting  hk  for  xy  in  (235),  Aa/  +  %'  =  r*.  Also,  since 
ar'y'  is  on  the  circle,  a^  +  y'*  =  r".     Eliminating  y',  we  get 

(A»  +  ;&«)  ar^  -  2r»^  +  H  -  k'r'  =  0,     (i.) 

the  discriminant  of  which  is  r'^*  (A*  +  jfc^  -  r*) ;  and  according 
as  this  is  positive,  zero,  or  negative,  the  equation  (i.)  will 
be  the  product  of  two  real  and  unequal,  two  equal,  or  two 
imaginary  factors.     Hence  the  proposition  is  proved, 

84.  K  we  omit  the  accents  in  equation  (i.),  we  get 

(A»  +  ^)  a?*  -  2r»AaJ  +  r*  -  ;&»r'  =  0,     (ii.) 

which  represents  two  lines  parallel  to  the  axis  of  y,  passing 
through  the  points  of  contact  of  tangents  from  hk  to  the  circle. 
In  like  manner, 

(A»  +  **)y»-2r%  +  r*-;PH«*0(ni.) 

represents  two  parallels  to  the  axis  of  x  passing  through  the 
same  points.    Hence,  by  addition,  we  get 

(A»  +  *«)(«»  +  y»-f»)-2r»(Aa:+*y-r*)  =  0,        (238) 
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ioMeh  it  the  equation  of  the  eirele  whose  diameter  is  the  chord  of 
contact  of  tangents  from  A^  ^  «*  +  y'  -  r*  =  0. 

Cor. — If  we  multiply  tlie  equation  a:*  +  y*  -  r*  «  0  by  A*  +  A?, 
and  subtract  (238)  from  it,  we  get  Ao?  +  Ay  -  r*  =  0,  which  is  the 
common  chord  of  the  two  circles  (§  30,  Cor.  2).     Hence 

A«  +  Ay  -  r»  =  0  (239) 

is  the  equation  of  the  chord  of  contact  of  tangents  from  (AA). 
This  can  be  shown  otherwise.  Prom  the  demonstration,  §  83, 
we  have  Aa:'  +  ^'  -  r*  =  0.  In  like  manner,  if  a?"y''  be  the 
second  point  of  contact,  we  have  hx"  +  Ay"  -  r*  =  0.  Hence  the 
line  A^  +  Xy-r'sOis  satisfied  by  the  co-ordinates  of  each  point 
of  contact. 

85.  To  find  the  equation  of  the  pair  of  tangente  from  (AA)  to  the 
circle.  On  ^ther  of  the  tangents  from  (AA)  to  the  circle  take  a 
point  {xy) ;  tken  twice  the  area  of  the  triangle  formed  by  the 
origin  and  the  two  points  xy^  hk,  ia  hx  -  ky,  and  twice  the  same 
area  is  equal  to  the  distance  between  the  points  multiplied  by 
the  radius  of  the  circle.    Hence 

(A*  ^  Ay)»  -  { («  -  A)»  +  (y  -  A)» )  r» ; 

or,  reducing, 

(«•  +  y*  -  r»)  (A*  +  A*  -  r»)  «  (Aa:  +  Ay  -  r»)*.     (240) 

86.  If{x-  «)•  +  (y  -  hy  =  r»,  {z-  afy  +  (y  -  J')'=  ^^  ^*  <^* 
equations  of  two  circles,  it  is  required  to  find  the  equations  of  the 
chords  of  contact  of  common  tangents. 

Let  xY  be  the  point  of  contact  on  the  first  circle,  then 
(ic  -  tf)  (ar'  -  a)  +  (y  -  5)  (y'  -  i)  -  r*  =  0  is  the  tangent ;  and 
since  this  touches  the  second  circle,  the  perpendicular  on  it  from 
the  centre  of  the  second  circle  must  be  =  ±  r'.  Hence,  remem- 
bering that  V{x'  -  ay  +  (y*  -  by  =  r,  we  get 

(a/  -  a)  {of  -  «)  +  (y'  -  i)  (*'  -  3)  -  r»  T  rr'  =  0, 
the  choice  of  sign  depending  on  whether  the  common  tangent  is 
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direct  or  transverse.    Hence  the  chords  of  contact  are  on — 

Ist  circle, 
(«-fl)(a'-«)  +  (y-3)(a'-5)-r»Trr'  =  0;      (241) 

2nd  circle, 

{x  -  a')  (a  -  a')  +  (y  -  V)  {h  ^  V)  -  r'U  rr"  =  0.       (242) 

EZSBOISBS. 

1.  Find  the  equation,  and  the  length  of  the  common  chord,  of  the 
two  circles — 

(«-a)»+(y-*)«-f»,     (j?  -  4)«  +  (sf  -  «)«  =  r». 

2.  Find  the  conditions  that  the  lines  axthyxsO  may  toueh  the  circle 
(*-a)»  +  (y-»)*  =  r». 

5.  If  tangents  be  drawn  to^'  +  ^-r'ssO  from  hk,  the  area  of  the 
triangle  fonned  by  the  tangents  and  chord  of  contact  is 

4.  Two  circles  whose  radii  are  r,  r'  intersect  at  an  angle  9 ;  find  the  length 
of  their  common  chord. 

6.  Find  the  equation  of  the  diameter  of^  +  y'  —  6d;-2y  +  8a0  passing 
through  the  origin. 

6.  Prove  that  the  tangent  to  i;'  +  y^  +  2gx  +  2/y  s  0  at  the  origin  is 
gx  ■\-fy  =  0. 

7.  Prove  that  if  tangents  be  drawn  from  the  origin  to  dr*  +  y*  +  ^x 
+  %fy  +  0  =  0,  the  chord  of  contact  is  gx  ■\-fy  +  ^  =  0. 

8.  If  the  chord  of  contact  of  tangents  from  a  variable  point  hk  subtend  a 
right  angle  at  a  fixed  point  x'y\  the  locus  of  hk  is  the  circle 

(a*  +  y2)  (a;^  +  y'*  «  r»)  -  7a*  {xx'  +  yy'  -  r*)  =  0.  (244) 

9.  If  jS  denote  the  radius  of  the  circle  in  £x.  S,  8  the  distance  of  its 
centre  from  the  origin,  prove 


(JJ  +  «)«     (22  -  «)2     r» 

10.  TAy  PB  are  two  tangents  to  a  circle  whose  centre  is  0 ;  Q  any 
point  in  AF\  QM  a  perpendicular  on  the  chord  of  contact  AB  ;  prove 
AB.  AQ=  QB » OB,  and  thence  infer  the  equation  of  the  pair  of  tangents 
from  B. 

87.  Def.  l.—If  0  be  the  centre  ef  the  dreU  ««  +  y«  -  r"  =  0, 
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P,  Q  two  points  eollinear  with  0,  9ueh  that  the  reetangU  OP.  OQ 
=  f^;F  and  Q  are  called  inverse  points  with  respect  to  the  eireU. 

DsF.  II. — Two  lines  are  inverse  to  each  other  with  respect  to  a 
evrole  if  the  inverse  of  each  point  of  one  lie  upon  the  other. 

Bep.  III. — A  perpendicular  at  either  of  two  inverse  points  to  the 
line  joining  it  to  the  centre  is  called  the  polar  of  the  other. 

88.  The  co-ordinates  d/y'  of  a  point  F  being  given,  it  i» 
required  to  find  the  co-ordinates  of  the  point  inverse  to  it 
with  respect  to  the  circle  «*  +  y'  -  r'  =  0. 

Using  polar  co-ordinates,  we]  have  a/  «  p'  cos  6^^  y  ^  p'  anO'y 
ip"  =  p"  cos  ^,  y"  aa  p'  sin  0' ;  and  by  the  condition  of  inversion, 

p'p-^f-.    Hence  ^=^-  =  ^4-=-^. 

rV 
a/'  +  y' 

89.  The  polar  of  the  point  oifif  is  «3/  +  yy'  -  r*  =  0. 

For  the  equation  of  the  perpendicular  through  a?"y"  to  the 
join  of  a^)f  to  the  centre  is,  §  34,  Cor.  1, 

and  lubstituting  the  values  (246),  (247)  for  a?"y",  we  get 

ara:'  +  y/  -  r»  =  0.  (248) 

Cor.  1. — The  polar  of  any  point  on  the  circumference  of  the 
ciicle  is  the  tangent  at  that  point. 

Cwr.  2. — The  polar  of  any  external  point  is  the  chord  of  con- 
tact of  tangents  drawn  from  that  point. 


In  like  manner  y"  =  33-77^.  (^^^) 


1.  Find  the  equation  of  the  inverse  of  the  line  ^o;  +  ^y  +  ^^  0  with 
respect  to  ic'  +  y^  -  r>  »  0.  Substituting  for  »y  y  the  co-ordinates  (246)^ 
(247),  and  omitting  accents  we  get 

C  («»  +  y»)  +  Ar^x  +  Bihf  =  0.  (249) 

2.  Find  the  inverse  of  the  circle  ar«  +  y*  +  Igx  -^Ify  +  c=  0,  with  respect 
to  the  circle  «•  +  y*  -  r*  =  0. 

Atu.  The  circle  <?(«»  +  y«)  +  2^r»ar  +  2>»«  y  +  H  =  0.     (260) 
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3.  Find  the  equation  to  the  pair  of  tangents  from  the  origin  to 

«»  +  y»  +  2^a:  +  2/y  +  fl  =  0. 
If  the  line  y  =  mo;  be  a  tangent  to  j;*  +  y*  +  2gx  +  2fy  +  0  e  0,  sabstituting 
mx  for  y,  the  resulting  equation,  viz.  x^  (1  +  i/i^)  +  2  (y  +  mf)  4;  +  ^  »  0,  must 

have  equal  roots.    Hence  (1  +  m')  0  =  (y  +  m/)* ;  but  m  =  - ;  therefore 

c(«»  +  y«)  =  (^ar+/y)«,  (261) 

which  is  the  pair  of  tangents  required. 

We  get  the  same  pair  of  tangents  for  the  inverse  circle  0  (d^  +  y')  +  2gf^x 
+  2/r>y  4-  H  B  0.  Hence  the  pair  of  direct  common  tangents  drawn  to  a 
circle  and  to  its  inverse  passes  through  the  centre  of  inversion. 

4.  Find  the  length  of  the  direct  common  tangent  drawn  to  the  circles 

«'  +  y'  +  2^«  +  2/y  +  tf  =  0,     x^-^-y^  -k-ig'x  +  2/ y  +  ^r*  =  0. 
Ant,  If  J2,  B^  denote  the  radii  of  the  circles,  the  length  of  their  direct 
common  tangent 

=  Vc  +  <!'  -  2^y'  -  lyr  +  RR.  (262) 

6.  The  ratio  of  the  square  of  the  common  tangent  of  two  circles  to  the 
rectangle  contained  by  their  radii  remains  unaltered  by  inversion. 

6.  If  Af  B  be  any  two  points,  A'y  B*,  their  inverses  with  respect  to 
^'  +  y'  -  r*  =  0 ;  prove  that  if  p,  p'  be  the  perpendicular  distances  of  the 
origin  from  AB,  A'B'  respectively,  pi p'  :\  AB,  A'B', 

7.  If  two  points  A,  J9  be  so  related  that  the  polar  of  A  passes  through  B, 
the  polar  of  B  passes  through  A,  For  if  the  co-ordinates  of  Jl  be  (oa'), 
and  of  B  (bb'),  the  polar  of  ^  is  ai;  +  a'y  s  r*,  and  the  condition  that  this 
should  pass  through  B  is  aa  •\-  bb'  si  r^,  which,  being  symmetrical  with 
respect  to  the  co-ordinates  of  A  and  B^  is  also  the  condition  that  the  polar 
of  B  should  pass  through  A, 

Dbp. — Ttoo  points  to  related  that  the  polar  of  either  paetet  through  the 
ether  are  called  oof^jugate  pointt,  and  their  polart  conjugate  litiet. 

8.  If  a  variable  point  moves  along  a  fixed  line,  its  polar  turns  round  a 
fixed  point. 

9.  The  join  of  any  two  points  is  the  polar  of  the  point  of  intersection  of 
their  polars. 

10.  Two  triangles  which  are  such  that  the  angular  points  of  one  are  the 
poles  of  the  sides  of  the  other  are  in  perspective. 

11.  The  anharmonic  ratio  of  four  collinear  points  is  equal  to  the  anhar- 
monic  ratio  of  the  pencil  formed  by  their  four  polars.  For,  let  x'y',  x"y"  be 
two  points,  and  P",  P"  their  polars :  then  if  the  join  of  x'g\  x"y"  be  divided 
in  two  points  in  the  ratios  k:  I,  k'  :1,  the  anharmonic  ratio  of  the  four 
points  iak-^k';  and  since  the  polars  of  the  point  of  division  are  kP"  +  P*  e  0, 
k'B"  +  P*  s  0,  the  anharmonic  ratio  of  their  four  polars  is  A;  -r  A;'. 
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90.   To  find  the  angle  of  intersection  of  two  given  eireles. 

Def. — The  angle  between  the  tangents  to  any  two  curves  at  a 
point  of  intersection  is  called  the  angle  of  intersection  of  the  curves 
at  that  point* 

Let  r,  r'  be  the  radii  of  the  given  circleB,  8  the  diatance  be- 
tween their  centres,  <^  their  angle  of  intersection ;  then,  since 
radii  drawn  to  the  point  of  intersection  are  perpendicular  to  the 
tangents  at  that  point,  the  angle  between  the  radii  is  ^. 

Hence  8*  =  r*  +  r^  -  2rr'  cos  ^. 

Now,  if  the  circles  be 

a;>  +  y*  +  2^a?  +  2/y  +  c  =  0, 
and  «*  +  y*  +  2y'ar+  2/y+  (/«  0, 

we  have 

S'=(^ -/)*+(/-/)',  f'-f+P-c,  f»^g^+r-(f. 
Hence,  by  substitution,  we  get 

e^if  -¥  2rr^  cos  ^  -  2y/  -  2/*  =  0,  (253) 

which  determines  the  angle  <f>. 

Cor.  1. — ^If  the  circles  cut  orthogonally, 

2gg'+2f-e-c^^0.  (254) 

Cor.  2. — If  the  circles  touch, 

<?'  ±  2rr'  -  2yy'  -  2/r  +  tf  «  0 ;  (255) 

the  choice  of  sign  being  determined  by  the  species  of  contact. 

Cor.  3. — If  a  circle  8  cut  three  circles  S\  8",  8"'  orthogonally, 
it  cuts  orthogonally  any  circle  \8^  +  /jlS"  +  v8"'  expressed  linearly 
in  terms  of  8*,  8",  8'". 

This  is  proved  by  writing  the  equations  8'y  &c.,  in  full,  and 
applying  the  condition  (254). 

91.  Def. — The  mutual  power  of  two  circles  is  the  square  of  the 
distance  between  their  centres  minus  the  sum  of  the  squares  of  their 
radii. 

If  tbe  circles  be 

^1  s  a?*  +  y»  +  2gix  +  2/,y  +  (?i  =  0, 
fif,  s  ic*  +  y«  +  2g^  +  2/ay  +  c,  =  0, 
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and  the  mutual  power  of  Si,  8%  be  denoted  by  ith,  we  easily 
find  «'i2  =  ^i  +  <?a- 2y,^a-2/i/,.  (266) 

Cor,  1, — If  the  radii  of  the  circles  be  Ti,  ra,  and  ^  their  angle 
of  intersection,  ^la « -  2rira  cos  if>.  (257) 

Cor.  2, — The  mutual  power  ot  8i  =  0  and  a;*  +  y*  -s  0,  which 
may  be  denoted  by  ?roi,  is  Ci. 

92.  If  8%  become  infinity  large,  that  is,  open  out  into  a  line, 
and  denoting  the  infinite  radius  by  M,  and  the  perpendicular 
on  it  from  the  centre  of  8i  by  p,  we  have  the  mutual  power 
s  -  2pR.  Similarly,  if  8i,  St  become  lines,  intersecting  at  an 
angle  ^,  the  mutual  power = -  2£^  cos  ^.  In  all  the  applications 
of  mutual  power  that  will  occur  in  this  treatise,  the  results 
will  be  inferred  from  a  symmetrical  determinant  (see  §  98), 
from  which  the  factors  -2£,  -  222*  may  be  omitted.  Hence 
we  may  define  the  mutual  power  of  a  line  and  a  circle  as  the 
perpendicular  on  the  line  from  the  centre  of  the  circle,  and 
the  mutual  power  of  two  lines  as  the  cosine  6i  their  included 
angle. 

Cor.  1. — The  mutual  power  of  any  circle  and  the  line  at 
infinity  is  unity,  and  of  any  line  and  the  line  at  infinity  is  zero. 

Cor.  2. — If  two  circles  cut  orthogonally,  their  mutual  power 
is  zero. 

Cor.  3. — If  two  circles  touch,  their  mutual  power  is  ±  2rir2, 
the  choice  of  sign  depending  on  the  nature  of  the  contact. 

93.  To  find  the  eqitaiion  of  a  circle,  cutting  three  given  circles 
^,  a  a:*  +  y»  +  2yia?  +  2/iy  +  <?i  =  0,  ^(?.,  at  given  angles  ^i,  ^,  ^. 
Let  iS  =  «"  +  y'  +  2gx  +  2fy  +  c  be  the  required  circle.  Now,  if 
ttq  I  be  the  mutual  power  of  8,  Si,  the  equation  (253)  may  be 
written  ^i  -  ^o  i  -  2ggi,  -  2/i,  +  c^O.  Hence,  eliminating 
y,  /,  c  between  the  three  equations  of  this  form,  and  «•  +  y'  +  2gx 
+  2/y  +  c  =  0, 


a»+y', 

-*. 

-y, 

1, 

*i  -  «« i> 

yi. 

/.. 

1, 

Ot-I^Otf 

y«. 

•  /., 

1, 

^  -  *^B  »» 

9*' 

/.. 

1 

»0. 


(258) 
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If  this  detenoinant  expanded  be  written  in  the  form 

and  r  denote  the  radius  of  the  circle,  which  it  representSi  we 
haye  ^V  ^  CP  +  F^-AC;  but  the  quantities  Q,  F,  C  each 
contain  r  in  the  first  degree.  Hence  we  have  a  quadratic  for 
determining  r,  either  root  of  which,  substituted  in  (258),  will 
give  a  circle,  cutting  8i,  St,  8^  at  the  given  angles. 

Car.  1. — The  equation  of  a  circle,  cutting  Si.  82,  8^  ortho- 
gonally, is 

9u         fif         li 
ya>  /a>  1, 

^99  A}  1 


»0. 


(259) 


Cor.  2. — The  equations  of  the  eight  circles  touching  ^1,  i9„  8^ 


are 


Ct  ±  2rr„  yi, 
c,  ±  2rra,  y,, 
^  ±  2rrs,      ^8, 


1, 

1, 

1, 
1 


(260) 


94.  If  four  circles  be  cut  at  given  angles  ^1,  (^,  ^,  <f>i  by  a 
fifth,  we  have  four  equations  of  the  form :  <?i  -  ^"0 1  -  2y^i  -  2ffi 
+  tf  B  0.    Hence,  eliminating  g,  /,  e,  we  get  the  equation 


^1, 

yi. 

/l, 

1 

^ou 

9u 

/i, 

1, 

«a, 

y«» 

A 

1 

Wo  J, 

9%, 

A 

1, 

<?», 

^s, 

A 

1 

'f'oij 

y»» 

/., 

1, 

Ciy 

^4* 

/4, 

1 

'"'Oii 

9i* 

/i, 

1 

0.       (261) 


95.  If  the  angles  ^,  &c.,  be  right,  the  second  determinant 
(261)  vanishes,  and  the  first  equated  to  zero  is  the  condition 
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that  one  circle  may  be  cut  orthogonally  by  four  given  circles, 


VIZ. — 


92} 

9if 


1, 
1, 
1, 

1 


=  0. 


(262) 


Now,  since  Cx  denotes  the  square  of  the  tangent  from  the 
origin  to  iS^i  (§  80},  and  its  minor  in  this  determinant  denotes 
twice  the  area  of  the  triangle  formed  by  the  centres  of  the 
circles  /S,,  iS,,  ^4,  we  have  the  following  theorem : — If  A,  B, 
C7,  D  he  the  eentres  of  four  eo-orthogonal  circles^  ti,  ^,  ^,  ti 
tangents  draum  to  these  eireles  from  any  arbitrary  pointy  {ABC) 
the  area  of  the  triangle^  whose  summits  a/re  A,  B,    C,  Sfo. ;  then 

ty^  {BCD)  - 1^ ( CBA)  +  t}  {DAB)  -  t,^  {ABC)  =  0.    (263) 

96.  If  xy,  Xiyi,  x^^^  x^^  be  four  concyclic  points,  they  may 
be  regarded  as  infinitely  small  circles,  cutting  a  given  circle 
orthogonally.  Hence,  substituting  in  (262),  a;"  +  y'  for  «i,  and 
a:,  y  for  -g^  -/i,  &c.,  we  get 


^*  +  y', 

Xy 

y, 

1, 

a?i'  +  yi'. 

Xu 

yi» 

1, 

«2Hy,», 

«2, 

ya, 

1, 

«8'+y3', 

^3, 

y3, 

1 

-0; 


(264) 


and  the  point  xy,  being  supposed  variable,  ice  have  the  equation  of 
a  circle  passing  through  three  given  points.  The  same  result 
could  be  obtained  from  (260)  by  supposing  8^  82,  81  to  be  the 
point  circles  {x  -  XiY  +  (y  -  yi)'  =  0,  &c.  It  may  also  be  shown 
as  follows : — 

The  determinant  (264)  evidently  represents  a  circle,  for  the 
coefficients  of  a^  and  y'  are  equal,  and  the  circle  passes  through 
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Ill 


the  given  points ;  for  if  in  the  determinant  we  substitute  Xi^  yi 
for  xyj  it  will  have  two  rows  alike. 

97.  If  8=0  he  the  equation  of  any  arbitrary  circle;  8i,  5„  89 
the  powers  of  the  points  Xiy^  x^y^y  x^yz  with  respect  to  it,  then  the 
determinant 


«, 

«, 

y» 

1, 

^I, 

«l, 

yi» 

1, 

82, 

^, 

y«» 

1, 

s,, 

^31 

y3, 

1 

=  0, 


(265) 


wiU  denote  a  circle  through  x^yi,  x^^j  ^s- 

Fbobsnius's  Theobbm. 

98.  If  jS^i,  82,  St,  Si,  8s ;  8^,  8^,  8^,  89,  Sio  be  two  systems 
of  fiLve  circles,  then  the  determinant 


^li>  ^17>  ^18>  *19)  Tuo 


""iJ, 


^i  7>  7r4  8,  7r4  g, 


^*e>        '^'s??        Tb8>        TTet, 
or  as  it  may  for  shortness  be  denoted 


^410 


^HO 


(266) 


V6,  7,  8,  9,  10; 


(267) 


Bern.—  Multiply  the  matrices,  each  consisting  of  four  columns 
and  five  rows — 


1,     2^1, 

2/1,     c, 

<?•, 

-ye, 

-/.,  1 

1,     2^„ 

•         .         • 

2A     C 

... 

• 

•           • 

-A,    1 

... 

and  we  get  the  required  result. 

This  remarkable  theorem  is  due  to  Fbobexius  {see  Obellb's 
Journal,  Band  79,  pages  185-245.     Compare  Darboux,  Annates 
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de  TEcoU  NorfndU^  2nd  series,  tome  i.,  p.  323  ;  Lucas  Nouvelle, 
Correspandenee,  tome  iv.,  pp.  169-1 75,  and  200-204.  It  was  re- 
discovered  by  R.  Lacblan,  b.a.  (see  Fhilotophieal  TranMetum%^ 
vol.  177). 

99.  If  the  angle  of  intersection  of  two  circles  Sa,  8f^  be  de- 
noted by  aj3,  we  get,  by  means  of  §  91,  Cor.  1,  from  (266)  by 
supposing  the  second  system  of  circles  to  coincide  with  the  first 
for  any  system  of  five  circles  on  a  plane 

1,         cos  12,      cos  13)      cos  14,      coflB 


cos21>         1,  cos23f      co8  24»      cos  25 


cosSly     cos  32* 


1, 


cos  34»      cos  35 


=  0.   (268) 


cos  41 9     C0S429      cos43»  1,  cos  45 

C08  519     COS  529      cos53^     cos^9  1 

Cor,  1. — The  condition  that  four  circles  should  cut  a  fifth 
orthogonally  is 

1,         cos  12*      cos  13»      cos  14 


cos  2I9         1, 


cos  3I9    cos  329 


cos  239      cos  24 


1, 


cos  34 


-0. 


(269) 


CO84I9     cos  429      003  43*  1 

Cor.  2. — The  condition  that  four  circles  should  be  tangential 
toafifthis 


0,  sin*  1 12,      sin*  J  139      sin'^Ti 

8in*i2T9  0,  sin*i239      sin'^24 

sin' 1 319     sin*id29  0,  sin'^34 


=  0.     (270) 


sinH4l9     sin'i429      sin'i439  0 

For,  if  the^cirole  8^  touch  each  of  the  circles  iSi,  iS,,  5j,  &^y 
«08  159  cos  259  &c.,  become  each  equal  to  unity,  and  subtracting 
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each  of  the  four  first  columns  from  the  last  in  (269)  we  get 
(270). 

100.  If  tn  denote  the  common  tangent  to  the  circles  8i^  8%, 
we  easily  get  sin'^  12  «  ^u'/^i^a*  Hence  in  the  determinant 
(270)  the  si^  of  half  the  angles  of  intersection  of  the  circles 
8i,  8%,  8^,  8i  may  be  replaced  by  their  common  tangents,  and 
denoting  for  shortness  by  12  the  common  tangent  of  8i,  8%,  the 
condition  is 


0, 

12', 

13'. 

21'. 

0, 

2?, 

3i', 

32*. 

0, 

14 


24" 


34' 


41*,     42',      48',       0 


0. 


(271) 


Which  expanded  is  equal  to  the  product  of  the  four  factors 


12.34  ±23. 14  ±31  .  24. 


(272) 


1.  If  8i,  Szt  8the  any  three  circles,  find  the  condition  that  the  radius  of 
Xi8i  -t-  \i8t  •¥  XiSt  may  be  sero. 
ItJt  be  the  radius  of  \\Si  +  \%8t  +  XzSt,  we  have 


Hence,  if 


21  e  0,  {2K0)*  +  (2A/)»  -  1\  JX«  =  0. 

If  this  be  expanded,  the  coeffioient  of  Xi*  ia  ^i*  +/i^  -  01,  that  ia  r\\  and 
the  coefficient  of  AiAi  is  2|p^i^  4-  2/\f%  —  01  -*  ^,  that  is,  —  vit.  Hence 
the  required  condition  ia 

X'ln"  +  X»ar4»  +  XV«»  -  iri2XiAa  -  iraXaAa  -  tjiXjXi  =  0.        (278) 
2.  If  two  drclee,  81, 8i  be  inyerted  into  two  others,  /S'l,  8*2,  then  remains 
unaltered  by  inyeraion : — 
1^.  The  angle  of  intersection. 

2*.  The  ratio  of  the  square  of  their  eommon  tangent  to  the  rectangle  oon- 
tained  by  their  radiL 

I 


114 


The  Circle. 


3*.  The  ratio  of  the  square  of  their  mutual  power  to  the  product  of  the 
powers  of  the  origin  with  respect  to  the  circles. 

3.  Being  given  four  points  in  a  plane,  the  area  of  the  triangle  formed  by 
any  three  of  them  multiplied  by  the  power  of  the  fourth  with  respect  to  the 
oircumcirde  of  that  triangle  gives  a  constant  product.  (Staudt.) 

4.  If  ^1,  8%^  8^9  Si ;    Si,  S^  Sj,  Ss  be  two  systems  of  four  circles,  prove 

0         1111 


1, 
1, 
1, 
1, 


Vl6f 


»17, 


»18 
*»8 

*i» 


0.  (274) 


(Lachlaitd.) 


5.  In  the  same  case  prove 

„/12  8  4\«     _/1234\  /6  6  7  8\ 

"(6  6  7  8)    -"(l2  3  4)>^"(6  6  7  8)-  ^'''^ 


(Ibid.) 


The  Exercises  4,  5  give  a  very  large  number  of  results  by  maldng  special 
hypotheses  for  the  circles ;  for  example,  supposing  either  system  to  be  cut 
orthogonally  by  the  same  circle,  or  to  reduce  to  points  or  lines,  &c. 

6.  If  a  circle  radius  p  cut  the  circles  8i,  Si,  S9  at  angles  ^1,  ^,  ^3,  prove 


0, 
1 

1 

1 

1 


-1, 


1 


1 
p 


COS  12,  COB  13,  cos  ^1 

cos  21,   -1,  cos  23,  cos^ 

oos  31,  cos  32,   ~  1,  cos^ 

cos  ^1,  cos  ^,  oos  ^   -  1 


» 0.     (276) 


101.  Dbf. — If  S  -  Of  iS'  a  0  denote  two  circlee^  the  pencil* 
8  -  k8'  s  0,  tphere  k  receives  all  valueefrom  +  oo  ^  -  oo ,  m  called 
a  coaxal  system. 

*  A  system  of  curves  of  any  order,  passing  through  a  number  of  points 
which  is  one  less  than  the  number  required  to  determine  a  proper  curve  of 
that  order,  is  called  a  pendl  of  curves. 
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102.  One  of  the  eiroUe  of  a  coaxal  syvtem  u  infinitely  large ^  and 
two  infinitely  small,    Eor,  let 

SB3^+y*+2yx+2fff'k-e  =  0j  8'ma^  +  y»^2y'x  +  2fff  +  (/^0; 
then 

S - W'Kl - ife)(«»+y»)  +  2 (^ -. A/) «  +  2 (/-ife/)  y  +  <^-*y«0  (277) 
is  the  general  circle  of  the  system.  Now,  in  the  special  case 
where  k^a  l^  this  circle  reduces  to 

iS-.iS'-2(y-/)«+2(/-/)y  +  ^-<^  =  0,  (278) 

which  represents  a  line  that  is  an  infinitely  large  circle.     I%ii 
line  ia  eaUed  the  hldiqll  axis  of  the  coaxal  system. 
Again,  if  J2  denote  the  radius  ot  8  -  h8'y  we  have 

(jy-V)»+(/-*/)'-(l-*)(c-fe') 
(1-A)» 

Now,  if  i8^  -  h8i  =  0  reduce  to  a  point  circle,  5  «  0 ; 
hence  (y-*/)»  +  (/-*/)»-(l-ife)(<?-itO-0, 
or  (^+/-<?)  +  *(^+^-2y/-J!^)+^(/»+>^-O-0,  (279) 
which  is  a  quadratic  in  ^.  If  the  roots  he  hu  h%^  the  circles 
8-ki8'=  0,  8-  kil^  »  0  reduce  to  points.  These  are  called 
the  limiting  points  of  the  system.  Hence  the  proposition  is 
proved. 

Cor, — ^The  parameter  k  is  equal  to  the  ratio  in  which  the  centre 
ot  8"  k8'  s  0  divides  the  distance  hetween  the  centres  of  the 
circles  i8f'«  0,  i8=0. 

103.  The  limiting  points  of  the  coaxal  system  8  -  k8'  =  0  are 
real  when  the  circles  8^  8'  do  not  intersect^  and  imaginary  when 
they  do. 

The  roots  of  the  equation  (279)  will  he  real  if 

4  (^ +/"-<?)  (^'' +/'*- O  ^e  less  than  ((?  + y  -  2y/ "  2j5^)*, 

or  if  4r»r"  he  less  than  {c+c^-  2gg'^2ffy ; 

but  r»+r^=^» +/*-(?+/*+/»-(?'. 

Hence  the  roots  will  be  real  if 

(r  +  r')'  be  greater  than  8*, 
or  (r  -  r'y  be  less  than  8*, 

i2 
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where  8  is  the  distance  between  the  centres  of  8^  8%  that  is, 

the  roots  are  real  when  the  circles  do  not  intersect.    Again,  it 

^  be  the  angle  of  intersection  of  8,  8\  the  equation  (279)  may 

be  written 

r*  -  2fer'  cos  ^  +  *»r'»  =  0  ; 

therefore  kr^'^  r  (cos  ^  t  sin  ^  -v/-  1 ).  (280) 

Hence  the  values  of  ^  are  imaginary  when  ^  is  real,  and 
the  proposition  is  proved. 

104.  A  coaxal  system  may  he  expressed  linearly  in  terms  of  any 
tiPo  circles  of  the  system  8  -k  8*^0. 

¥oT,  let  8 "  18^ ^  (^l  "  I)  <r,  8- m8' m{l  ^m)</ ;  then  S,  8' 
can  be  e2q[>ressed  in  terms  of  o*  and  </ ;  and  if  /,  m  be  given, 
o*,  </  are  giv&n.  Hence  8  -  k8'  can  be  expressed  in  terms  of 
two  given  circles  a-f  </ :  k  will  be  the  only  variable  parameter, 
and  it  wiU  be  in  the  first  degree. 

Cor.  1. — If  <r,  o^  be  the  limiting  points,  and  k  a  variable 
parameter,  then  the  coaxal  system  is  represented  by  the  equation 

<r  -  *</  =  0.  (281) 

Cor.  2. — Similarly,  if  Z  a  0  denote  the  radical  axis,  any 
circle  of  the  system  may  be  expressed  in  the  form  8  -  kZ  =  0. 
Thus  ^  +  ^  ±  d*"  ikx  s  0  denotes  a  coaxal  system,  having 
«  e  0  for  the  radical  axis,  and  real  or  imaginary  limiting  points, 
according  as  the  sign  of  i*  is  plus  or  minus. 


1.  The  radical  axes  of  any  three  circles  are  concurrent. 

For  if  8^  STf  ST  he  the  circlea,  then  (§  102)  the  radical  axes  are  S-S'^O, 
S'-8"^0f  S"-8=0,  which,  added,  yamah  identically. 

2.  Tangents  from  any  point  on  a  fixed  circle  of  a  coaxal  Bystem  to  two 
other  fixed  circlea  of  the  system  are  in  a  given  ratio. 

For  let  tangents  be  drawn  firom  any  point  P  of  the  circle  S  -  IflS'  =  0 
to  the  circles  8,  8^ ;  then  denoting  these  tangents  hy  t,  t',  we  have,  since 
the  power  of  F  with  respect  to  8-  k^y  is  aero, 

<«-;p<'a=:0. 

Henoe  t :  t* : :  k  :  I,  that  is,  in  a  given  ratio. 
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ThiO  following  are  special  cases : — 

1*^.  Tan^enti  fmm  any  point  in  the  radical  axtt  to  all  tho  cird»$  of 
the  ay  item  are  equal  to  one  another.    For  in  thie  eaee  A  s  1. 
Senee  t  s  ^. 

2".  The  dietaneee  from  any  point  of  a  fixed  eirele  of  the  eyetem  to  the 
two  limitiny  pointe  are  in  a  given  ratio, 

3.  The  limiting  points  are  barmonio  conjugates  to  the  extremities  ool- 
linear  with  them  of  the  diameter  of  any  circle  of  the  system ;  because 
the  ratio  of  the  distances  of  the  limiting  points  from  one  extremity  is 
equal  to  the  ratio  of  their  distances  from  the  other  extremity  of  the 
diameter. 

4.  The  limitmg  points  are  inTerse  points  with  respect  to  each  circle. 

6.  The  distance  of  any  point  in  a  given  circle  of  a  coaxal  system  from 
the  radical  axis  is  proportional  to  the  square  of  the  tangent  from  the  same 
point  to  any  other  giyen  cirde  of  the  system. 

This  follows  from  the  equation  ^  -  A;X  =  0. 

6.  Any  two  circles  and  their  circle  of  inyersion  are  coaxal. 

For  the  inyerse  of  «»  +  y*  +  2^a?  +  2/V  +  «  =  0,  with  respect  to  «*  +  y* 
-  f*  =  0,  is  tf  (a?*  +  y')  +  2^r»a?  +  2/Hy  +  r*  =  0  ;  and  the  first,  multiplied 
by  r»  and  subtracted  from  the  last,  gires  {e  -  r»)(«»  +  y*  -  r^)  =  0. 

7.  The  polars  of  any  point  with  respect  to  the  circles  of  a  coaxal  system 
are  concurrent. 

For  if  P,  P'  be  the  polars  of  the  point  with  respect  to  S,  ST^  its  polar 
with  respect  to  i9  ~  i^^  is  P-  kF*  s  0,  a  line  passing  through  the  inter- 
section of  P,  F*. 

Dbp. — The  RADICAL  CBNTRB  of  three  given  eirelee  ie  the  point  of  eoneW' 
rence  of  their  radical  axes. 

8.  The  radical  centre  of  three  giyen  circles  is  tbe  centre  of  a  circle,  cut- 
ting them  orthogonally. 

9.  The  inyerse  of  a  coaxal  system  is  a  coaxal  system. 
For  the  inyerse  ot  8  -  kS*  IboI  the  same  form. 

10.  The  inyerse  of  a  system  of  concurrent  lines  is  a  coaxal  system  of 
cirdee. 

11.  The  inyerse  of  a  system  of  concentric  circles  is  a  coaxal  system,  of 
which  the  centre  of  inversion  is  one  of  the  limiting  points. 

For  the  inyerse  of  (x  -  a)'  +  (y  -  *)•  -  JJ*  =»  0  with  respect  to**+y*-r*=0 

i8^-lPfi'  =  0,  where  i»H(a«  +  **)(a^+y»)-2ar»«-2^»y  +  *^f  fi'asa^+y*. 
Hence  8^0,  /S*  b  o  are  point  circles. 
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12.  A  coaxal  system  having  real  limiting  points  is  the  inverse  of  a  con- 
centzio  system,  and  a  system  haying  imaginary  limiting  points  the  inverse 
of  a  pencil  of  lines. 

13.  If  a  variable  cirde  out  two  given  circles  of  a  coaxal  system  at  given 
angles,  it  cuts  every  circle  of  the  system  at  a  constant  angle.  This  may 
be  seen  at  once  by  inversion :  or  without  inversion,  as  follows : — If  Smafl 
+  y*  +  2^af  +  2/y  +  «  =  0  cuts  i^  a  «»  +  y*  +  2y'af  +  Vy  +  «'  =  0  and 
^'  ■  ««  +  y«  +  2/'*  +  2/'V  +  «"  «  0  at  angles  ^',  ^",  it  cuts  the  circle 
y  -  ikiS"  B  0  at  the  angle 


,  (r'coeA'-r"cos*" 


;f^").        « 


where  M  danotes  the  radius  of  iS*  -  kS"  «  0. 

14.  The  radical  axes  of  the  circles  of  a  coaxal  system  and  a  circle  which 
is  not  one  of  the  system  are  concmrent. 

16.  The  circles  «9  +  ^  -  2A«  -f  ^'  »  0,  «*  -l-  y*  -  2%  -  &*  »  0  cut 
orthogonally. 

DsF. — The  two  points  which  divide  the  dietancee  between  the  centres  of  two 
eireUs  internally  and  externally  in  the  ratio  of  their  radii  are  called  the 
centres  of  similitude  of  the  circles. 

Thus  if  ««+y«  +  ^«  +  2/V  +  ««0,  «»  +  y*  +  2p*x  +  2fy  +  «'  s  0  be 
two  circles,  their  centres  of  similitude  are — 

i„t««l.thep«int  jZf^^    zK^y, 

(283) 

16.  If  8f  ff  he  two  circles  whose  radii  are  r,  r',  prove  that  their  internal 

centre  of  similitude  is  the  centre  of  —  +  -r  «  0,  and  the  external  one,  the 

r      r 

centre  of 7=0. 

r      r 

S     ff 

17.  If  iS,  ^  be  two  circles,  -  ±  --  e  0  will  invert  one  into  the  other: 

r      r 

in  what  respect  do  these  inversions  di£Eer  P 
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18.  If  5,  ^  be  two  didet,  the  circle  described  on  the  distance  between 
their  centres  of  similitude  as  diameter  is  -^  — i  "  ^'  (2^^) 
This  is  called  their  eireU  of  timilitude. 

19.  Giyen  any  three  circles,  taking  them  two  bj  two  they  haye  three 
circles  of  similitude ;  prove  that  these  circles  are  coaxal. 

20.  Given  any  three  circles  ^^  8"f  S"*,  their  six  centres  of  similitude  lie 
three  by  three  on  four  right  lines. 

For  if  T^f  r",  /"  be  the  radii  of  the  circles,  the  three  external  centres  of 
similitude  are  the  centres  of  the  three  circles, 


S'     Sf' 


8"     S"' 


Sf"     S' 


that  is,  they  are  the  centres  of  three  coaxal  circles.  Hence  they  are  odl- 
linear.  In  like  manner,  it  may  be  proved  that  any  two  internal  centres  of 
similitude  are  coUinear  with  one  of  the  external  centres  of  similitude. 

21.  If  the  three  given  circles  be  a^  +  y'  +  2^x  +  2/'y  +  «' «  0,  Ac.,  the 
equations  of  the  four  axes  of  similitude 

0,      -«, 


9 


If, 


9      9 


1, 
1 


0. 


(286) 


Where  the  choice  of  signs  in  the  first  column  is  thus  determined  for  the 
external  axis  of  similitude  the  signs  are  all  positive,  and  for  each  of  the 
others,  two  are  positive  and  one  negative. 

22.  If  a  variable  circle  touch  two  fixed  circles,  the  chord  of  contact 
passes  through  one  of  the  centres  of  similitude  of  the  two  fixed  circles. 

23.  In  the  same  case  the  variable  circle  is  out  orthogonally  by  one  of 
the  two  circles  of  inversion  of  the  fixed  circles. 

24.  A  system  of  circles  cutting  three  given  circles  isogonally  are  coaxal, 
their  radical  axis  being  one  of  the  axes  of  similitude  of  th^  three  given 
circles. 
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*  Sscnoir  II. — A  System  op  TANGEirn^  Cibclbs. 

105.  To  find  the  equatiem  of  the  Hreles  in  poire,  towhing  three 
given  eirelee  Si,  S^,  S^, 

In  equation  (271)  if  Si  redace 
to  a  point,  it  must  be  some  point 
on  the  circle  touching  Si,  S^,  S^, 
then  T4»,  24»,  34',  will  be  the 
powers  of  that  point  with  respect 
to  Si,  S2,  Si,  and  may  be  denoted 
by  ^1,  St,  Si,  and  putting  I,  m,  n 
for  the  squares  of  the  common 
tangents,  viz.,  Ss*?  3p>  12*,  the 
equation  (271)  giyes 


0, 

»» 

m, 

Si 

», 

0, 

h 

Si 

m, 

h 

0, 

Si 

Su 

S2. 

Si, 

0 

0, 


(286) 


or 


PSi*  +  m^Si*  +  »»i8,»  -  2lmSiSi  -  2mn8iSi  -  2nlSiSi  =  0.    (287) 

Now  if  we  substitute  for  Si,  S2,  Si,  their  full  expressions  in 
Cartesian  co-ordinates  the  equation  (287)  will  be  of  the  fourth 
degree ;  it  must  therefore  be  the  equation  of  a  pair  of  circles 
O,  O'  tangential  to  Si,  S2,  Si.  The  equation  (287)  is  the  pro- 
duct of  four  factors 

yjsl  ±  yinSl  ±  v/«^=  0, 

either  of  which  cleared  of  radicals  giyes  (287).    Hence,  for 
shortness,  we  may  call  any  of  them  such  as 

yWi  +  ymSi  +  v^n^S,  =  0,  (288) 

the  equation  of  the  pair  of  tangential  circles. 
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This  reBult  was  first  published  in  a  Memoir  on  the  Equations 
of  Circles  in  1866,  by  the  author,  in  the  Proeeedinge  of  the 
Royal  Irish  Academy, 

Def. — The  equation  (288)  ie  called  the  nobm  o/(287). 

106.  Since  the  points  A,  A'  are  common  to  OO'  and  Sy^  and 
since  if  in  the  equation  (287)  of  OOf  we  make  8i  b  0,  we  get 
{m8t "  nS^y  a  0,  the  circle  mS2  -  n8i  =  0  passes  through  the 
points  A^  A';  therefore  the  line  AA'  is  the  radical  axis  of  8i 
and  m82  -  n8^.     Hence  its  equation  is 

(f»  -  «)  iSfi  -  (mflf,  -  n/8f,)  =  0. 
For  this  denotes  a  line,  namely, 

m{8i'82)-n{8i-8^)^0. 

Now  81"  8i  =  0  la  the  radical  axis  of  ^i,  8t ;  and  81-  8i^0 
is  the  radical  axis  of  8^  8^;  denoting  these  by  A^f  Atf  we 
have  mA^  -  nA^tm  0  as  the  equation  of  AA',  Therefore  the 
equations  of  the  three  chords  AA'y  JBB',  CO'  may  be  written 

-^  „  :i»  «  ^,  (289) 

I        m       n 

This  theorem  gives  a  new  method  of  describing  a  circle  touching 

three  given  circles.     For  drawing  the  three  lines  (289),  the  two 

triads  of  points  A,  JB,  C\  A',  B'^  C  are  determined. 

107.  If  the  lengths  of  the  transverse  common  tangents  to 

8u  8%y  82  be  denoted  by  \/r,  y/m\  \/ n',  respectively,  the 
norms  of  the  other  three  pairs  of  tangential  circles  will  be — 

v//^+  -/^  +  yf^8t  =  0.  (290) 

^/V8[^  y/mS^  +  -/n^  =  0.  (291) 

v/^i+  -/^  +  -/w^s  -  0.  (292) 

1 08.  If  we  denote  the  angles  of  intersection  of  the  circles  thus : 

{^28t)  by  A,    {8^81)  by  B,    and    (iS'^/S,)  by  C, 
we  have        2  cos  iA  =    / —  ;  2  sin  ^A  =    P— ,  &c. 
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Hence  the  norms  (288)-(292)  may  be  written 

cos  ^A  y/SiIri  +  cos  iB y/sijri  +  cos  iC^/S^/r^  «  0 ;    (298) 

cos  iA  ^/SJti  +  sin  iJ9 -/-  fif,/r,  +  sin  ja\/^ri^,=  0 ;  (294) 

einiA^/-^Sl/rl  +  co8iB^/ Sijr^ -{-011^0%/ -8;ilri^0;  (296) 

smJ^v/-/Si/ri  +  sini-»v/-i8f,/r,+cosiCv//Sj/r3  =  0;  (296) 


1.  The  poles  of  the  chords  ui^',  BB",  CC\  with  respect  to  the  circles 
^i»  ^1  ^3»  are  oollinear,  their  line  of  colUneaiity  being  the  radical  axis  of 

2.  The  radical  axis  of  d,  a'  is  the  external  axis  of  similitude  of  8^  St,  8i. 

3.  The  circle  which  cuts  8i,  S%,  Sz  orthogonally  inverts  A  into  Q.\ 

4.  If  the  join  of  the  points  A,  B  (fig.  §  106)  intersect  the  circles  Si,  8% 
in  the  points  D,  B,  respectively,  prove  that  the  rectangle  AB  .  DB  is  equal 
to  the  square  of  the  common  tangent  of  8if  82,  and  thence  prove  the  theorem 
of  $  106. 

5.  If  2  be  the  orthogonal  circle  of  ^1,  82,  8$,  the  radical  axis  of  2  and  81 
meets  the  radical  axis  of  O  and  A'  in  the  pole  of  AA'  with  respect  to  81. 

6.  The  circles  Q,  Q'  are  tangential  to  the  three  circles 
I8i-2m82-2n8z=^0,  m^s - 2n^s - 226^i » 0,  H8t''2l8i-2m82-0. 

7.  The  three  systems  of  points  A,  A',  B,  B';  B,  B\  C,  C;  C,  C,  A,  A' 
are  concydic,  the  circles  through  them  being  respectively 

/5]+miS2-»'9s=0,    m^2+ft6's-/'9i  =  0,    n^s  +  ^<9i  -  m^a  «  0. 

109.  To  investigate  the  general  condition  that  any  number  of 
eirelei  may  have  one  common  tangmtial  circle. 

Leiocas. — If  f{x)  s  0  be  an  algebraic  equation  of  the  n^ 
degree,  whose  roots,  taken  in  order  of  magnitude,  are  a,  5,  ^, . . .  Z, 
then 
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Lemma  1°  may  be  proved  by  dividing  each  fraction  into  the 
difference  of  two  partial  fractions.  Lemma  2°  is  well  known  to 
those  acquainted  with  the  theory  of  equations.  When  n  =  4, 
which  is  the  only  case  in  which  we  shall  use  this  lemma  here, 
it  may  be  stated  thus : — If  a,  h,  e,  d  be  any  four  quantities,  then 

fl^  y  g* 

(a  -  b){a  -  e){a  -  <?)  "^  (S  -  a){h  -  c){h  -d)"^  {e-  a^o  -  b){o  -  d) 

=  0. 


^d^aXd-b){d-e) 

110.  If  0  be  the  origin,  and  Aj  JB,  C,  ,  .  .  Z  any  number  of 
fixed  points  on  a  right  line  passing  through  0 ;  X  any  variable 
point  on  the  same  line ;  then,  if  OA,  OJB,  OC,  . .  ,  OL,  OX  be 
denoted  by  a,  h,  e,  ,. ,  I,  x,  we  have,  from  lemma  1°, 

AJB  BC  LA 

AX.BX'^  BX.CX'^'-'ZX.AX''    '      ^^^^^ 

Now,  if  circles  whose  diameters  are  8«,  S^,  £«»  •  •  •  K  ^a  touch 
the  line  OX  at  the  points  A,  JBj  (7,  . . .  Z,  X,  then  from  (300) 
we  get 

AB  AX.BX  BC  BX.CX 

+ 


V  Sa .  8i     \^&a  -8,  .8j  .8,     \/8j .  Sc     V  84 . 8« .  8« .  8« 


Z^  LX.AX 

+  . . .    ^  V  =  =  0. 

\/8,.8«     \/8,.8..8..8. 
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Then,  uiTertmg  from  any  arbitrary  point,  since  the  square  of 
the  common  tangent  of  any  two  circles  divided  by  the  rectangle 
contained  by  their  diameters  remains  unaltered  by  inversion,  we 
have,  after  omitting  common  factors,  the  following  general 
theorem  : — If  a  circle  O  touch  any  number  ofdrclee  Si,  8^,...  8^8^, 
and  if  common  tangents  he  denoted  hy  12,  ^0.,  then 

12  23  ^  r.  .V 

_    -.4-^     „  +  ...—    — '^O.  (300) 

1^  .  2a?     2x  •  Zx  Ix  •  Ix 

111.  If  8g  reduce  to  a  point,  this  will  be  a  point  on  the 
circle  O,  and  Ix,  2x,  3x  ,&c.,  may  be  replaced  by  y^^i,  v^a, 
v/ iSj,  &c.  Hence  we  have  the  following  theorem  : — If  a  circle 
Q  he  touched  hy  any  numher  of  circUe  81,  8%,  81, . . .,  the  equation 
ofQ  will  he  contained  as  a  factor  in  the  equation. 

^^  ^^  34       +^c.»0.  (301) 


^/8^82     ^/8t8^     y8,8^ 

Cor.  1. — If  there  be  only  three  tangential  circles  this  equa- 
tion reduces  to  equation  (288). 

112.  From  lemma  2^,   supposing  f(x)  to  be  of  the  fourth 
degree,  we  get  in  the  same  manner  the  following  theorem  : — 

If  a  circle  Q  he  tangential  to  five  circles  80,  81,  8%,  8^,  8i, 
then 

OT*        ^         02'         .         03*  04*  rt 

+ + + \  =  0; 

12.13.14      12.23.24      13.23.34      14.24.34 

and  supposing  8^  to  reduce  to  a  point,  and  denoting  by  P(l) 
the  product  of  all  the  common  tangents  from  81  to  all  the 
other  circles,  then 

^'    +^^+  ^^  +  ^.0.  (802) 


P{1)      i\2)      J\S)     i^4) 
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1.  The  circle  through  the  middle  points  of  the  sides  of  a  triangle  touches 
both  the  inscribed  and  the  escribed  circles. 

For,  let  8i,  8^,  Si  denote  the  middle  points  of  the  sides,  8m  one  of  the 
drclee  toaching  the  sides,  say  the  inscribed  circle;  then  U,  2:p»  Zx  are 
equal  to  ^  (&  -  c),  ^  («  -  a),  i{a~b)  respectiyely,  and  12j  23>  31 1  equal  to 
i^i  i^9  i^  y  <uid  these  substituted  in  the  equation 

12  23  31         ^ 

=— =  + +  zr-T=  =  0, 

Is  •  24?      2x*Zz     Zx  *\x 

it  Taniahes  identically. 

'  2.  The  dide  through  the  middle  points  of  the  sides  passes  through  the 
feet  of  the  perpendiculars.  For,  taking  ^i,  8%^  8^9  as  in  Ex.  1,  and  8m  the 
foot  of  the  perpendicular  on  the  side  a,  then 

Tx^hcoBC-ia,      ^^"ibf      3Jr  s  ^e, 

and  substituting  as  before. 

3.  If  8if  82,  Sz,  8i  be  the  inscribed  and  escribed  circles,  then  (Ex.  1) 
they  have  a  common  tangential  circle  fi  (called  the  ''Nine-points  Oirde"). 
Its  equation  in  terms  of  these  four  circles  is 

Si  ^82,8$ 


(a-4)(*-<T)(<j-a)      (a +  *)(*- tf)(<r  +  a)  ^  (a +  *)(*  +  «)(« -a) 

Si 


» 0.  (303) 


{a-b)(b+e){c  +  a) 

4.  The  equation  (301)  may  be  written  thus : 

cosi(12)Vnni     eosi(28)>/r^>  cosi(fl)v^i 

VSTS  v^         '"     Vs[si 

5.  If  a  circle  A  touch  four  cirdoe  whose  radii  are  n  .  .  .  n,  then 
^  Si  82 


(304) 


nco6i(12)cosi(13)cosi(14)      r3C08i(21)cosi(23)coBi(24) 

^1 8^ . 

'^r3C06i(31)oo6i(32)cos}(34)'^r4COsi(41)cosi(42)co8}(43)'   ^      ' 

6.  If  5  be  a  cirde,  0  a  pointy  and  OTQ  a  line  through  0  and  the  centre 

of  Si  meeting  the  circumference  in  F  and  Q,  then  we  have  rr-  a  — ^ — . 

2r         J%i 
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Hence  if  S  open  out  into  a  right  line,  Sj^r  becomes  equal  to  OQ ;  that  is, 
equal  to  the  perpendicular  from  0  on  the  right  line,  into  which  8  opens  out. 
By  means  of  this  principle  we  can  express  the  equations  of  the  escribed  and 
inscribed  circles  in  terms  of  the  sides  of  the  triangle  of  reference  and  the 
'<  Nine-points  Circle."  Thus,  in  Ex.  6,  let  8^  /^s,  6^  be  the  sides  a,  /3,  7 
of  the  triangle  of  reference,  8^  the  *' Nine-points  Circle;"  then,  denoting 
the  angles  of  intersection  of  the  sides  with  8i  by  Au  Bi,  Cy,  respeotiyely, 
the  equation  of  the  inscribed  circle  is 

2 iaeo^iA     /g  oosjl?     ycosjCj 

\\AcoA\Beio%io\Kn,\Ai       siniJ^i       tan^Ci) 


coe_ 

81 


risin^^isin  ^^1  sin^Ci 


0.  (306) 


7.  The  tangent  to  the  **  Nine-points  Cirde  "  at  its  point  of  contact  with 
the  inscribed  circle  is 

+  -^  +  — ~  =  0.  (307) 


b - c     e—  a     a^  b 

For  ^\A         coeM       _     g       *,- 

sinJ-4i""8inJ(^-(7)~*-<^' 


Bxcnoir  III. — Tbilikxab  Co-OBDnrATE8. 

113.  The  equation  ipy  +  mya  +  nafi  s  0  denotes  a  eurve  o/the 
second  degree  oireumserihed  to  the  triangle  of  reference. 

Dem. — If  in  the  general  equation  <fa*  +  bfi^  +  &•/•{■  2haP 
+  2fPy  +  2gya^  0,  the  coefficient  of  a'  yanishes,  the  curre  passes 
through  A\  for  if  we  make  )9  =  0,  y  =  0  in  the  resulting  equa- 
tion, it  will  be  satisfied.  Similarly,  if  the  coefficients  of  /S*,  y* 
each  vanish,  it  will  pass  through  the  points  B^  C.  Hence  the 
proposition  is  proved. 

It  will  be  seen  in  Chapter  XII.  that  every  curve  of  the  second 
degree  can  be  obtained  as  the  section  made  by  some  plane  with 
a  cone  standing  on  a  circular  base.  It  is  on  this  account  these 
curves  have  been  called  ''  conic  sections.''  Hence,  for  short- 
ness, we  refer  to  them  as  *'  conic*" 
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Cotes'  Thboseh. 

114.  If  a  traniversal  drawn  through  afixedptnnt  Oin  the  plane 
of  the  triangle  ABC  meet  its  sides  in  Ri^  R^^  R^^  and  ifR  he  a  point 
on  it  such  that 

[or,  '  'or)  "^  [oRi  "  'OR)  "*■  [or,  "  OR)    "  ^' 
the  loeus  of  R  is  a  eireumeonio  of  the  triangle  ABC. 

Dem. — ^Let  ABC  he  the  triangle,  of  reference,  andp^  p^\  p"^ 
the  normal  co-ordinates  of  0,  then  we  may  prove,  as  in  §  54, 
that  the  locns  of  i2  is 

that  is,  ^7a+/7)3+ii"7y  =  0,  prjj'jSy+jpV+y'ttiS-O.  (308) 
Def. — The  curve  (308)  is  called  the  polar  conic  of  the  point  O 
with  respect  to  the  triangle,  and  0  is  called  the  pole  of  the  conic. 

Cor.  1. — ^The  polar  conic  of  the  point  o'/S'y  is 

aVa  +  ^/p  +  y/y  =  0.  (309) 

Cor.  2. — If  A  and  3  he  two  points,  sach  that  the  polar  conic 
of  j^  passes  through  B,  then  the  trilinear  polar  of  R  passes 
through  A. 

For  let  the  co-ordinates  of  -4  and  j5  be  a')3y ,  o"/8'y'>  t^en  the 
polar  conic  of  A  is  a7a + ^/fi  +  y7y = 0,  and  the  trilinear  polar  of 
^is  a/a"+  )3/i8"  +  y/y"  =  0,  equation  (161).  And  we  get  the  same 
result,  whether  we  substitute  in  a'/a-¥^/fi  +  y/y  =  0  the  co-ordi- 
nates of  Bf  or  in  a/a"  +  fi/p"  +  y/y"  =  0,  the  co-ordinates  of  A. 

Cor.  8. — The  trilinear  polar  of  every  point  on  the  circum- 
conic  passes  through  the  pole  of  the  conic. 

115.  The  drcumcircle  of  the  triangle  ABC  is  the  polar  conic  of 
its  symmedian  point. 

In  order  to  show  this,  it  is  necessary  to  find  the  values  of 
/,  f»,  n,  so  that  iPy  +  mya  +  nafi  «  0  may  represent  a  circle. 
Transform  iPy  +  mya  +  nafi  s  0  to  Cartesian  co-ordinates,  equate 
the  coeMcients  of  a^  and  y',  and  put  the  coefficient  oixy  ^0, 
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This  gives 

2coB(i9  -I-  y)  +  «»cos(y  +  o)  +  ncoB(a  +  j8)  «  0, 

/  sin  (/3  +  y)  +  w  sin  (y  +  a)  +  n  sin  (o  +  )8)  «  0. 
And  eliminating  ly  m,  n,  we  get — 

Pjj  y*>  «A 

cos  {P  +  y),     cos  (y  +  a),     cos  (a  +  p),       «  0. 
sin(^  +  y),     8in(y  +  a),     8in(a  +  j8) 
Hence  /3ysin^  +  yasin.9+a)3sin  C»  0.  (310) 

Therefore  /,  m,  n  are  proportional  to  sin  ^,  sin  j?,  sin  C ;  that 
is,  to  the  co-ordinates  of  the  symmedian  point.  Hence  the  pro- 
position is  proved. 

116.  This  proposition  may  be  proved  in  a  manner  that  will 
lead  to  an  important  extension.  Thns  :  let  A'^  B*,  C  be  three 
coUinear  points ;  then (§  1) -B'C'+  QA'-^  A'B'^0.  Hence,  \ip 
denote  the  perpendicular  from  any  point  0  on  A'C'^  we  have 

B'C       a  A'     A'B*     ^ 

p       p        p 

Therefore,  inverting  from  0,  and  denoting  the  inverses  of 
A'y  B't  C  by  A,  By  C,  and  the  perpendiculars  from  0  on  the 
lines  BCy  CAy  AB  by  a,  j8,  y,  we  have  (§  89,  Ex.  6)— 

B'C  ^  BO     C^  ^  CA      A!W_  _  AB^ 
jp°a'      P    "   P  '      jp"r* 

Hence  BCja  +  CAlp  +  ABjy  =  0 ; 


or,  denoting  the  lengths  of  the  sides  of  the  triangle  ^J19Cby<»,  i, 

aja  +  hJP  +  ejy  -  0. 

Now,  since  the  points  A'y  B^,  C  are  collinear,  their  inverses 
Ay  By  C  and  0  are  concyclic.  Hence,  calling  ABC  the  triangle 
of  reference,  the  equation  of  its  drcumdrde  is  a/a  +  hjp  -(-  cjy 
B  0,  which  is  the  same  as  (810). 

117.  It  may  he  ihown  in  exaetly  the  $atne  way  that  ifapolygtmy 
the  Ungthi  of  whose  eidee  are  ay  hy  Cy  dy  ^c.,  and  tehoee  standard 
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equations  are  a  ^  0,  )3  s  0,  &c.y  he  inscribed  in  a  circle^  then  for 
any  point  on  that  circle 

a/a  +  h/fi  +  e/y  +  d/S  +  &c.  =  0.  (311) 

This  theorem  first  appeared  in  the  I^ansaetions  of  the  Royal 
Irish  Academy y  vol.  xxvL,  1878,  in  a  Memoir  hy  the  author  on  the 
Equations  of  Circles^  pp.  527-610. 

118.  To  find  the  equation  of  the  tangent  to  the  conic 

Ipy  +  my  a  +  nafi  =  0 
at  the  point  (an  . 

Draw  any  line  a-kp  -0  through  (a^);  and  eliminating  a 

between  it  and  the  equation  of  the  conic,  we  get 

P[(l-\-mh)y^nkp]^0. 

This  breaks  up  into  two  factors,  one  of  which  p  passes  through 
one  of  the  points  in  which  a-kfi^Q  meets  the  curve,  the  second 
{I  +  mk)y  +  nkp  »  0  passes  through  the  other  point.    This  will,   • 
in  general,  be  different ;  but  if  2  +  «7»^  »  0  they  coincide,  and  V 

a-  kp  =  0  will  be  a  tangent.  Hence  eliminating  k  between 
l  +  mk  =  0  and  a-  kp  =0  we  get  a/l  +  p/m  =  0,  which  is  the 
tangent  at  the  point  (afi).  Hence  the  tangents  at  the  three 
summits  of  the  triangle  of  reference  are 

ajl-^PIm^Oy     p/m  +  y/n^O,     yln  +  a/l^O.      (312)  -^ 

119.  Hie  triangle  formed  hy  the  three  tangents  to  the  circum- 
conic  at  the  summits  of  the  triangle  of  reference  is  in  perspective 
with  the  triangle  of  reference.    * 

Dem. — Letj^he  tangents  at  JB,  C  meet  in  A'-,  si  C,  Ain  £*  ] 
at  A,  B  m  C    Then  subtracting  yjn  +  a/Z,  which  is  the  tan- 
gent at  B  from  ajl + pjm  the  tangent  at  (7,  we  get  Pjm  -  yjn  =  0, 
which  is  evidently  the  equation  of  AA'.     Similarly  the  equa- 
tions of  BB'y  CC  are  yjn  -  a/  Z  =  0  and  ajl-  pjm  =  0,  and  these 
when  added  together,  vanish  identically  \  therefore  the  lii 
AA%  BW^  CC  are  concurrent,  and  the  triangles  are  in  ^ 
spective. 


r 


^^ 
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Cor.  1. — The  centre  of  perspective  is  the  pole  of  the  conic 
with  respect  to  the  triangle  ABC. 

For  the  three  lines  AA\  BB\  CC  are  /8/m  =  y/n  =  a//,  and 
these  intersect  in  the  point  (Jmn)  which  is  the  pole  of 

iPy  +  mya  +  nafi  »  0. 

Cor.  2. — The  axis  of  perspective  is  the  trilinear  polar  of  the 
centre  of  perspective. 

For  the  trilinear  polar  of  the  centre  of  perspective  is 
ajl  +  Pjm  +  y/n  «  0,  and  this  evidently  passes  throngh  the  inter- 
section of  ajl  +  Pjm  with  y ;  of  Pjm  +  y/n  with  a ;  of  y/n  +  ajl, 
withj3. 

In  these  propositions  if  we  pnt  a,  b,  e  for  I,  m,  n  we  get  the 
case  of  the  oircumcircle  and  the  symmedian  point. 

120.  The  chord  joining  the  points  a'/}'/,  a"^"/'  ^  ^^  eireum- 
circle  is 

\  aa/aW  +  b/^l^fi''  +  cyIYY'  « 0.  (813) 

^  For  since  the  points  are  on  the  circle  we  have 

«/a'  +  h/P"  +  elY  =  0,     a/a"  +  5/)3"  +  o/-/' «  0, 

and  in  virtue  of  these  relations  the  co-ordinates  of  each  point 
satisfy  the  equation  (313). 

Hence  it  follows  that  the  tangent  at  the  point  a'jSV 

is  fla/a'»  +  J/J/jg"  +  cyly^  =  0.  (314) 

121.  2%e  equation  of  the  circumcircle  in  harycentrie  co-ordi- 
nates is 

a'/a  +  h'lP  +  cVy  =  0.  (815) 

Hence  the  equation  of  its  complementary,  §  (67),  that  is  the 
circle  (Nine  points)  through  the  middle  points  of  the  sides,  is 

«V(/*  +  r-«)  +  *'/(r  +  «-i8)  +  c'/(a  +  i8-y)  =  0;    (316) 

and  the  equation  of  its  anticomplementary,  that  is  of  the  cir- 
cumcircle of  the  triangle  formed  by  drawing  through  its  summits 
Txorallels  to  the  opposite  sides,  b 
the  lengths  of  whose  ^^^  j.(^  4.  aU  e'/ia + jS)  =  0.  (317) 
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122.  To  find  the  equation  of  the  eirele  inserihed  in  the  triangle 
of  reference. 

The  general  equation  of  the  second  degree,  viz.  oa'  +  hp* 
+  ^T^  +  2Aa/3  +  2ffiy  +  2gya  a  0,  represents  a  curve  of  the  second 
degree  cutting  each  side  of  the  triangle  of  reference  in  two 
points ;  thus,  if  we  make  y  =  0,  we  get  aa?  +  2haP  +  ij8*  =  0, 
which  represents  two  lines  passing  through  the  vertex  C  of  the 
triangle,  and  through  the  points  where  the  curve  meets  y. 
Hence,  if  it  touches  y,  these  lines  must  coincide,  and  ac?  4  2haP 
+  hp^  =  0  must  he  a  peifect  square.  Hence  it  follotoa  that  the 
general  equation  of  a  curve  of  the  second  degree  which  touches  the 
three  sides  of  the  triangle  of  reference  must  he  such,  that  if  any  of 
the  variables  he  made  to  vanish,  the  result  will  he  a  perfect  square. 
Therefore  the  equation  Pa^  +  m*fi^  +  n*/  -  2lmaP  -  2mnpy 
~  2n^a  =  0*  represents  a  curve  of  the  second  degree  inscrihed  in 
the  triangle  of  reference,  hecause,  making  any  of  the  variahles  to 
vanish,  the  result  is  a  perfect  square.  The  norm  of  this  equa- 
tion is  y/la  +  v^wjS  +  x/ny  =  0  (§  105)  ;  and  the  prohlem  to  be 
solved  is  to  find  the  values  l,  m,  n, 
80  that  it  may  represent  a  circle. 
Now,  making  y  =  0,  we  get  {la 
-  m/Sy  s  0 ;  hence  the  equation  of 
CFis  la  -  mp  =  0 ;  and  this  must 
be  satisfied  by  the  co-ordinates  of 
-P,  which,  from  the  figure,  are  evi- 
dently 2r  cos*  iB,  2r  cos*  iA,  0  ; 
r  being  the  radius  of  the  circle.  ^ 
Hence  I :  m  :  :  cos?  iA  :  cos*  Jj5. 
Similarly  mm  : :  cos'  ^B : cos'^-C  Therefore  the  equation  of 
the  circle  is 

COBiAy/a  +  COBiBy/p  +  COBiC\/y=:0.  (318)      I 

*  The  signs  of  the  coefficients  of  the  products  ojS,  i97,  7a  are ,  —  4-  +, 

H h,  + + ~.   Otherwise  the  equation  represents  two  ooincident  lines.   The 

first  of  these  four  cases  corresponds  to  the  iosoribed  conic,  the  others  to  the 

escribed. 

£2 
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This  equation  is  a  special  case  of  equation  (293),  from  which 
it  may  be  inferred  by  the  method  of  Ex.  6,  §  112. 

123.  The  equation  of  the  incircle  may  be  inferred  from  that 

of  the  circumcircle  by  the  following  method,  which  is  due  to  , 

Sir  Andrew  Hart : — Let  a',  P',  7/  be  the  standard  equations  of  J 

the  sides  of  the  triangle  formed  by  joining  the  points  of  contact 

of  the  incircle  on  the  sides  of  the  triangle  of  reference ;  af^  h\  d^  ^  , 

their  lengths ;  then,  since  the  iacircle  is  described  about  this 

triangle,  we  have 

d     V     e    ^  i 

but  a'  =  yj8^,    /3'  =  x/'^    r=v/^, 

since  the  perpendicular  from  any  point  on  the  circumference  of  , 

a  circle  on  the  chord  of  contact  of  two  tangents  is  a  mean  pro- 
portional between  the  perpendiculars  from  the  same  point  on  the 
tangents  (Sequel  m.,  Prop,  x.) ; 

therefore  . -  +      +  — =r  =  0. 

V^y      >/ya      -/a/J  i»  \ 

Again,  if  the  angles  between  the  lines  a  »  0,  )3  =  0  be  denoted 
by  (a)3),  &c.,  it  is  evident  that  a',  3',  <f  are  proportional  to 

cos  \  (aj8),     cos  i  {fiy\     cos  J  (ya) 
respectively ;  hence  the  required  equation  is 

cos  \  (gff)  ^  C08i()gy)  ^  cos  j  (ya)  ^  ^ 

\/aj8  v^i^y  v^ya  » 

Or,  as  it  may  be  written,  1 

cosi-4  v/o  +  cosl^v/jS  cosi(7\/y  =  0. 

In  the  same  manner  the  equations  of  the  escribed  circles 
are 

cosM  \/^+  sini^  v^jS  +  sini(7%/y  =  0,  (319) 
sin  \A  v/a  +  cosii?  V""^  +  sin  \CV^  «=  0,  (320) 
sin  i^  -/a  +  sin  iJ9  \/J8  +  cos  i C -/"^  =  0.     (321) 
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BXEBOISES. 

1.  Find  the  barycentric  equations  of  the  incirclei  and  the  eiciroles  of 
the  triangle  of  reference. 

2.  The  points  of  contact  of  the  indrde  or  any  of  the  ezcircles  of  the 
triangle  of  reference  form  a  triangle  in  perspectiye  with  it,  and  the  centres 
of  perspectiye  are  the  Gergonne  points  (see  Ex.  54,  p.  96). 

3.  If  the  points  of  contact  of  the  escribed  circle  with  the  sides  of  ABC  be 
aii9i7b  oii^2y  oifisyzt  respectiyelyy  prove  that  four  triangles  whose  summits 
are  the  points  0118273)  aiiSsTs,  03^8271,  03^173  are  in  perspective  with  ABC. 
The  centres  of  perspective  are  the  Nagel  points  of  ABC. 

4.  If  AiBiCi  be  the  feet  of  the  perpendiculars  of  ABC,  the  joina  of  the 
inoentres  to  the  circumcentres  of  the  triangles  ABiCi,  BCiAu  CA\Bi  are 
concurrent. 

5.  Prove  the  following  property  of  the  Gergonne  point,  denoting  it  by  Q, 
and  drawing  through  it  parallels  to  the  sides,  the  harmonic  means  between 
the  segments  into  which  each  parallel  is  divided  at  the  point  Q  are  equal. 

6.  If  through  the  isotomic  conjugate  of  the  incentre  of  u^ £67  parallels  be 
drawn  to  the  sides,  prove  that  the  length  of  these  parallels  intercepted  by 
the  sides  of  the  triangle  formed  by  the  middle  points  of  the  sides  of  ABO 
are  equal. 

7.  If  ^,  £  be  any  two  points,  AB  is  the  trilinear  polar  of  the  fourth 
point  of  intersection  of  the  polar  conic  of  A  and  B.  Hence,  as  a  particular 
case  the  circumcircle  and  the  polar  conic  of  the  oentroid  intersect  in 
Steiner*s  point. 

124.  To  find  the  equation  of  the  chord  joining  the  points  a!p!y'y 
*"/5'V  <^  ^^  incircle. 

Put  for  shortness  cos  ^A  =  ^^,  cos  i^  «  m^  cos  ^  6^  =  n^,  and  we 
have  the  two  equations 

Hence  h=h  {  a/)8 V'  "  ^ P'y  ] ,  where  k  denotes  fome  constant, 
with  similar  valnes  for  mS  and  ni;  therefore 

But  the  join  of  the  given  points  is 
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Hence,  by  sabstitutioii,  we  get 

+  n*y{A/i^+  \/i^=  0,  (322) 

wluch  is  the  required  equation.    This  result  is  due  to  Sir 
Andrew  Hart. 

125.  If  the  points  a'^S^y,  a")3"y  become  consecutiye,  the 
equation  (322)  reduces  to 

-  +  -7=  +  — =:  =  0,  (323) 


Va!      Vpf      Vi 

which  is  the  equation  of  the  tangent  to  the  incirde  at  the 
point  o')3'y'. 

Cor. — The  locus  of  the  trilinear  pole  of  the  tangent  (323)  is 
the  line  la.  +  mj3  +  ny  s  0.  For  the  co-ordinates  of  the  pole 
being  denoted  by  a,  j3,  y,  we  have 

Hence        foi  +  mj9  +  ny  «  Vld  +  \/«»i8'  +  */^i  =  0. 

126.  If  the  equation  (311)  be  transformed  by  Hart's  method 
(see  §  123),  we  get  the  following  general  theorem : — If  a 
polygon  of  any  number  of  aides  whose  equations  are  a^^O,  j3  ^  0, 
y  s  0,  3  =  0,  Sfc,  he  eircumseribed  to  a  cirole,  the  equation  of  the 
eirole  is  a  factor  in  the  general  equation 

coB*(«^)  ^  co8i(gy)  +  .  _  +  C08  H^)  ^  Q        /324N 

127.  If  the  equation  («,  5,  e^  f  g,  A)(a,  )8,  y)'  =  0  represent  a 
eirele^  it  is  required  to  find  the  invariant  relations  between  the 
^efficients. 

Let  8  denote  any  circle,  then,  since  a  sin  ^  +  ^  sin  j9 + y  sin  C 
is  a  constant,  being  in  normal  co-ordinates  equal  to  twice  the 
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area  of  the  triangle  of  reference  divided  by  the  diameter  of  the 
circnmcircle,  the  equation 

W+  (&t  +  i»j8  +  ny)(a  8in-4  +  /8BinJ?+7BinC)  =  0 

must  represent  a  circle. 

Hence,  taking  8  to  denote  the  circumcircle,   equating  the 
coefficients  a',  )3*,  y*  in 

kS  -^  (la  -^  mfi  +  ny){aBm  A  +  P  em  £  +  y  sin  C), 

and  in  the  given  equation,  we  get 

J       a  h  e 


sin  A^  sin  ^'  sin  (7 

Hence,  substituting  these  values,  and  equating  the  remaining 
coefficients,   we  get,   after  eliminating  ^,   the  two  following 
relations : — 
b  8in*C+  c  sin'J?-  2/8in  B  sin  (7=  o  sin^A  +  a  sin* (7-  2g  sin  Csin^ 

=  a  8in»J9  +  i  sin'^  -  2A  sin^  sin ^.         (325) 


1.  If  the  area  of  the  triangle  formed  by  joining  the  feet  of  the  perpen- 
dkular  from  a  point  F  on  the  sides  of  the  triangle  of  reference  be  giTen, 
prove  that  the  locus  of  P  is  a  circle  concentric  with  the  circumcircle. 

2.  If  through  F  paraUels  JEFr,  FFIf,  LFET  to  BC,  CA,  AB  be 
drawn,  prove  that  the  locus  of  P  is  a  circle,  if  the  sum  of  the  rectangles 
SF.  FF,  FF,  FD\  JDF,  FK  be  given. 

The  three  rectangles  are,  respectively,  equal 

gff  jSy  ya 

sin^sinJS'    sin^sinC?'    sinCsin^dt 

Hence  the  locus  isa3sin(7+/37  6in^  +  7asin^s  constant. 

3.  The  equations        a'sin  2^  +  /3<sin  2^  +  7'sin  2(7«  0  (326) 

and  o«  +  i3»  +  72^^coB(7+i37COSu4  +  7ocosi?e0  (327) 

represent  circles. 

4.  The  general  equation  of  a  circle  in  baiycentric  co-ordinates  is 

(a  +  /i  +  i){la  +  »»iS  +  fi7)  -  A?  (a^^  +  Jf^ya  +  o«o/3)  =  0.         (328) 

6.  If  the  co-ordinates  in  £z.  4  be  absolute,  prove  that  if  A;  =  1,  /,  in,  »  are 
equal  to  the  powers  of  the  points  Ay  B,  C  with  respect  to  the  circle. 
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6.  Find  the  equation  of  a  circle  through  a'ffy\  a'fi"y\  a'"i5"V"-    If 
S  ^Oy  denote  any  circle,  say,  for  instance,  the  circumcircle,  then 


3,        7, 
a",      3",       y% 


S,         a, 
S-,        a, 

S"\     a"\     fi'",      y"% 


=  0. 


(32U) 


is  evidently  the  required  equation. 

?•  Find  the  pedal  oirde  of  a$'y'. 

The  co-ordinates  of  the  feet  of  perpendiculars  are — 0,  fi'  +  a  cos  C, 
7'  +  a  cos  5 ;  a  +0'coBC,Oy  +  ff  cos  A;  o'  +  7'  cos  J?,  jS'  +  7'  cos  A,  0. 
These  substituted  in  (329)  give,  hy  expansion, 

(;378in-4  +  7a  sin5+  a/3  sin  C)  [ffy'  mxiA+ya  sin  J+  o'/S'  sin  C)  (o' sin  ji 

+  3'8mj5  +  7'sui(7) 

an  (3'+7'cosui)(7'  + jS'cosui) 


ssin^  sinB  Bin(7(asin^  +  3  sin^+7  sinCT)  I ' 


sinul 


&ff  (7  +  a  cos  i8) (a  +  7  cos  jB)  ^  77'  (a'  +  iB'  cos  (7)(iS'  +  a'Icos  O) 


sinJ? 


sin  (7 


|.     (330 


This  equation  remains  unaltered  if  we  substitute  for  a ,  fi\  y*  their  reci- 

111 
procals  -7,    — ,,    — ,.    Hence  the  pedal  circle  of  a  point  and  its  reciprocal 
a      3      7 

are  the  same. 

8.  The  Simson's  line  of  any  point  cL0y'  on  the  circumcircle  is 

ao'  (3'  +  y  cos -4)  (y  +  ZTcos^)      jBjS^  (7'  +  g^  cos 5)  (ai'+  y  cos^) 


sin  ^  '  sin  ^ 

77'  (g'  +  /9'  cos  (7)  (jS'  +  »  cos  (7) 
sin  C7 


=  0. 


(331) 


9.  Prove  that  /3^  +  7'  —  237  cos  A  =  constant  represents  a  circle. 

10.  If  5  =  0,  5'  s  0  represent  two  circles  whose  radii  are  r,  r',  prove 
that  the  circles 


(332) 


cut  orthogonally. — (Croftok.) 
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11.  If  (a,  b,  c,  f,  fff  h)  (a,  fi,  yf  represent  a  circle,  and  if  the  same,  wlien 
transfozmed  to  Cartesian  co-ordinates,  becomes 

find  the  ralue  of  m. 

Ana,  ^ (a  +  &  +  0  -  2/cos^  -  2;^  oosi^  -  2A  cos  C?). 

Dbf. — We  shall  call  m  th$  modulut  of  the  equation* 

12.  Find  the  modulus  f or  iS^  sin  ^  +  7a  sin  J?  +  aj3  sin  (7. 

Ana,  -onAmnB  anC.        (333) 

13.  Find  the  modulus  for  the  incircle 

ABC 
Ana,   4co8' —  cos'-cos'-.     (334) 

Z  Z  A 

14.  If  a,  h,  e  denote  the  lengths  of  the  sides  of  the  triangle  of  reference, 
prove  that  ao?  +  iiB*  +  (J7*  +  (a  +  i  +  0)  (a/3  +  J87  +  70)  =  0  denotes  a  circle 
through  the  centres  of  the  three  escribed  circles. 

15.  If  jS  B  radius  of  circumctrcle,  prove  that  the  modulus  of  the  circle 
in  Ex.  14  is  2£  sin  ^  sin  JB  sin  C. 

16.  •  The  equation  b$^  +  C7«  -  oa'  +  2  («  -  a)  {^y  -ya-afi]  mO  de- 
notes the  circle  through  the  incentre  and  two  ezcentres,  and  its  modulus 
is  —  2i2Binj<6in^sin(7. 

I 

17.  If  3  =  distance  of  incentre  from  circumcentre,  prove,  by  aid  of  the 
modulus  of  the  equation  of  the  circumdrde,  that 

18.  If  on  the  sides  AB,  BO,  CA  of  the  triangle  of  reference  portions 
BF,  CD,  AS  be  cut  off  equal  to 


^©'  ^G)'  "G) 


respectively,  where  \  denotes  a  line  of  any  given  length,  the  triangle  BDF 
is  similar  to  ABC.    For,  by  an  easy  calculation, 

A«  (a»^»  -f  yg'  +  c'g')  -  \ahe  (a»  4-  y  +  g«) + a«y g» 

with  similar  values  for  FE*,  EI^, 

19.  Find  the  condition  that  the  general  equation  in  barycentrio  co-ordi- 
nates represents  a  circle. 

Ana.  (J  +  tf-2/)/Bin»-4  =  (<j+a-2^)/sin«5  =  (a  +  *-2A)/sin«(7.    (336) 
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20.  Prove  that  in  baryoentiic  oo-ordinateB 

(i»  +  c»-a«)a«  +  (fl«  +  a«-*«)/82  +  (tf»  +  *»-c2)7»"0         (337) 
represents  a  circle. 

21.  Prove  that  the  anti-complementary  of  (337)  is 

(a  +  iB  +  7)  (a«a  +  b^fi  +  e^)  -  (a»i8y  +  ft'^a  +  d^afi)  =  0. 

(LONGCHAMPS.) 

22.  Prove  by  the  method  of  mutual  powers  that  the  circle  through  the 
middle  points  of  the  sides  touches  the  inscribed  and  escribed  circles. 

Let  Jf  denote  the  circle  through  the  middle  points,  X  the  iucircle,  and 
1,  2,  3  the  middle  points  of  the  sides,  then,  by  Frobenius's  theorem,  §  98, 
we  get 

0, 


{UN),      {NX), 


0, 


{NX),      {XX),      {h^c)\      {c^a)\     («-*)» 
0,        {h  -  c)\ 

0,        {c  -  af, 


4^ 

^ 

}? 

0, 

4' 

4 

<J» 

g%^ 

a« 

4' 

0, 

4 

«> 

a> 

g% 

4' 

4' 

0 

=  0. 


(Lachlam.) 


0,        (a  -  h)\ 

Hence  {NN),  {XX)  =  {NX)\ 
Therefore  N  touches  X.    Similarly  it  toubbes  the  escribed  circles. 

23.  Find  the  radical  axis  of  the  incircle  and  the  circle  through  the  middle 
points  of  the  sides. 

SEcnoK  IV. — Tangential  Eqitations. 

128.  To  find  the  tangential  equation  of  the  circumeirele  of  the 
triangle  of  reference. 
First  method, — If  we  eliminate  y  between  the  equation  of  the 

circumeirele  -  +  s  +  -  =  0  and  the  line  Xa  +  aB  +  vy  =  0,  we 
o     ^      y 

get  (JX)a*+  (flX  +  hfi  -  ev)ap  +  {afj.) p*  =  0. 

ITow  this  denotes  two  lines  passing  through  the  point  (a^) 
and  the  points  where  the  line  Xa  +  fi,p  +  vy  =  0  meets  the 
circle.  Hence,  if  it  be  a  perfect  square,  the  line  touches  the 
circle  ;  that  is,  if 

a^\«  +  JV  +  «*«^  -  2ah\/i  -  2hcfiv  -  2eavX.  »  0. 
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But  the  nonn  of  this  is 

\/ak  +  \/^/A  +  \/cv  =  0. 
Hence  ^J\  +  ^^  +  ^'^  ^  o  (338) 

is  the  condition  that  the  line  Xa  +  fi)3  +  k/  «  0  should  touch  the 
circle,  and  is  on  that  account  called  its  tangential  equation. 

If  the  equation  of  the  circle  be  in  barycentric  co-ordinates 
the  tangential  will  be 

flv^X  +  h  v/ft  +  c*/v  =  0.  (339) 

Second  Method. — The  same  equation  can  be  obtained  other- 
wise as  follows : — Since  Xa-hfi/S  +  vyO  is  a  tangent  to  the 
circle,  if  the  point  of  contact  be  a'^y,  comparing  it  with  equa- 
tion (314),  we  have 

a  h  e 

^^^'    ^^'^    ""^Y^' 

Hence  -#  +  •;^  +  -7  =  ^/a\  +  ^/btl  +  \^ev. 

a'     p'     Y 

But  since  a'/^Y  is  a  point  on  the  circumcircle,  we  have 

a       h       0      ^ 

Hence  v^aX  +  V^  +  \/cv  =  0. 

129.  To  find  the  tangential  equations  of  a  circle  drcumserihed 
to  a  polygon  of  any  number  of  sides. 

This  problem  requires  the  following  lemma : — If  AB  he  a 
chord  of  a  circle  APB^  and  A,  /a  denote  the  perpendiculars  from 
A,  B  on  the  tangent  at  F;  a  the  perpendicular  from  P  on  AB : 
then  a'  =  X/A.     [Euclid,  vi.  xvii.,  Ex.  11.] 

Now,  if  a  polygon  ABCD^  &c.,  of  n  sides  be  inscribed  in  the 
circle,  and  if  the  standard  equations  of  the  sides  be  a  =  0,  j3  =»  0, 
&c.,  we  have  by  eqaation  (311) 

AB     BC     CD     BE     ^ 
a         p  y         o 
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Hence,  if  the  perpendicnlars  from  Ay  B,  C,  &c.,  on  any  tan- 
gent to  the  circle  be  denoted  by  X,  ft,  v,  p,  &c.,  we  have 

AB       BC       CD      ^  LA      ^       ,,,^, 

-T=-  +  -yz=z  +  -T=  +  &o. . . .  +  -y^  =  0,      (340) 

V  Aft     V  ftv      vvp  V  u)X 

which  is  the  required  equation. 

Cor. — If  the  polygon  reduce  to  a  triangle,   the  equation 
(340)  becomes 

e  a  h        ^ 

^/\lJL       V  /xv       V  vX 

or  a  v/X  +  h  */ ^  +  e  -v/v  «  0, 

which  has  been  already  found. 

130.  To  find  the  tangentid  equation  of  the  inoirele  of  the  tri- 
angle of  reference. 

If  Xa  +  /x)9  +  17  =  0  be  a  tangent  to  the  circle,  comparing  it 
with  equation  (323),  viz. — 

—=  +  — =  +  — =■  =  0, 

v/a'       y/^       ^i 

we  have  — —  =  X,  &c.     Hence  /» v^a'  =  r-,  &c. 

But,  since  a')3'y  is  a  point  on  the  circle, 

therefore  r-  +  —  +  -  =  0 ; 

X     fi      V 

and  restoring  the  values  of  /,  n>,  n  (see  §  124),  we  get 

C08*i^      cos'i-5      cos'iC^     ^  ,^_, 

— -—  + ^—  + ^—  =  0,  (841) 

A  /A  V 

which  is  the  required  equation. 

131.  To  find  the  tangential  equation  of  the  incircle  of  an  n-sided 
polygon. 
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If  AB  be  any  chord  of  a  circle,  P  any  point  in  its  circum- 
ference, Q  the  pole  of  AB ;  then,  if  a,  \  be  the  perpendiculars 
from  P  on  ABy  and  from  Q  on  the  tangent  at  P  respectively, 
it  may  be  easily  proved  that  a  -r  X  a  eimiA  QB  ;  but  if  J2  be 
the  radius  of  the  circle,  AB  =  2B  cos  i  A  QB.    Hence 

AB  _  2^  cot  i  ^  QB 
a  A 

Ilow,  for  any  inscribed  polygon  we  have,  by  equation  (311), 

AB     BC     CD     ^ 

a  ^  y 

Hence,  for  a  circumscribing  polygon  whose  angles  axe  A,  B^  0, 
&c.,  we  have 

coti^      coti^     cotiC     ^        ^        ,^^„. 
— r—  +  — ^—  +  — ^—  +  &c.  =  0  ;      (342) 

where  X,  /i,  v,  &c.,  are  the  perpendiculars  from  the  angles  on 
any  tangent  to  the  circle. 

Cor. — In  the  case  of  a  triangle  we  get 

cot^^      cot^^      cot^C     ^  ,„,^^ 

— r—  + ^—  +  — ^—  =  0>  (343) 

A  ft  V 

which  is  the  tangential  equation  for  barycentric  co-ordinates. 

jaSOBIaLAHBOXXS  EZBBOISBS. 

(On  the  Cibclb.) 

1.  Find  the  centre  and  radius  of  ^  +  y^  ~  Qx  •¥  Sy  -  II  ^  0. 

2.  Find  the  value  of  m  if  y  =  itm;  be  a  tangent  to  x*-\-f/* -Bx-  2y+  8b0. 

3.  Find  the  points  where  d;^  +  y'-7a;-8y+12  =  0  cuta  the  axes. 

4.  Find  the  circle  through  the  origin,  and  making  intercepts  A,  k  on  the 
axes. 

5.  If  the  axes  he  oblique,  find  the  equation  of  a  circle  touching  each  at  a 
distanoo^  from  the  origin. 
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6.  Find  the  circle  through  the  points  (7,  6),  (-  2,  4),  (3,  -  8). 

7.  Find  the  circle  whose  diameter  is  the  inteicept  made  by 

ic»  +  y»  =  r»    on     -  +  ^-l«0. 

a     0 

8.  Find  in  the  same  case  the  pair  of  lines  from  the  origin  to  the  points 
of  intersection. 

9.  Find  the  length  of  the  common  chord  of  {x  -  a)'  +  (y  -  d)*  =  r*, 
(X  -  bY  +  (y  -  «)»  =  r». 

10.  Find  the  equation  of  the  circle  whose  centre  is  (2,  3],  and  which 
touches  3d;  +  4y  +  12  e=  0. 

1 1 .  Find  the  condition  that  the  line  Ksc  +  iiy  -^  p  ^  0  may  touch  the  circle 

12.  Find  the  radical  centre  of  the  circles  a;>  +  y*  +  6d;  +  4y  +  12  =  0, 
a?*  +  y*  -  6a?  +  4y  +  12  =  0,  «»  +  y«  +  6a?  -  4y  +  12  =  0. 

13.  Through  O,  the  origin,  a  line  OFQ  cuts  a;»  +  y«  +  2ya?  +  2/y  +  «  =  0 
in  the  points  P,  Q ;  find  the  locus  of  ^  in  each  of  the  following  cases : — 

l**.  When  OR  \b  Kn  arithmetic   mean  between  OP,  OQ,    V,  A 
geometric  mean.    3^.  A  hannonic  mean. 

14.  If  two  tangents  be  drawn  to  a;'+y»-r'  =  0  from  the  point  (a,  0), 
find  the  equation  of  the  incirde  of  the  triangle  formed  by  the  tangents  and 
the  chord  of  contact. 

16.  If  0  be  the  centre  of  a  circle  whose  radius  is  r,  prove  that  the  area  of 
the  triangle  widch  is  the  polar  reciprocal  of  a  given  triangle  ABC  is 

r*  (ABC)'^  -r  4  {AOB) .  {BOG) .  (COA),  (344) 

16.  Prove  that  a  triangle  and  its  polar  reciprocal  with  respect  to  any 
given  circle  are  in  perspective. 

17.  If  a  chord  of  a  given  circle  of  a  coaxal  system  pass  through  either 
limiting  point,  the  rectangle  contained  by  the  perpendiculars  from  its  extre- 
mities on  the  radical  axis  is  constant. 

18.  The  three  circles  whose  diameters  are  the  three  diagonals  of  a  com- 
plete quadrilateral  are  coaxal. 

19.  Being  given  two  circles  0,  (/.  If  AA\  BB*  be  exterior  common 
tangents,  and  CC,  BB  interior  common  tangents,  prove  that — r.  CA^  CA' 
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are  perpendicular,  and  intersect  on  the  line  of  centres ;  2*.  If  the  chords 
CA,  CB*  intersect  in  S,  CB  and  C'A*  in  K,  the  line  EB^  passes  through 
the  intersection  of  CC\  DB' ,  (Nbubebo.) 

t 

20.  Find  the  polar  equation  of  the  circle  whose  diameter  is  the  join  of 
the  points  {p'S'),  (p"e"). 

21.  The  equations  of  any  two  circles  can  be  written  in  the  forms 
«*  +  y>+2^  +  8  =  0,  iF»  +  y*+  2k'x  +  «  =  0,  and  one  is  within  the  other 
if  kk'  and  S  are  both  positive. 

22.  If  three  given  circles  be  cut  by  a  fourth  circle  a  which  is  yariable, 
the  radical  axes  of  A  and  the  given  circles  form  systems  of  triangles  in 
perspective. 

23.  If  S  be  the  circumradius  of  the  triangle  ABC,  prove  that  the  dis> 
tance  between  its  orthooentre  and  circumcentre  is 

B  Vl  -  8  cos^  iiwB  cos  C.  (346) 

24.  The  locus  of  the  radical  centre  of  the  circles   (x  —  a)'  +  (y  -  6)^ 

=  {r  +  P)\  (^  -  «')*  +  (y  -  ^y  =  (r  +  P')\  {X  -  a")'  +  (y  -  *")'  =  (^  +  p')\ 
where  r  is  a  variable  quantity,  is  a  right  line. 

25.  If  a7  =  kfiZ  represent  a  circle,  prove  that  A  s  i,  and  give  the 
geometrical  interpretation. 

26.  If  ay  =  kB^  represent  a  circle,  prove  k^X,  and  give  the  interpreta- 
tion. 

27.  ABG ...  is  a  polygon  of  n  sides  inscribed  in  a  circle  whose  centre  is 
B;  GiB  the  centre  of  mean  distances  of  the  points  Af  B,  ^,  . . .,  and  0  is 
any  point  on  the  cirde  whose  diameter  is  GB.  The  power  of  the  point  0 
with  respect  to  the  first  circle  is 

=  {OA*  +  0J8«  +  0(7»  +  .  .  .)/».  (346) 

(Laisant.) 

28.  Prove  that  the  tangential  equation  of  the  circle  whose  radius  is  r,  and 
centre  afi'Y,  is 

r*  (\»+;t*+  K*-2>iy  oos-4 -2vA  cobB-  2AmC08  (7) ■»  {Xa+fifi'  +  r/)'.  (847) 

29.  The  sum  of  the  powers  of  any  point  Pwith  respect  to  the  four  circles 
whose  diameters  are  the  four  sides  AB,  BC,  (7Z>,  DA  of  a  quadrilateral  \& 
equal  to  four  times  the  power  of  B  with  respect  to  the  circle  whose  diameter 
is  the  line  joining  the  middle  points  of  AC^  BJD.  (Laisamt.) 
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30.  If  the  sum  of  the  perpendicidars  on  a  variable  line  from  any  number 
of  given  points,  each  multiplied  by  a  constant,  be  given,  the  envelope  of  the 
line  is  a  circle. 

31.  Find  the  condition  that  the  points  are  conoyclic  in  which  the  circles 
«*  +  y*  +  ^a?  +  /y  +  <?  =  0,  a?  +  y*  +  /«  +  /'y  +  c'  =  0  meet  respectively 
the  lines    Aa:  +  juy  +  jr  =  0,    \'x  +  fiy  +  •  =  0. 

32.  Find  the  equations  of  the  tangents  to  the  **  Nine-points  Circle  "  at  its 
points  of  contact  with  the  escribed  circles. 

33.  The  circle  which  passes  through  the  symmedian  point  P  and  the 
points  B,  C  of  the  triangle  of  refeienpe  is  jfl     jii  siiifl^^t^C  .  f^  (348) 


where  8&afiBinC+  fiy  em  A  +  ay  sin  F, 

34.  The  circle  whose  diameter  is  the  side  a  of  the  triangle  of  reference  is 
e?  oos-4  =  i37  +  a(/3  cos 5+  7  cos  (7).  (349) 

This  may  be  inferred  from  Ex.  14,  p.  77,  but  we  indicate  an  independent 
proof  here.    The  equation  will  evidently  be  of  the  form 

*a  (a  sin -4  +  /B  sin  B  +  7  sin  (7)  +  (oiS  sin  (7+  iSy  sin  -4  +  ya  sin  ^)  =  0. 

Now,  put  i3  a  0  in  this,  and  equate  the  result  to  a  cos  ui  -  7  oos  (7,  and  we 
get  Jt  a  —  cos  ^  :  this  gives  the  required  equation. 

36.  To  find  the  equation  of  the  circle  which  passes  through  the  feet  of  the 
perpendiculars.  The  Une  iSco6S  +  7COs(7-acoe^  =  0  will  evidently  be 
the  radical  axis  of  this  circle  and  the  last.  Hence  the  equation  will  be  of 
the  form 

O  cos  J9  +  7  cos  C  -  a  cos  u4)  0  sin  B  +  7  sin  C  +  a  sin  ^) 

«*  {c^coeui-/37-a(i3cosB  +  7  00s(7)}  ; 

and  this  must  pass  through  the  points  whose  co-ordinates  are  0,  cos  C,  00s  £. 
Hence  A;  =  —  2  sin  ^ ;  and  by  substitution  and  reduction  we  get 

«3sin2^+iS'Bin2B+7'8in2(7-2(i37Binu4  +  7asin^  +  ai3sin(7)  =  0.   (360) 

36-38.  0,  (y  axe  two  circles,  8  a  centre  of  similitude,  SA'B^AB  a  secant 
through  S,  circles  2),  D'  touch  0^  (/  m  the  pairs  of  points  A^  3*,  A',  B, 
respectively,  when  the  secant  turns.  1**.  The  difference  of  the  radii 
of  the  circles  2),  D'  is  constant.  2°.  One  of  their  centres  of  similitude 
describes  the  radical  axis  of  the  circles  0,  0\  3^.  The  foot  of  the  radical 
axis  of  D,  D'  describes  a  circle.  (Nbxtbbko.) 

89.  Being  given  a  point  C,  and  two  lines,  OX^  OT,  through  (7  are  drawn 
two  lines  cutting  OX,  OTin  concyde  points,  prove  that  the  locus  of  the 
<»ntre  of  the  circle  through  these  points  is  a  rig^t  line.  (Lbhoimb.) 
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40.  If  a,  ^,  7  denote  the  tangents  drawn  ixom  any  point  to  three  ooazal 
ciidea  whose  centres  are  ^,  ^,  C,  prove  that 

BC<^  +  C^/3«  +  ABy^  «  0.  (361) 

41.  ProTe  that  a  common  tangent  to  any  two  circles  of  a  coaxal  system 
subtends  a  right  angle  at  either  limiting  point. 

42.  If  through  the  symmedian  point  an  antiparallel  be  drawn  to  one  of  the 
sides  of  the  triangle  of  reference,  find  the  equation  of  the  circle  described 
on  the  intercept  made  by  the  other  sides  on  it  as  diameter.  This  will  pass 
through  the  three  points  tan^,  sin  C7,  0 ;  0,  tan^,  sin  A ;  sin^,  0,  tan  C, 

43.  FateaVt  Theorem. — The  intersections  of  opposite  sides  of  a  hexagon 
inscribed  in  a  circle  are  coUinear. 

Let  the  equations  of  ^C?  be  a  »0;  BE^y^O;  EF,fi^(i;  CF,8=0: 
then  the  equation  of  the  circle  will  be   a/S  -  78  »  0. 


The  equation  of  AB  will  be  of  the  form  /a  -  7  «  0 ;  of  AF,  fi-^lS^O; 
of  DS,  fi-my^O;  of  CD,  ma  -  8  »  0 ;  it  will  be  seen  that  the  line 
Ima  -3  =  0  passes  through  each  pair  of  opposite  sides. 

44.  If  t%  f,  t"  be  the  tangents  drawn  to  a  circle  from  the  vertices  of 

a  self -con jugate  triangle ;  B  the  radius  of  the  circle,  and  A  the  area  of  the 

triangle;  then 

-4A»iP=r»<"»r'».  (362) 

(Prof.  Cuktib,  S.J.) 

For  if  (x'j^,  .(aj'V),  («">'")  be  the  vertices  of  the  triangle,  multiplying 

the  determinants 


«', 

y-. 

■K, 

*'. 

if. 

-s, 

'-», 

0, 

0, 

*", 

/', 

■8, 

«", 

v\ 

-8, 

we  get 

0, 

«"», 

0, 

^'•, 

r. 

-B. 

«"'. 

r. 

-s, 

0, 

0. 

«•"», 

which  proves  the  proposition. 
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46.  Find  the  equation  of  the  circle  whose  diameter  ia  any  of  the  perpen- 
diculars of  the  triangle  of  reference. 

46.  If  a  =  0,  iS  B  0,  7  =  0,  8  =  0  be  the  standard  equations  of  the 
sides  of  a  cyclic  quadrilateral,  and  their  lengths  a,  b^  e,  d,  the  equation  of 
the  third  diagonal  is 

a      B       'tf       8 

(363) 


a     0      y      9 
abed 


47.  In  the  same  case,  if  c  »  0,  ^  ==  0  denote  the  other  sides  of  the  quad- 
rangle, and  e,  /their  lengths,  the  equations  of  the  remaining  sides  of  the 
diagonal  triangle  are 


5  +  1  +  1  +  1=0.  f+i  +  ?  +  *    0. 

a     0      c     f  b     0      d    f 


(364) 


48.  The  circle  passing  through  the  summit  A  oi  a.  triangle  A£C,  and 
through  the  feet  of  its  internal  and  external  bisectors,  is 

m{B  -  C)  {afi  an  C  +  fiy  em  A  +  ya  sin  J?) 

+  (jB  sin  C7-  7  onB)  (a  sin^  +  /3  sini?  +  7  sin  0)  a  0.      (366) 

This  circle  and  its  two  analogues  are  called  the  circles  of  ApoUonius  ;  their 
centres  are  the  points  of  intersection  of  the  sides  of  the  triangle  ABC  with 
the  tangents  drawn  to  the  ciroumcirde  through  the  opposite  summits. 
They  are  coaxal,  the  radical  axis  being  the  Brocard  diameter 

8in(J  -  (7)  a  + sin(C-^)  iS  +  sin  (^  -  J)  7  =  0. 

49.  Find  the  equation  of  the  pair  of  lines,  from  the  origin  to  the  inter- 
section of  the  circles 

60.  With  the  same  hypothesis  as  in  Ex.  44,  prove 

i^a  +  pi  +  p.  =  ^i*  (Paop.  Curtis,  S.J.)    (366) 
Equate  to  zero  the  product  of  the  two  matrices 


«', 

y', 

-8, 

'i. 

V, 

s. 

*", 

y", 

-iJ, 

«", 

9", 

s, 

*  » 

y"', 

-«. 

«'". 

y"', 

s, 

0, 

0. 

-JJ. 

0, 

0, 

s 
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61.  If  JV  »  0  be  the  equation  of  the  <<  Nine-points  Girde,"  prove  that  the 
circle  whose  diameter  is  the  median  that  bisects  a  is 

N-  2aco8^(a8in^+/38Uij9-|-78in(7)s=0.  (867) 

62.  The  radical  azis  of  the  circumcircle  and  the  circle  whoee  diameter  is 
the  median  that  bisects  a  is 

^  008^  +  7  008^=0.  (368) 

63.  Find  the  equations  of  the  circles  whose  diameters  are  the  joins  of 
the  feet  of  the  perpendiculars  of  the  triangle  of  reference. 

64.  If  the  three  sides  of  a  plane  triangle  be  replaced  by  three  circles, 
then  the  circle  tangential  to  those  corresponding  to  the  inscribed  and 
escribed  circles  of  a  plane  triangle  are  all  touched  by  a  fourth  circle 
(Dr.  Hart's),  which  corresponds  to  the  ''  Nine-points  Circle"  of  the  plane 
triangle.    Its  equation  is 

8i  Si  Sz  Si 

12M3M4      21'.23.24      31'.32.34      41'. 42. 43 

where  Si,  St,  &c.,  correspond  to  the  inscribed  and  escribed  circles  of  the 
plane  triangle,  and  12',  &c.,  denote  transverse  common  tangents. 

66.  Find  the  equations  of  the  circles  whose  diameters  are  the  joins  of 
the  middle  points  of  the  sides  of  the  triangle  of  reference. 

66.  Find  the  equation  of  the  circle  which  passes  through  the  points  of 
intersection  of  bisectors  of  angles  with  opposite  sides. 

67.  If  ABCD  be  a  cyclic  quadrilateral,  AC  the  diameter  of  its  circum- 
cirde,  prove  the  difference  of  the  triangles  BAB,  BCD  -\AC^  w^AD.  < 

(STBimiB.) 

68.  If  a  point  in  the  plane  of  a  polygon  be  such,  that  the  area  of  the 
figure  formed  by  joining  the  feet  of  perpendiculars  from  it  on  the  sides  of 
the  polygon  be  given,  its  locus  is  a  circle.  {Ibid.) 

69.  If  any  hexagon  be  described  about  a  circle,  the  joins  of  the  three 
pairs  of  opposite  angles  are  concurrent.  (Briakchon.) 

Let  the  equation  of  the  circle  be  Via  +  VmjB  +  Vuy  s  0 ;  ABC  the  tri- 
angle of  reference ;  and  let  the  equations  of  the  alternate  sides  DB,  FG, 
KK  of  the  hexagon  be  respectively 

Aa  +  m/3  +  V7  =  0,     \'a  +  fi0  +  v'y  =  0,     \"a  +  fi"fi  +  p"y  «  0. 
Hence  ($  130), 

_+_+_. 0.    J7  +  -.  +  P-0,    _+-  +  _  =  0.  (1.) 

1.2 
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Again,  the  equations  of  the  three  diagonals  are  easily  seen  to  be — 


for    OD, 


^       fi        y      f. 


,♦     HBf 


„     Jy. 


^+^-  +  -3^  =  0. 
m'V     xV    a'm" 


And  the  condition  of  concurrence  is  the  vanishing  of  the  determinant. 


mV 

xV 

aV 

I 

1 

1 

m'V 

xV 

m'V 

1 

1 

1 

Factor 

xV" 

a'm" 

this  differs  only  by  the  factor    -y^j-  from  the  determinant  got  by  elimi- 

nating  2,  m,  n  from  tbe  equations  (i.).    Hence  the  proposition  is  proved. 

(See  Wrioht's  Trilinear  Co-ordinatu,) 

60.  The  diameter  of  the  circle  which  cuts  the  three  escribed  circles  ortho- 
gonally is 


a  i 

-; 7  (1  +  COS^COS^  +  COS^  COS  (7+ COS  (7co8-4)'. 


(360) 
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The  co-ordinates  of  the  radical  centres  of  the  three  escribed  oirclei  are 
n  cos  ^  (j9  -  C)  /  2  sin  I  ^y  &o.  Substitute  these  in  the  equation  of  the  ex- 
circle,  which  touches  a  externally,  yiz. — 

a>cos«i^  + /3>8in«}^  +  TSsin^i  (7i^  2/97  8in<i^  sin'K 

+  27a  sin'  i  (7  cos^  ^  ^  +  2a/3  co8>  M  sin*  i  ^, 

and  divide  the  result  by  the  modulus  of  the  circle  ;  that  is,  by 

4co8>}^8in>i^Bin*}C. 

The  quotient  is  the  square  of  the  radius  of  the  orthogonal  circle.  In 
reducing,  we  substitute  for  r  the  value  a8in}^8in|(7/cos|^*  Thus 
we  get — 

a  \ 

2J  =  r— : — -  (1  +  cos^  cosS  +  oos^oos(7+cobC7co8^)'. 
2  sinul  ^  ' 

61.  HA' J  B'y  (T  be  the  feet  of  the  altitudes  of  the  triangle  ABC^  prove 
that  the  joins  of  the  incentre  and  circumcentre  of  the  triangles  AB'C*, 
BCA%  CA'B'y  respectively,  are  concurrent,  and  that  the  common  point  is 
at  the  contact  of  the  incircle  and  ''  Nine-points  Circle." 

62.  A  similar  theorem  is  true  for  the  joins  of  the  excentres  and  circum- 
centres. 

63.  The  diameters  of  the  circles  cutting  the  inscribed  circle  and  two 
escribed  circles  orthogonally  are 

(1+cosul  cos^-cosJ?cosC+cos(7cos^}},  &c.      (361) 


fanA 


64.  Prove  by  the  modulus  of  the  equation  of  the  ''  Nine-points  Circle  " 
that  it  touches  the  inscribed  and  escribed  circles. 


65.  Prove  that  the  determinant 

«  +  /',       y+/",      /'«+/"y  +  «", 


=  0         (362) 


is  the  circle  orthogonal  to  the  three  circles  «'  +  y*  +  2/jp  +  Tfy  +  «'  es  0, 
&c. 

66.  There  exists  a  relation  of  the  form  2mP=  constant,  whero  mi,  ma,  &c., 
are  certain  constants  whose  sum  is  zero,  between  the  powers  Pi,  Pa,  &c., 
of  any  arbitrary  point  Jf,  and  four  fixed  ciroles  whose  centres  are  u^i,  Az^ 
ftc.  (Lucas.) 
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For  let  Pi  a  «»  +  y*  -  2a\x  -  2/3i7  +  7i  •  •  • 
Then,  eliminating  9^  -¥  tf^,  x,  y  \ 


-Pi  -  71, 

1, 

«1, 

iSi, 

P2-71, 

1, 

a%f 

/B2, 

i*8-73, 

1, 

«3, 

iSsi 

i*4  -  74, 

1, 

04, 

)34 

0. 


Henoe 


3P1 .  AtAzAi  es  2yi .  A%AzAi, 


(868) 


Cor.^-If  71  s  yi  ss  <y3  B  <y4,  the  four  circles  are  orthogonal  to  a  fifth,  and 
then  2mPsO. 

67.  There  exists  a  relation  of  the  form  tmP  s  0  between  the  powers  of 
any  arbitrary  point  with  respect  to  fire  fixed  circles.  2m  in  this  relation  is 
aero.  {Ibidn) 

68.  If  three  circles  whose  centres  aze^',  P',  C  pass  respectively  through 
the  pairs  of  points  P,  C;  C^  A\  A^B;  and  if  their  powers  with  respect  to 
^,  Py  C  be  Pat  JPbf  Pet  the  barycentiic  co-ordinates  of  the  radical  centre 
are  1/P«,  I/l^,  1/P«.  (Neubbro.) 

69.  In  the  same  case,  if  0  be  the  circumcentre  of  ABCf  the  areas  of  the 
triangles  OJB'O',  OC'A\  OA'V  are  proportional  to  1/P«,  1/i^,  l/Pc 

{Jbid,) 

70.  Find  the  equation  of  the  cirde  whose  diameter  is  the  join  of  the 
orthocentre  and  symmedian  point  of  the  triangle  of  reference. 


CHAPTER  IV. 

THE  GENEBAL  EQUATION  OP  THE  SECOND  DEGREE. 

Cabtesian  Go-obdikates. 

132.  The  equation  i8aa^+ 2A^  + 3^  +  2^^4-2/^+ ^^  0,  or 
as  it  may  be  written  ih  +  th  +  tto-O  where  u^  denotes  the  terms 
of  the  second  degree,  &c.,  is  the  most  general  equation  of  the 
second  degree.  The  object  of  this  chapter  is  to  classify  the 
curves  represented  by  it,  to  reduce  their  equations  to  their 
normal  forms,  and  to  prove  some  properties  common  to  all  these 
curves.  Our  investigations  will  include  the  following  sub- 
divisions : — 

1°.  Centres.  2^.  Diameters.  8^.  Conjugate  Diameters. 
4?.  Axes.  5°.  Tangents.  6°.  Poles  and  Polars.  7°.  Classifica- 
tion of  Conies.     8°.  Asymptotes.     9°.  Newton's  Theorem. 

Fbblimikaby  Algebbaio  Pbofositions. 

133.  In  any  quadratic  equation  ap^-\-hp-\-  e^  0,  if  the  eoeffieient 
of  f?  vanish,  one  of  the  roots  wiU  he  infinite  and  the  other  finite.  If 
the  coefficients  of  ^  and  p  vanish  both  roots  will  he  infinite, 

Dem. — ^Put  p  =  -  and  the  equation  ap'  +  3p  +  e^  =  0  becomes 

ep^^  +  2hp'  +  fl  =  0.  Now  if  a  =  0  one  value  of  p'  is  zero,  and 
the  other  is  -  ^hje.  Again,  it  not  only  a  «  0  but  also  5  »  0  the 
second  value  of  p'  is  zero ;  but  when  p*  is  zero  p  will  be  infinite. 
Hence  the  proposition  is  proved. 
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134.  Dep. — The  restdt  obtained  from  any  expression  S  in  x  hy 
multiplying  each  term  hy  the  index  of  x  in  that  term,  and  dimi- 
nishing the  index  hy  unity ,  is  called  the  derived  of  8  with  respect 
to  X. 

The  equation  8  s  aa^  +  2hxy  +  hy*  +  2gx  +  2fy  4-^  =  0  has 
three  distinct  deriyatives. 

1°.  "With  respect  to  x,    2ax  +  2hy  +  2g. 

2°.  With  respect  to  y,     2Aaj  +  2hy  +  2/ 

3°.  If  we  make  8  homogeneous  by  writing  it  in  the  form 

aa^  +  hy*-\-c%*  +  2fy%  +  2g%x  +  2hxy  =  0, 

in  which  %  denotes  a  linear  unit,  we  get  a  derivative  with 
respect  to  s,  viz.  2gx  +  2fy  +  2c.  We  shall  denote  the  halves 
of  these  derivatives  by  8i,  82,  8^^  respectively.    Thus 

8isax  +  hy-{  g,  (365) 

82^hx  +  hy+f  (366) 

8^^gx  +  fy  +  e.  (367) 

135.  From  equations  (365)-(367)  we  get  at  once  Euler's 

theorem 

(x8i  +  y8t  +  %8^)  =  8.  (368) 

Chaitoe  of  OBionr. 

136.  Transform  5  s  tfar»  +  2hxy  +  hy*  +  2^a:  +  2/y  +  c  =  0  to 
parallel  axes  through  the  point  xy  we  get 

ax^  +  2hxy  +  hy*+  2'8iX+  28^  +"^=  0.  (869) 

The  following  remarks  on  the  composition  of  the  new  equa- 
tion are  very  important : — 1°.  The  terms  of  the  second  degree 
in  a;,  y  are  unaltered.  2^.  The  coe£Glcients  of  the  terms  of  the 
first  degree  arc  the  powers  of  the  point  xy  with  respect  to  the 
derivatives  of  8.  3°.  The  last  term  is  the  power  of  x^  with 
respect  to  8. 
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iNTEASECnON  OF  A  LiNE  AND  A  CoNIC. 

137.  In  order  to  find  the  intersection  of  a  line  y  =  mx-\-n 
with  8,  we  transfer  to  parallel  axes  throngh  a  point  ^  ^  of  the 
line.     Then  8  becomes 

aa^  +  2hxy  +  ^  +  28'iX+  2i^y  +  5  =  0, 

and  the  line  becomes  y  a  mx.  Hence,  for  the  points  of  inter- 
section  with  8,  we  have 

«»(a  +  2hm  +  3i»»)  +  2a?  (8i  +  wl^)  +  S"=  0. 

Hence  we  infer  that  a  line  cats  the  conic  8  generally  in  two 
points.  We  distinguish  the  following  particular  cases,  which 
will  be  studied  more  in  detail  further  on — 

1°.  If  (^1  ^.  mSjY  -  (tf  +  2hm  +  hm")  F  =  0. 
The  line  is  a  tangent  to  the  curve ;  and  as  this  is  a  quadratic 
in  m,  we  can  from  ^y  draw  two  tangents. 

2°.  If  fl  +  2hm  +  bm^  =  0,  every  line  whose  angular  coefficient 
satisfies  this  equation  meets  the  curve  in  one  finite  point,  and 
in  another  at  infinity. 

3^.  If  «  +  2hm  +  hm^  =  0,  8i  +  WiSa  =  0,  the  curve  meets  the 
line  in  two  points  at  infinity. 

4°.  If  a  +  2hm^  +  hm^  r.  0,  Sl^-  WiSf,  «  0,  8=0,  the  line  is 
contained  as  a  factor  in  8. 

The  discriminant  of  8  and  the  minors  are  given  in  §  37  ;  from 
the  values  there  given  we  find  at  once 

.     (370) 
GK-AF^fl^,    HF-'BG^gts.,    FG-CH^hb.) 

Ceistteb. 

138.  Def. — A  point  in  the  plane  of  a  conic  which  is  such  that 
every  secant  passing  through  it  meets  the  curve  in  points  equidistant 
from  it  is  called  the  centre. 
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Leicha. — If  the  origin  he  the  eentre  the  terms  of  the  first  degree 
in  the  equation  S^aa^  +  2hxy  +  Jy*  +  2gx  +  2fy  +  <?  =  0  vanish^  and 
eonversely. 

In  fact,  two  points,  symmetrical  with  respect  to  the  origin, 
have  co-ordinates  of  the  forms  a?,  y ;  -  a?,  -  y.  Hence  the  equa- 
tion does  not  change  if  the  origin  he  centre,  when  ^,  y  are 
replaced  hy  -  a?,  -  y.  This  requires  that  /=  0,  y  =  0,  which 
proves  the  proposition. 

BeSEABCE  of  CEirTBE. 

139.  If  the  point  xy  he  the  centre  of  8^  then  from  the  Lemma 
and  equation  (369)  we  must  have  8i  =  0,  Si^  0.  Senee  the 
point  common  to  the  lines  represented  hy  the  derivatives  of  8  with 
respect  to  x  and  y  is  the  centre,    Kow,  since  these  lines,  viz. 

/8^isfla?  +  Ay  +  y  =  0,     iSasAa?+  hy-^f=0, 

may  intersect  1°  in  a  finite  point  j  2°  at  infinity  ^  3°  he  coincident^ 
we  have  three  distinct  cases  to  consider. 

1°.  Let  ax  +  hy  +  g  =  0,    hx  +  hy  +/=  0  intersect  in  a  finite 

point. 

Solving  for  x  and  y  we  get  the  co-ordinates  of  the  centre, 

viz. 

X  =  {hf-  hg)l{ah  -  h*)  =  0/0.  (371) 

y  =  (yA  -  af)l{ah  -  A»)  =  Fj  C,  (372) 

Since  these  values  are  finite,  C  does  not  vanish.  We  shall 
9ee,  in  §  152,  that  the  curve  is  an  ellipse  or  hyperhola  according 
as  C  is  positive  or  negative.  These  curves  having  a  finite  centre 
are  called  central  curves, 

2°.  Let  <w?  +  Ay  +  y  =  0,  and  hx-^-hy  +/=  0  be  parallel- 
Here  we  have,  §  27,  Cor,  1,  ah  -  h^  =  0,  that  is  C7  =  0. 
Hence  the  co-ordinates  x,  y  are  infinite,  that  is  the  centre  is  at 
infinity.  The  curve  is  in  this  case  called  a  parabola.  Now, 
C  =3  0  is  the  condition  that  u^  =  0  may  be  a  perfect  square. 
Senee,  in  theparahola  the  centre  is  at  infinity,  and  the  terms  of  the 
second  degree  in  8  form  a  perfect  square. 
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3®.     Let  «af  +  Ay  +  y  «=  0,  and  ha  -^ly  +/-=  0  be  coincident. 
Here,  we  have  ajh  =  hjh  =  gjf.    Hence 

fl*-A»=0,   hf-hg^O,    ^A- a/=0,  or  C7=0,    G=0,   F=0, 

and  the  co-ordinates  i,  y  are  indeterminate,  as  they  should  be ; 
since  in  this  case  every  point  on  oa;  +  Ay  +  ^  »  0  is  also  a  point 
on  Ad?  +  Jy  +/  =  0  there  is  a  line  of  centres. 

BXDVCnOV  OF  THB  EQUATION  TO  THE  CeNTRB. 

140.  If  there  exists  an  unique  centre,  xy,  the  equation  (369) 
becomes  aa^  +  2Aa:y  +  Jy*  +  iS  =  0,  for  the  co-ordinates  x,  y  make 
Si  =0,  82  =  0.  But  from  Euler's  theorem,  xSi  +  yS^  +  %8^  =  8. 
Hence,  substituting  the  co-ordinates  i,  y  we  get 

S=8i^yx -^fy  +  e^{yG  -¥fF+  eC)IC^  /S./C. 

Hence  the  equation  when  transferred  by  parallel  axes  to  the 

centre  is 

flar»  +  2Ary  +  hy^  +  A/C^  0.  (373) 

141.  j^  there  exist  a  line  of  centres  the  general  equation  repre- 
sents two  parallel  lines. 

For,  transferring  the  origin  to  any  point  51,  y  of  the  line  of 
centres,  we  have  aa^  +  2hxy  +  hy^  +  8^  =  0,  as  in  §  140,  multi- 
plying by  a,  and  substituting  A'  for  ai,  this  becomes 

{ax  +  Ay)»  +  082  =  0,  (374) 

which  represents  two  parallel  lines ;  real,  if  a8z  be  negative, 
imaginary  if  positive. 

Diameters. 

Def. — The  locus  of  the  middle  point  of  a  system  of  chords  parallel 
to  a  fixed  direction  i%  called  the  diameter  conjugate  to  that  direction. 

142.  Let  y  =  mx  +  n  be  a  fixedjline. 

Transferring  the  origin  to  any  arbitrary  point  C  {xy)  we  get 

aa^  +  2Ary  +  ^y*  +  28iX  +  28^  +  ^S  =  0, 
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and  drawing  through  C  a  parallel  to  the  line  y  =  tnx-\-ny  this 
will  be  y  =  mx.  And  the  ahscissee  of  its  points  of  intersection 
with  8  are  given  by  the  equation 

x^{a+  2hm  +  hm^)  +  2x(S^  +  mSi)  +  8=  0.  (1) 


Supposing  a  +  2hm  +  hm^  not  zero,  then  the  line  y  ^mx  cuts  8 
in  two  points  i>,  -&  In  order  that  C  may  be  the  middle  point  of 
BEy  the  roots  of  the  preceding  equation  must  be  equal  in  mag- 
nitude, and  have  contrary  signs,  which  requires  8i  +  m8%  =  0. 
Therefore  the  locus  of  the  middle  points  of  a  system  of  chords 
parallel  to  the  line  y  -mx  -^-n  is 

8y  +  m8t  =  0.  (375) 

Hence  the  diameters  of  conies  are  right  lines. 

Also,  since  8i+m8z=  0,  passes  through  the  intersection  of  8i,  82, 
it  passes  through  the  centre.  Hmce  every  diameter  passes  through 
the  centre. 

Discussion. — ^The  equation  81  +  m82  =  0  may  be  written 

x{a  +  mh)  +  y  (A  +  mh)  +  {ff  +  mf)  =  0.      (2) 

1°.  The  equation  (1)  will  be  of  the  first  degree  if 

(a  +  2hm  +  hm^)  =  0, 
and  there  will  be  no  diameter,  properly  so  called.     See  §  153, 
Asymptotes. 

2°.  The  angular  coefficient  of  the  diameter  (2)  is 
,  _     (fl  +  mh)  __     afl  +  mhja\ 


h-^-mh  A  \H-  mbjh ) 

This  varies  with  m,  unless  hja  =  J/A,  or  aJ  -  A*  =  0. 
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Himee,  in  central  ewrvefi  every  system  of  parallel  chords  has  a 
corresponding  diameter. 

3°.  If  hja  =  hlh,  or  C  =  0,  »i'  =a  -  a/A,  and  is  independent 
of  fft,  but  m!  is  the  angular  coefficient  of  (2).  Hence,  in  the  para- 
bola all  the  diameters  are  parallel.    The  diameter  is  illusory  if 

a  -f  i»A  =  0,   A  +  m3  =  0,  for  then  m'  =  -;  but  the  case  of  a  +  mA 

=  0,  or  i»  =  -  a/h  is  that  of  the  diameters  of  the  parabola.  Menee 
the  diameters  of  a  parabola  form  a  parallel  system  which  do  not 
admit  a  diameter, 

4^.  If  we  have,  at  the  same  time,  a  +  mh^O,  h-^mb  =  0, 
^  +  «|/  =  0,  OT  m  ^  -  alh  ^-  hjb^-  gff  the  equation  (2) 
vanishes  identically.  This  occurs  when  the  general  equation 
represents  two  parallel  lines. 

Cor. — 8i  =  0  is  the  equation  of  the  diameter  which  bisects 
chords  parallel  to  the  axis  oi  x\  8^  =  0  oi  the  diameter  which 
bisects  chords  parallel  to  the  axis  of  y. 

COSTJUOATE  DiAlCETERS  OF  CsNTBAL  COKICS. 

148.  From  the  equation  *»'  -  -  ^ — ^ ,  §  142,  2°,  we  get 

A  +  mo 

a  +  A  (m  +  m')  +  bmm'  =  0.  (376) 

Since  this  equation  is  symmetrical  in  m,  m',  it  follows  that  the 
diameters  whose  angular  coefficients  are  m,  m'  are  such,  that 
each  bisects  chords  p6u:allel  to  the  other.  Such  diameters  are 
called  confugate  diameters. 

Cor.  1. — If  in  the  general  equation,  A  =  0,  the  axes  ofx,y  are 
parallel  to  a  pair  of  conjugate  diameters. 

For,  if  A  =  0,  8i  =  0  reduces  to  ax+g^O,  that  is,  the  diameter 
which  bisects  chords  parallel  to  the  axis  of  x  is  parallel  to  the 
axis  of  y. 

Cor.  2. — If  two  corrugate  diameters  be  taken  for  axes,  the  equa- 
tion of  the  curve  will  be  of  the  form    Msi^  +  Ny^  +  P  =  0. 

For  to  each  value  of  x  will  correspond  two  values  of  y,  which 
are  equal  in  magnitude,  but  of  contrary  signs. 


158        The  Qeneral  Equation  of  the  Second  Degree. 

AXBS. 

144.  Def. — A  diameter  of  a  conic  which  is  perpendicular  to 
the  chords  which  it  bisects  (called  its  conjugate  chords)  is  called 
an  axis, 

Fasabola. — The  angular  coefficient  of  the  diameters  of  a 
parabola  is  =  ~  afh.  Hence  the  angular  coefficient  of  the  chords 
perpendicular  to  the  axis  is  A/a,  and  substituting  in  8x-\-m8%-0j 
the  equation  of  the  axis  of  the  parabola  is 

a8i  +  hS^  =  0.  (377) 

Ceitfkal  Citbtes. — The  condition  that  two  diameters  are  con- 
jugate  is,  a  +  A  («  +  m')  +  hmm*  «  0  (376),  and  if  these  are  per- 
pendicular, mm!  =  -  1.     Hence  eliminating  m',  we  get 

fn^^rn{Jb-  a)lh  -  1  -  0.  (378) 

This  being  a  quadratic  in  m,  shows  that  there  are  two  axes. 

If  A  =  0,  and  h  -  a  not  zero,  the  roots  are  m  =  0,  and  m  «  oo  , 
and  the  axes  of  symmetry  are  parallel  to  the  axes  of  co-ordinates. 
If  A  =  0,  and  h  "  a^O,  the  equation  (378)  is  indeterminate. 
This  is  the  case  when  8  denotes  a  circle,  and  every  diameter 

is  an  axis. 

EEDTTcnoiir  6f  the  Genebal  Equation  to  the  Normal  Fobh. 

145.  Centbal  Cubtes. — It  has  been  proved  (§  140)  that  when 
the  centre  is  origin,  the  equation  of  the  curve  is 

ax^  +  2hxy  +  hy^  +  AlC=^0. 

We  shall  now  show  that  this  equation  can  be  further  simplified. 
Thus,  transforming  by  the  substitution  of  §  18  to  new  rect- 
angular axes,  inclined  at  an  angle  0  to  the  old,  that  is  putting 
X  =  xco8$  -yBmOf  y  =  a? sin ^  +  y  cos  tf ,  we  get 

a'x"  +  2h'xy  +  by  +  A/C  =  0, 

where  a'  =  a  cos*tf  +  b  bul^S  +  A  sin  26,  (379) 

b'  =  a  sin'tf  +  b  cob^O  -  A  sin  2tf,  (380) 

2 A'  =  2A  cos  2fl  -  (a  -  b)  sin  2$.  (381) 
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From  these  equations  we  get,  after  an  easy  calculation, 

a'  +  i'  =  a  +  ^    and  a'i' -  A"  «  oJ  -  A«.        (382) 

Henee  a  +  h,  and  ab  -  h^  ar0  invariants.    In  other  words,  they 
are  functions  of  the  eoefiieients  whieh  are  unaltered  hy  trans- 
formation from  one  rectangular  system  to  another, 
li  h'  =  0  vre  haye,  from  (381), 

tan  20  =  2h/(a  -  h)*  (383) 

and  the  equation  of  5  is  reduced  to  the  form  cfa^  4  h'y^  +  A/  (7b  0 ; 
and  since  A' »  0  we  have,  from  (382), 

Solying  for  «',  V  we  get,  putting  iP  =  4A*  +  (a  -  3)', 

«'  =  i(a  +  5  -  22),  3'  =  i  (a  +  5  +  i2).  (384) 

Hence       i8^- (a  + ft  -  jB)af» +  («  +  *  + i2)y»+2A/C=0.     (385) 
If  this  be  written  in  the  form 

aj»/a«  +  yViS"  =  1,  (386) 

which  is  the  normal  form,  we  have 

a-»  =  -  C(a  +  3  -  ^)  /2A,    j8"»  =  -  C(fl  +  ft  +  i2)/2A. 
Hence  a',  j8*  are  the  roots  of  the  quadratic 

Afa  +  ft)        A' 

Cor, — The  equation  of  the  new  axes  when  referred  to  the 

old  is 

^  -  (a  -  h)xy  "hy^^ii,  (388) 

This  is  obtained  from  (378)  by  putting  m  =  y/x. 

The  Parabola. 

146.  In  equation  (377),  if  we  put  Aao^ft^,  and  substitute 
for  8i,  82  their  values,  we  get  the  equation  of  the  axis  of  the 
parabola  in  the  form 

ah  +  biy  +  {a^y  +  ftV)/(<»  +  ft)  «  0.  (389) 

*  For  a  diflcusflion  of  this  equation,  see  notes  at  the  end  of  Tolume. 


160         The  General  Equation  qfthe  Second  Degree, 

Hence,  by  an  easy  calculation, 

iS  si[^a?  +  h^y  +  {(^g  +  h^f)l{a  +  h)\ 
-[{a'^h){20x  +  2Fy)-aB-hA  +  2hH]l{jH'^lif  =  (>. 

Now  making    t^x  +  h^y  +  {c^g  +  h^f)l{a  +  J)  =  0, 
and  (a  +  5)  {2Qx  +  2i^)  -  a-B  -  i-4  +  2A-ff  =  0, 

our  new  axes  of  co-ordinates ;  then,  if  y\  xf  be  the  perpendicu- 
lars from  any  point  xy  oi  S  on  these  lines,  we  get 

y'^/a  +  ft  =s  aia?  +  hiy  +  {a^g  +  hif)l{a  +  J), 

23if{a  +  h)  y/J^TT^)  =  (a  +  ft)(2Gfa;  +  2Fy)  ^ aJB  - bA  +  2hB:. 
Hence,  by  substitution, 

^,       -,     2^{GP  +  F^)   , 


or,  omitting  accents,       y*  =  — j^ — j^s — -  ^ ; 

{a  +  Of 

and  puttmg  p X_^— ^, 

y»-=i?iP,  (390) 

which  is  the  standard  form  of  the  equation  of  the  parabola. 

The  quantity  p  is  called  the  parameter  or  latus  rectum. 

Cor,  I, — The  new  axes  are  perpendicular  to  each  other. 

For  the  condition  of  perpendicularity  is  a^G  +  Jt^=  0 ;  and 
this  is  easily  shown  to  hold  when  a^h^  «  h. 

Cor,  2, — The  co-ordinates  of  the  new  origin  are  found  by 
solving  for  x  and  y  from  the  equation 

ah  +  hiy  +  {aig  +  hi/) /{a  +  ft)  =  0  ; 
or  ax  +  hy  +  {ag  +  hf)l{a  +  ft)  =  0, 

and  26^4?  +  2iV  =  {aB  +  ft-4  -  2hJT)/{a  +  ft). 

Thus— . 
x^[h{aB'-hJI)-{-h{hA'-hff)+2F{ag+h/)]l[{2Gh^2aF){a-^h)], 

(391) 
y={a{hE:-aB)+a{hir'-hAy2G{ag-\-hf)}l[{20h''2aF){a+b)], 
Cor.  3. — The  parameter  of  the  parabola  (392) 

=  2  v^(^+J^)/(a  +  by.  (393) 
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Takoents. 

147.  If  we  transform  the  equation  to  parallel  axes  through  a 
point  M  (x  y)  on  the  curve,  we  get 

ax^  +  2hxy  +  iy*  +  2SiX  +  2iSjy  =  0, 

since  S  =  Oyasxy  is  on  the  curve.  Then,  through  the  new 
origin,  draw  a  line  y  =  fnxy  and  eliminating  y  we  get 

x^{a-\-  2hm  +  hm*)  +  2a?  (Si  +  mSi)  =  0, 

one  of  the  values  of  ^  in  this  equation  is  zero,  because  the  line 
If  =  mx  meets  it  at  the  new  origin,  and  the  other  is 

-2(81  +  mSi)l{a  +  2hm  +  hm^). 

This  second  value  will  also  be  zero  if  y  »  i^m;  touch  the  curve. 
Hence  in  this  case,  Si-¥m82-0;  and  eliminating  m  between  this 
and  y  s  mx^  we  get  for  the  tangent  the  equation  xSi  +  ^82  =  0 
referred  to  the  new  axes,  or  (x  -x)8i  +  (jf-y)S%B0  when 
referred  to  the  old.    But  by  Euler's  theorem, 

iiS'i  +  y  ^  +  5^  =  i^  =  0. 
Hence  the  equation  of  the  tangent  is 

x8i  +  ySa  +  /5,  =  0.  (394) 

Takgektial  EauAnoN. 

148.  Find  the  condition  that  the  line  A^  +  /iy  +  v  »  0  may  he  a 
tangent  to  8  =  0. 

Eliminating  y  between  Aa?  +  /^y  +  v  =  0  and  8  =  0,  we  get  a 
quadratic  in  Xy  whose  roots  will  be  the  abscisssB  of  the  points 
where  the  line  meets  the  curve ;  now  these  will  coincide  if 
it  touches  the  curve.  Hence  the  condition  required  is  found 
by  forming  the  discriminant  of  the  equation  in  x.    Thus  we  get 

A\^  +  £fi^+  (V^  2FfjLv  +  2GvX  +  2  JAft  -  0,     (896) 

where  A,  B,  &c.,  have  their  usual  meanings. 
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Poles  Aim  Polabs. 

149.  To  find  the  ratio  in  which  the  Join  of  the  points  a?'y',  ar'y 
is  cut  hy  8.  Let  the  ratio  be  ^ :  1 ;  then  the  co-ordinates  of  the 
point  of  intersection  are 

{x^  +  h/')l{i  +  k),    (y'  +  V)/(i  +  *), 

and  these  substituted  in  8  give  the  quadratic 

8'  +  2itP"  +  1^8"  =  0.  (396) 

Where  8\  8"  denote  the  powers  of  the  given  points  with 
respect  to  /8,  and  P"  the  power  of  a/'y"  with  respect  to  the  line 

F  =  8i'x  +  iSa'y  +  8^' »  0.  (397) 

The  equation  (396)  is  a  fundamental  one  in  the  theory  of 
conies.  Several  important  theorems  are  inferred  from  it  by  sup- 
posing its  roots  to  have  special  relations  to  each  other. 

1^.  8uppose  the  sum  of  the  roots  to  he  %ero. 

Then  P"  -  0  and  the  point  a^Y'  must  be  on  the  line  P, 


Let,  in  the  annexed  diagram,  Q,  R  be  the  points  where  the  join 
of  the  points  A,  B,  that  is  of  a/y',  a/'y",  meets  the  curve,  then 
the  values  of  ^  are  the  ratios  A  Q :  QB,  AR :  RB,  and  these  are 
equal,  but  with  contrary  signs,  since  their  sum  is  zero.  Hence 
AB  is  divided  harmonically  in  Q  and  R. 

Cor,  1. — Any  line  through  A  is  divided  harmonically  by  {P) 
and  8. 

Cor.  2. — (P)  is  the  chard  of  contact  of  tangents  firom  A, 
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For  if  the  line  QR  turn  round  A  until  tlie  points  Q,  R  coin- 
cide, then  since  B  is  the  harmonic  conjugate  of  A  with  respect 
to  Q,  R  when  Q,  R  come  together,  B  coincides  with  them,  and 
the  line  AB  will  he  a  tangent. 

Dbf. — The  line  (P)  is  called  the  polar  of  the  point  xfy\ 

Cor.  3.  If  a  point  he  external  to  a  conic  its  polar  cuts  the 
conic.  If  the  point  he  internal  its  polar  is  external.  For  the 
harmonic  conjugate  to  an  internal  point  on  any  line  passing 
through  it  is  external  to  the  conic.  Lastly,  if  a  point  he  on 
the  conic  its  polar  is  the  tangent  at  the  point,  for  then  equation 
(397)  is  the  same  as  (394). 

2^.  Let  the  anharmonie  ratio  of  the  four  points  A,  B,  Q,  R  he 
gicen. 

In  this  case  the  roots  of  (396)  have  a  given  ratio,  let  this 
ratio  be  X,  and  changing  k  into  kX  in  (396)  we  get 

8'  +  2)JcP'  +  X«;PiS"  =  0. 

Eliminating  h  between  this  and  (396)  and  omitting  double 
accents  we  get  the  locus  of  a  point  B^  which  divides  a  secant  of 
8  passing  through  a  given  point  in  a  given  anharmonie  ratio, 

VIZ 

(1  +  X)*  88'  -  4\P»  =  0.  (398) 

Paik  of  Tangents  fbok  a.  Given  Point. 

150.  Let  the  roots  of  (896)  be  equal,  since  the  roots  are  the 
ratio  AQ  :  QB,   AR  :  RB, 

they  will  be  equal  only  when  p  ^ —  *^Q       A-y 

the  points   G,   R    coincide,     ^sy       y  \ 

that  is  when  the  line  AB 
a  tangent  to  the  curve.    The 
condition  for  equal  roots 
(396)  is  8' 8"--  P"» = 0,  which 
must  be  fulfilled  when  xfy  is  on  either  of  the  tangents  from  afy\ 

k2 


i  '-^y 
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Hence,  supposing  the  latter  fixed  and  the  former  variable,  we 
get  the  equation  of  the  pair  of  tangents  from  d/y'  to  8,  viz. 

iSf/Sf'  -  i»  =  0.  (399) 

Cor. — The  angular  coefficients  of  tangents  from  xytoS  are 
given  by  the  equation 

m"  (^,«  -  bS)  +  2m  (8^  8^  -  h'S)  +"Si»  -«";§=  0.        (399') 
For  this  is  the  discriminant  of 

x^{a  +  2hm  +  hm')  -QlSi  +  mSt)  x+'8^0.        (§  142.) 

Obthoptic  Gircijb. 

161.  If  the  equation  88^-  P*  a  0  be  expanded  we  get 
(Cy«-2i^'+-5)«»+  (C:r^-2(?^+^)y»-  2(CV/- jPa/-  Q^\S)xy 

+  2(JRr'y'-  (?y'»  -^a^  + JTy  )^+  2  i^Qx'y'  -  Faf^  +  S:xf  -  Ay')y 

+  Bsif^  -  2^a/y'  +  u4y"  =  0.  (400) 

Now  if  these  tangents  be  at  right  angles  to  each  other  the  sum 
of  the  coefficients  of  ^  and  y'  is  zero.  Hence,  omitting  accents, 
we  find  the  locus  of  points  whence  rectangular  tangents  can  be 
drawn  to  a  conic  to  be  the  circle. 

C7(«*+  y»)  -  2^a;  -  2i^  +  -4  +  J?  =  0.  (401) 

This  is  called  the  orthoptic  circle  of  the  conic* 
Cor,  1. — If  the  curve  be  a  parabola  (7=0,  and  the  locus  of 
points  whence  rectangular  tangents  can  be  drawn  to  the  curve  is 

2Gx  +  2Fy  -A-B  =  0.  (402) 

Cor.  2. — If  a/  =  0,  y'  =  0,  equation  (400)  reduces  to 

Bx^  -  2.fficy  +  Ay^  =  0. 
Hence  the  pair  of  tangents  from  the  origin  is 

Bx"  -  2Rxy  +  Af  =  0.  (403) 

Cor.  3. — ^The  equation  (400)  may  be  written 

^  (y  - y')*  +  -»(«-  a/)»  +  C{xy'  -  a/yy  -  2F{x  -  x^){xy'  -  ar'y) 

+  2  (?  (y  -  y'){xy'  -  afy)  -  2H{x  -  «')(y  -  y') «  0.     (400') 

Compare  (395). 

*  This  circle  has  hitherto  been  called  the  director  circle  in  English  works ; 
but  that  tenn  is  now  employed  by  French  writers  to  denote  the  circle  whose 
centre  is  a  focus  and  whose  radius  is  equal  to  the  traDsverse  axis. 
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CLASSmCATION  OF  CONICS. 

152.  From  §  142  we  see  tliat  if  the  origin  be  transferred  to 
any  point  xji  on  the  line  y  =  mx  -^-n  the  absciss®  of  the  points 
in  which  y  =iinx-\-n  meets  the  cnrve  are  the  roots  of 

a^  (a  +  2^»i+  3m2)  +  2x  (Sj+Wi^)  +  5  =  0. 

Now,  §  133,  one  of  these  points  will  be  at  infinity  if 
a  +  2hm  +  hm^  =  0.  Let  the  roots  of  this  equation  be  mi,  m^. 
These  are  real  and  distinct  lih^-  ah  be  positive,  showing  that 
two  systems  of  parallel  lines,  yiz.  y  =  miX  +  ft,  and  y  =  tn^  +  n, 
where  n  may  have  any  value,  can  be  drawn,  each  meeting  the 
curve  at  infinity.  This  form  of  the  curve  is  called  a  hyperbola. 
Hence  the  condition  that  8=0  represent  a  hyperbola  is 
h^-ah>  0. 

Secondly — If  A'  -  o^  »  0,  mi  «  m^,  only  one  system  of  paraUels 
can  be  drawn  meeting  8  at  infinity.  The  curve  in  this  case  is 
called  a  parabola  {see  §  139,  2°). 

Lastly — Let  mi,  nh  be  imaginary.  Then  no  system  of 
parallels  can  meet  the  curve  at  infinity.  This  species  is  closed  in 
every  direction  and  is  called  an  ellipse ;  mi,  m2  are  imaginary 
when  h^-ab  IB  negative.  Hence  the  curve  will  be  a  hyperbola, 
a  parabola,  or  an  ellipse,  according  as  A'  -  oi  is  positive,  zero, 
or  negative. 

Cor.  1 . — The  hyperbola  meets  the  line  at  infinity  in  two  real 
and  distinct  points,  the  parabola  in  coincident  points,  and 
therefore  touches  it,  and  the  ellipse  in  two  imaginary  points. 

Cor,  2, — If  either  a  or  3  vanish  but  not  A,  or  if  a  and  J  have 
contrary  signs  the  curve  is  a  hyperbola,  for  in  these  cases  h*-ab 
is  positive. 

Cor,  3. — The  circle  is  a  species  of  ellipse,  for  in  the  circle 
A  a  0,  and  a  =  h.    Hence  A*  -  ah  is  negative. 
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Example. — C^  D  are  two  fixed  points  in  the  diameter  AB  of  a  circle, 
and  OB  a  eemichord  parallel  to  JJB,  The  locus  of  P  the  intersection  of 
D&,  CBiBA  conic.  (Brocabd.) 

P 


Let  0  be  the  centre.    Join  OB,  and  let  CO  s  e,  DO  =  d,  and  the  angle 
BOB  s=  0 ;  then  the  equations  of  CB,  DO  are 

(r  sin0)«  -{r  cos  $-{■€)  y-^  re  an  0ssO,    {r  sia  9)  x  -  dy  +  rd  BJn0  =^  0. 

Hence  eliminating  $  we  get 

{e  -  rf)»«a  +  <^y«  -  ta(a;  +  <f)2  «  o, 

which  by  the  foregoing  condition  is  an  ellipse,  a  parabola,  or  a  hyperbola, 
according  as  (tf  —  rf)'  -  r*  is  positive,  zero,  or  negative. 

ASTHPTOTES. 

153.  In  the  ease  of  the  hyperlola^  if  the  line  y  =  mx  +  n  meet 
S  in  two  points  at  infinity,  that  is  if  it  touch  it  at  infinity,  it  is 
called  an  asymptote.  When  this  happens  the  two  values  of  x  in 
the  equation 

ar»  (a  +  2hm  +  hm*)  ^2x(Si+  m'82)  +  5=0 

are  infinite.  Hence,  §  133,  a  +  2hm  +  hm*  =  0,  and  iSi+  «n/9s  =  0, 
and  eliminating  m  we  get  a/S^-  2h8i  82  +  h8i^=0,  or  restoring 
the  values  of  81,  8^  and  reducing  we  get 

C>Sf  -  A  =  0,  (404) 

which  is  the  equation  of  the  two  asymptotes.  They  are  at  right 
angles  if  the  hyperbola  be  equilateral. 
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Cor.  1. — If  /«  0,  y  »  0,  that  is  if  the  curve  be  referred  to 
the  centre,  the  equation  of  the  asymptotes  is  a.r*+  2hxy  +  3y'  =  0. 
Hence,  when  the  equation  of  a  conic  is  in  the  form  ti^  +  «o  »  0, 
ti,  =s  0  is  the  equation  of  the  asymptotes. 

Cor.  2. — If  ^  denote  the  angle  between  the  asymptotes, 

tan»<^  =  4C/(fl4  by.  (406) 

Car.  3. — ^The  asymptotes  intersect  in  the  centre. 
Car.  4. — The  line  at  infinity  is  the  polar  of  the    centre. 
For  it  is  the  chord  of  contact  of  the  asymptotes. 

Car.  5. — An  asymptote  is  a  diameter  conjugate  to  itself. 

The  Hypebbola.  keferred  to  the  Asymptotes. 

154.  Let  the  co-ordinates  of  any  point  P  in  the  hyperbola, 
02^  +  2hxi/  +  ^y*  +  A/  C  =  0,  with  respect  to  the  asymptotes,  be 
d/,  y'.  Now,  if  from  P  perpendiculars  be  drawn  to  the  lines 
aa^  +  2hxi/  +  hy*  s  0,  it  is  easy  to  see  that  their  product  is  equal 
to  the  power  of  F  with  respect  to  the  lines  divided  by  JR,  where 
M  has  the  same  meaning  as  in  §  145  ;  but  these  perpendiculars 
are  equal  to  ^  sin  ^,  y'  sin  <^,  respectively.     Hence 

a/j/  sin*  t^  =  (ac»  +  2hxi/  +  ^y')/jB, 

and  from  equation  (405)  we  get,  sin'  <f>  =  4  CjB?.    Hence 

««» +  2hxy  +  ^y»  =  a/y' .  4C7/i2, 

and  therefore  the  equation  of  the  hyperbola  referred  to  the  asymp- 
totes is 

«y  +  iEA/4C»  =  0.  (406) 

Newtok's  Theobek. 

155.  If  through  a  point  P  two  chords  be  drawn^  meeting  the 
conic  in  the  pairs  of  points  -4,  B ;  C,  D,  respectively y  then  the 
ratio  PA .  PB  :  PC .  PD  is  constant  whatever  be  the  position  of 
Pf  provided  the  direction  of  the  lines  is  constant. 

Bern. — Let  the  lines  PAB,  PCD  be  taken  as  axes,  then,  if 
the  equation  of  the  conic  be 

ax^  +  2hxy  +  by*  +  2gx  +  2fy  +  c  =  0, 
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putting  y  =  0,  PA^  PB  are  the  roots  of  ««"  +  2gx  +  ^  =  0.  Hence 
PA  .  PB  =  <?/«,  similarly, 

PC,  PL  =  o\h,  i.  e.  PA  .  PB  :  PC.  PDi :  1/a :  1/3. 

Now,  if  the  curve  be  referred  to  parallel  axes  through  any  point, 
the  coefficients  a,  h  remain  unaltered.  Hence  the  proposition  is 
proved. 

Cor. — ^If  through  any  other  point  -P,  two  lines,  P'A'B'y 
P'Ojy  be  drawn  parallel  to  the  former,  and  cutting  the  conic 
in  A\  B! ;  C,  ly,  then 

PA.PBiPC  .PBwFA'  .FB'  '.PC  .Pjy.    (407) 

156.  Newton's  theorem  corresponds  to  Euc.  in.,  zzzv., 
XXXVI.     The  following  are  special  cases  : — 

1°.  If  P  be  the  centre,  then  PA  =  PB,  PC  =  P2>,  and  we 
have  the  following  theorem  from  (407) : — The  rectangUi  con- 
tained ly  the  segments  of  any  two  chords  of  a  conic  are  proportional 
to  the  sqtutres  of  parallel  semidiameters. 

2°.  If  the  lines  PAB,  PCD  turn  round  the  point  P  until  they 
become  tangents,  PA  .  PB  becomes  PB*,  and  PC.  PD  becomes 
PD^j  and  we  have  the  following  theorem  : — The  sqtutres  of  two 
tangents  drawn  from  any  point  to  a  conic  are  proportional  to  the 
rectangles  contained  ly  the  segments  of  any  two  parallel  chords. 
Also,  two  tangents  from  any  point  to  the  conic  are  proportional  to 
the  parallel  semidiameters. 

3°.  Let  the  join  of  PP  produced  be  a  diameter,  and  let  the 
lines  through  P  be  this  diameter, 
and  its  conjugate  CD,  then  the 
chords  through  P  will  be  AB 
and  Ciy,  of  which  the  latter  is 
bisected  in  P'.  Then,  denoting 
AP  by  a,  PC  by  h,  PP  by  x, 
and  PC*  by  y,  we  have,  from 
(407),  a»  :  5» : :  (a  +  a?)  (tf-a?) :  y\ 


or. 


a^/«'  +  y7*'=l, 


(408) 


which  is  the  normal  form  of  the  equation  of  central  conies. 
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157.  The  demonstration  in  §  155  fails  if  either  axis  of  co-ordi- 
nates meets  the  curve  at  infinity,  for  in  that  case  either  a  =  0 
or  3  =  0.  Suppose  a  =  0,  then  either  PA  or  PB  will  become  in- 
finite. Let  PA  remain  finite,  then  PA  -  -  e/2g,  and  as  in  §  155, 
PC.PD=^  e/h.  Hence,  PA:  PC.PJ)::-h:2ff.  Now,  if  we 
transform  the  equation  to  parallel  axes  through  a  new  origin, 
i,  y,  h  will  remain  unaltered,  and  the  new  ff  will  be  hy  -¥  g\ 
hence  the  new  ratio  will  be  -  i  :  2  (Ay  +  g).  Now,  if  the  curve  be 
a  parabola,  A'  -  o^  =  0,  but  a  »  0  by  hypothesis ;  hence  A  s  0,  and 
the  ratio  will  be  unaltered. 

Hence  J  if  a  line  parallel  to  a  given  one  meet  any  diameter  of  a 
parabola,  the  rectangle  contained  by  its  segments  is  proportional 
to  the  intercept  on  the  diameter. 

Thus,  if  CD,  C'jy  be  parallel  chords,  APF  the  diameter 
which  bisects  them,  then 

APiAP'ixCP.PDi  CP'.Piy, 

or,      APiAPi'.CP'iCP^, 

Hence,   supposing  P  fixed  and  P' 
variable,  and  denoting  AP*^  P*C*  A 
by  a?,  y,  respectively,  we  have 

y»:  CP^\\x\AP\ 

therefore,   putting  CP^  =  40  .  AP, 
we  have 

y'  =  4<Rr,  (409) 

which  is  the  standard  form  of  the  equation  of  the  parabola. 
Again,  suppose  the  curve  to  be  a  hyperbola,  and  that  one  of  the 
axes  of  co-ordinates  is  parallel  to  an  asymptote,  in  this  case  y 
will  be  constant,  and  so  will  the  ratio  -  J  :  2  (Ay  +  y).  Hence 
we  have  the  following  theorem : — 

The  intercepts  made  by  parallel  chords  of  a  hyperbola  on  a 
line  parallel  to  an  asymptote  are  proportional  to  the  rectangles  am" 
tained  by  the  segments  of  the  chords. 
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Exercises  on  the  General  Equation. 

1 .  ProTO  tliat  fiye  conditiooB  are  sufficient  to  determine  a  conic. 

2.  TianBform  the  following  corves  to  their  centres : — 

1°.     4a«  -  6xy  +  6y3  +  10a:  -  12y  +  18  =  0. 

2'.    ay  +  4«»  -  2Jy  =  0. 

3'.     3««  -  2ary  -  3y2  +  6«  -  9y  =  0. 

3.  What  ouryes  are  represented  by  the  equations 

V.    V?+a  -  VyiTi  =  Va-¥b ; 
2*.    («+  l)-i+(y  +  2)-i  =  2; 

3".     cos-*a?  +  COB-V  =  ^  P 

4.  Find  the  equation  of  the  asymptotes  of  the  hyperbola 

3«*  -  4«y  -  6y*  +  24?  -  4y  +  6  =  0. 
6.  Proye  that  the  equation  of  the  chord  of  the  conic 
aa^  +  2A«y  +  V  +  2ya?+  2/y  +  c  =  0, 

which  passes  through  the  origin  and  is  bisected  at  that  point,  is  ya; +^  =  0. 

6.  The  axes  of  a  central  conic  are  its  Ttin-HTniiTn  and  minimum  semi- 
diameters. 

For  the  conic  referred  to  the  centre,  viz. 

«p»  +  2Aa:y  +  *y»+  A/C=:  0, 

will  meet  the  circle  a^  +  y'  —  r^  =  0,  where  it  meets  the  line  pair 

{ar^  +  AlC)  a*  +  2»^Aa:y  +  {br^  +  AlC)  y»  =  0  ; 

and  it  is  evident  when  these  lines  coincide  that  r  has  its  maximum  or  mini- 
mum value,  and  forming  the  discriminant  we  get 

which  proves  the  proposition.    (See  equation  (387).) 

7.  If  the  line  joining  any  fixed  point  0  to  a  variable  point  P  of  a  conic 
S  meet  a  fixed  line  in  the  point  Qf  prove,  if  jS  be  the  harmonic  conjugate 
of  F  with  respect  to  0  and  Q,  that  the  locus  of  J2  is  a  conic. 
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8.  Find  the  locus  of  the  centre  of  a  conic  paning  through  four  giyen 
points.  If  jS,  /S'  be  two  fixed  conies  passing  through  the  giyen  points,  then 
8  +  h8*  is  the  most  general  equation  of  a  conic  passing  through  them,  and 
the  centre  of  this  is  the  intersection  of  the  diameters 

Si  +  kS\  »  0  i  St-k-  kS%  =  0,    (See  {  139.) 

where  ^i,  St,  &c.,  are  the  deriyatives  with  respect  to  »  and  y.    Hence, 
eliminating  k,  the  required  locus  is 

SiS2'-Si'8%  =  0.  (410) 

Thus,  if  one  of  the  three  pairs  of  lines  passing  through  the  four  points  be 
taken  as  axes,  another  pair  may  be  written 

g.t-,)(j,,j..)... 

These  pairs  being  taken  for  8,  8'  respectiyely,  the  required  locus  will  be 

This  conic  is  called  the  nins^point  conic  of  the  quadrangle  of  the  four  fixed 
points.  For  it  passes  through  the  middle  points  of  its  six  sides  and  through 
the  three  diagonal  points.  These  nine  points  are  the  centres  of  special 
conies. 

9.  With  the  same  notation,  find  the  yalue  of  ^,  in  order  that  8  +  kS'  may 
be  an  equUateral  hyperbola. 

\(\COS«        /I)        fAill' COS »        \)  ^         ' 

10.  The  centre  of  the  nine-point  conic  is  the  mean  centre  of  the  four 
summits  of  the  quadrangle. 

11.  If  the  harmonic  mean  between  the  rectangles  contained  by  the  seg- 
ments of  two  perpendicular  chords  of  a  conic  be  giyen,  the  locus  of  their 
point  of  intersection  is  a  conic. 

12.  Froye  that  through  four  points  can  be  drawn  two  parabolas.  Con- 
struct their  diameters. 

13.  Find  the  equation  of  the  chord  joining  the  points  7^y\  x"y"  on  the 
conic  5  3  a«2  ^  2hxy  +  ^y*  +  2gx  +  2/y  +  «  =  0. 


172         The  General  Equation  of  the  Second  Degree, 


The  conic 

^'s«(a;-jf')(x-«")+M(*-aO(y-y")+(«-*")(y-y")} 

+  *{(y-y)(y-y")}=o 

eridentlj  passes  tlmmgh  af'y',  sf'y".    Hence  iS  -  5'  =  0  is  the  required 
chord. 

14.  If  a  conic  passes  through  four  fixed  points,  the  diameter  conjugate  to 
a  giren  direction  passes  through  a  fixed  point.  (Lamb.) 

15.  In  the  same  case  the  polars  of  a  fixed  point  are  concurrent. 

16.  If  a  Taiiable  conic  pass  through  three  fixed  points,  and  have  an 
asymptote  parallel  to  a  giyen  line,  the  locus  of  its  centre  is  a  parabola.  If  it 
passes  through  two  g^yen  points,  and  haye  its  asymptotes  parallel  to  two 
giyen  lines,  the  locus  of  its  centre  is  a  right  line. 

17.  If  two  points  Ay  B  be  such  that  the  polar  of  A  passes  through  B, 
the  polar  of  B  passes  through  A . 

1 8.  To  describe  a  conic  section  (x. )  through  fiye  giyen  points  A^  B,  (7,  B,  E, 
Join  B,  J),  C,  JB.    Through  A 

draw  AG  parallel  to  BD,  cutting 

the  conic  in  O^  and  AK  parallel 

to  CE,  cutting  BB  in  J7.    Then 

BI  .  IB  :  CI.  IE  ::  BE.  SB 

:  AH .  RK;  therefore  JTis  a  giyen 

point.  In  like  manner,  &  is  a  giyen 

point.  Hence,  bisecting  AK  in  Z, 

CEbxNy  AG  in  P,  and  BB  in  Q, 

0,  the  point  of  intersection  of  XiV 

and  FQ  is  giyen.    Again  (§  166),  FG^  :  QU^  : :  0F»  -  0P» :  OF*  - 00*; 

hence  Fis  a  giyen  point.    In  like  manner  IT  is  a  giyen  point,  and  OV,  OQ 

are  semiconjugate  axes.    Hence,  &c. 
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THE  PARABOLA. 


158.  Def.  I. — Being  given  in  position  a  point  8  and  a  line 
NIP.     The  locus  of  a  variable  point 
P  whose  distance  SPfrom  8  is  equal 
to  its  perpendicular  distance  PN 
from  NN\  is  called  a  pa&abola. 

It  'will  be  seen  Bubseqnently 
that  this  defLnition  agrees  with 
that  already  given  in  p.  165. 

n. — The  point  8  is  called  the 
FOCUS,  and  the  line  NN'  the  dibeg- 

XBIX. 

m. — If  from  8  we  dram  80  perpendiotda/r  to  NN\  and  bisect 
it  in  A,  then,  since  OA  =  AS,  the  point  A  (Dei.  i.)  is  on  the 
parabola,  and  is  called  the  tbbtbx. 

IT. — If  the  line  A 8  be  produced  indefinitely  in  the  direction  AX, 
the  whole  line  produced  is  called  the  axis. 

159.  To  find  the  equation  of  the  parabola. 

Let  the  vertex  A  be  taken  as  origin,  and  ^Xand  AT  "per- 
pendicnlar  to  it  as  axes.  Then  denoting  OA  =  A8  by  a,  and 
the  co-ordinates  of  any  point  P  in  the  curve  by  x,  y,  we  have 
(Del  I.)  8P^ PN\  but  PN=  OM^  OA  +  AM^ a  +  x;  therefore 
8P^a  +  x. 

Again,         8^-  AM-  A8  =  x  -  a,  and  PM=  y. 

Hence,  from  the  right-angled  triangle  8MPf  we  have 

{x  -  a)* + y'  =  (a  +  a?)' ;  therefore  y*  =  4aXy  (413) 
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The  Parabola. 


which  is  the  standard  form  of  the  equation  of  the  parabola. 
Compare  §  157,  equation  (409).  From  the  equation  of  the 
parabola,  we  see  that  two  yalues  of  t/  correspond  to  each  value 
of  X ;  and  that  these  are  equal  in  magnitude,  but  contrary  signs. 
Hence,  if  PM"be  produced,  it  will  meet  the  curve  on  the  other 
side  of  the  axis  in  a  point  P',  such  that  FM=  MP*.  JETence  the 
axis  of  the  parabola  is  an  axis  of  symmetry  of  the  figure, 

T. — ITie  double  ordinate  LL'  through  the  focus  is  called  the 
LATus  RECixnft  of  the  parabola. 

Cor. — The  latus  rectum  =  4a ;  for  8L=^LR  =  08  =  2a;  there- 
fore ZL'  =  4a. 

Sx.  1. — If  through  a  fixed  point  0,  a  line  OB  be  drawn  meeting  a  fixed 
line  AB  in  B,  then,  if  BF  be  perpendicular  to  AB  and  OF  to  OB,  the 
locufl  of  P  is  a  parabola.  For,  draw  OM  parallel  to  AB,  then  we  hare 
OM*  =  BM.MF,   ory2  =  «:. 

Ex.  2. — The  tangent  at  a  point  ^  of  a  circle  meets  a  fixed  diameter  CD 

F 


in  F,  and  F  is  joined  to  the  extremities  of  the  diameter  perpendicular  to  CD, 
the  locus  of  the  interBection  of  AF  with  the  perpendicular  from  F  to  CD  is 
a  parabola.  (Bbocard.) 

Let  x'y  be  the  point,  the  equation  of  EF  is  xx'  +  yy'  s  r^.  Hence 
OF  =  r*//;  therefore  the  equation  of  AF  is  yy'jf^—  xjr  ts  1,  and  the 
equation  of  EF  iay  —  y'ssO,  Hence  eliminating  y\  we  get  y'  =  r  (r  +  «), 
or  making  A  the  origin,  ^  s  rx. 
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160.  The  eo-ord%naU»  of  a  point  on  the  parabola  eon  be  expressed 
$n  terms  of  a  single  variable. 

For,  writing  the  equation  in  the  form  2x  ,2a  =  y*,  it  is  a 
special  case  of  ZM^^JR^,  a  form  in  which  each  of  the  three  conies 
may  be  written ;  and  we  may  put  2x  =  y  tan  ^,  2a  =  y  cot  ^,  or 
which  is  the  same  thing,  y  -2a  tan  <f>j  x  =  a  tan'  <^.  Hence  the 
co-ordinates  of  a  point  on  the  parabola  may  be  denoted  by 
a  tan'  <[>,  2a  tan  <f>.  We  shaXlfor  shortness  call  it  the  point  ^,  and 
<l>  the  rNTsnrsic  angle  of  the  point. 

Cor.  1. — Since  FS  =:  a  +  x='a  +  a  tan' ff>  =  a  sec* ^,  the  dis- 
tance of  the  point  ^  from  the  focus  is  a  sec'  ^. 

Cor.  2. — The  angle  ASP  is  equal  to  twice  the  intrinsic  angle 

of  P. 

_  _--,„     M8     atan'^-a 

For     cos  if/SP  = -^^  = ^7—  =-00826; 

8P         a  sec'  <^ 

therefore  A8P=  2<^. 

161.  To  find  the  equation  of  the  chord  passing  through  two 
points  x^f/,  xf'y"  on  the  parabola. 

Let  the  intrinsic  angles  of  the  points  be  ^',  ^";  then  the 
required  equation  is  (§  31,  Ex.  3,  4^), 

2«- (tan <^'+tan ^")  y  +  2a  tan  ^'  tan  <^"  =  0 ;      (414) 
or,  putting  for  tan  <^',  tan  <l>"  their  values  in  terms  ^,  y", 

4:ax  =  {y+y'')y'-y'y".  (416) 


1.  If  a  chord  of  a  parabola  cut  the  axis  in  a  fixed  point,  the  rectangle 
contained  by  the  tangents  of  the  intrinsic  angles  of  its  extremities  is 
canstant. 

Because  if  we  put  g  =  AO,  y  —  0,iii  equation  (414),  we  get 

OA 

tan*'.  tand»"» . 

a 
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2.  If  FM,  FM*  be  the  ordinates  of  the  points  P,  F,  and  OQ  the  ordi- 
nate of  0,    PM,  rw  ^-OC^,  P 

For,  from  equation  (414)  we  get 
(2a  tan^')(2atan^")  =  -4a  ,0A  =  -  0(P. 

3.  In  the  eame  case,  AM,  AIT  =  AO^. 

4.  The  direction  tangent  of  PF'  is 
2/(tan  ^'  +  tan  ^").    (See  equation  (414).) 

Hence,  if  a  chord  of  a  parabohi  be  parallel  to  a 
fixed  line,  the  sum  of  the  tangents  of  the  intrinsic 
angles  of  its  extremities  is  constant. 

6.  If  PF  cut  the  axis  of  y  in  a  fixed  point  Q,  from  equation  (416)  we  get 
cot  ^'  +  cot  ^"  ==  2alAQ.  Hence,  if  through  ajixedpoint  on  the  tangent  at 
the  vertex  of  a  parabola  any  teeant  be  drawn,  the  sum  of  the  cotangents  of 
the  intrinsie  angles  of  its  points  of  intersection  with  the  parabola  is  constant. 

6.  If  8,  t'  and  g  be  the  distances  of  the  extremities  of  a  focal  chord  and 
of  the  focus  from  any  line,  p,  p  the  focal  vectors  of  the  extremities  of  the 
chord,  prove 

7.  AA',  Bit  are  parallel  chords  of  a  parabola,  JUB  is  joined,  and  FC\e 
a  chord  parallel  to  A'B,  prove  that  the  tangent  at  B  is  parallel  to  the 
chord  AC. 

162.  To  find  ihe  equation  of  the  tangent  to  the  parabola  at  the 
point  afy'. 

In  equation  (414),  suppose  the  points  0',  4^"  become  con- 
secutive,  tlien  their  joining  chord 
becomes  a  tangent,  viz. 

ar-ytan<^'  +  fltan»«^'  =  0,     (416) 

or,  putting  xf  =  a  tan*  ^',  y'  =  2a 
tan  ^',  J 

yy'  =  2a(a?  +  «')-      (417) 
Cor.  L— If  PT  be  the  tangent, 
putting  y  =  0,  we  get  from  (417), 

«  =  -«'; 
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but  when  y  =  0,  x  =  AT.    Hence,   since  a/  =  AM,  we  have 
AT=-  AM;  therefore  TA  =  AM,    Hence  TMib  bisected  in  A. 

Def. — The  line  MT,  inUreepted  an  the  axis  between  the  ordi' 
note  and  the  tangent^  is  called  the  sub-tangent.  Hence  in  the 
parabola  the  subtangent  is  bisected  at  the  vertex. 

Cor.  2. — ^The  axis  of  y  is  the  tangent  at  the  vertex  of  the 
parabola ;  for  if  in  (417)  we  pnt  of  =  0,  ^  =  0,  we  get  «  =  0. 

Cor.  3. — The  equation  (416)  may  be  written  y  =  «  cot  4>' 
+  a  tan  4^',  from  which  it  is  seen  that  ^'  is  the  angle  PBY^ 
which  the  tangent  JPTat  P  makes  with  A  Y,  the  tangent  at  A. 
Hence  we  have  the  following  theorem  : — 

The  intrinsic  angle  of  any  point  of  a  parabola  is  equal  to  the 
angle  which  the  tangent  at  that  point  makes  with  the  tangent  at  the 
vertex. 

If  «  denote  the  length  of  an  arc  of  any  curre  measured  from  some  fixed 
point  ^  to  a  yariable  point  P ;  ^  the  inclination  of  the  tangent  at  the  latter 
point  to  the  tangent  at  the  fixed  extremity  A ;  then  the  equation  expressing 
the  relation  between  a  and  ^  has  been  by  Da.  Whbwbll  (Fhil.  Trans,  y 
Tol.  viiLi  p.  659)  tenned  the  intrinHe  equation  of  the  curve,  a  nomenclature 
which  has  been  adopted  by  mathematicians.  It  was  this  that  suggested 
the  propriety  of  calling  ^  the  intrintie  angle. 

Cor. 4.— Since  TA = a/,  T8=ixf +a=a sec'^^  =  8P{^  1 60,  Cor.  I); 
hence  T8  =  SP;  therefore  the  angle  8PT  =  8TP  «  TPN. 
Hence  PT  bisects  the  angle  8PJf. 

DsF. — If  from  a  fixed  point  in  the  plane  of  a  euirve  perpendi- 
culars be  let  fall  on  its  tangents,  the  locus  of  their  feet  is  called 
the  first  positive  pedal  of  the  curve  with  respect  to  the  point.  Also 
the  pedal  of  the  first  positive  pedal  is  called  the  second  positive 
pedal,  Sfo.  Conversely,  the  curve  itself  is  catted,  in  relation  to  a 
positive  pedal  of  any  order,  the  negative  pedal  of  the  same  order. 

Cor.  5. — If  PTmeet  the  tangent  at  the  vertex  in  B,  since 
TA  =  AM,  TB  ^  BP;  hence  the  triangles  TB8,  PB8  are 
equal  in  every  respect ;  therefore  the  angle  PB8  is  right,  and 
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SB  is  perpendicular  to  the  tangent.    Hmee  the  pedal  of  a 
parabola  with  respect  to  thefoetu  is  the  tangent  at  the  vertex. 

Cor,  6. — If  p  denote  the  length  of  the  perpendicular  from  S 
on  FT, 

p^\/a{a  +  a/). 
For  since  the  angle  A  SB  is  equal  to  ^',  we  have 

AS  -■  SB  =s  cos  ^',  that  is  -  =  cos  ^'. 

P 


Hence  jp  =  a  sec  ^' =  v^a  (a  +  a/).  (418) 

Or  thus :  the  triangles  A  SB,  SBF  are  equiangular ;  hence 

AS  :  SB  : :  SB  :  SP ;  that  is,  a  :  p  : :  p  :  a  +  x^. 

Cor.  7. — The  equation  of  any  tangent  to  a  parabola  may  be 
written  in  the  form 

y  =  wa?  +  fl/w,  (419) 

for  equation  (416)  will  reduce  to  this  form  if  we  put  m  =  cot  ^', 


1.  The  first  negatiye  pedal  of  a  right  line  is  a  parabola. 

2.  The  circle  described  about  the  triangle  formed  by  three  tangents  to  a 
parabola  passes  through  the  focus ;  for  the  feet  of  perpendiculars  from  the 
focus  on  these  tangents  are  collinear. 

3.  The  polar  reciprocal  of  a  parabola  with  respect  to  the  focus  is  a  circle ; 
for  the  reciprocal  is  the  inverse  of  the  pedal  with  respect  to  the  focus, 
which  {Cor.  6)  is  a  right  line. 

4.  The  polar  reciprocal  of  a  circle  with  respect  to  a  point  in  its  circum- 
ference IB  a  parabola. 

6.  Given  four  right  lines,  a  parabola  can  be  described  to  touch  them. 
The  focus  is  the  point  common  to  the  circumcircles  of  the  triangles  formed 
by  the  lines.  Hence,  being  given  a  quadrilateral,  there  exists  a  point 
whose  projectionB  on  the  sides  are  collinear. 

6.  The  orthocentre  of  the  triangle  formed  by  any  three  tangents  to  a 
parabola  is  a  point  on  the  directrix. 


The  Parabola.  179 

7.  Find  the  oo-ordinates  of  the  interseotion  of  tangenta  at  the  points 

^n#.  tfsatan^'tan^",    y  aa(tan  ^'  + tanf").    (420) 

8.  If  tan  ^"  hear  a  given  ratio  to  tan  ^\  the  envelope  of  the  chord 
joining  the  points  ^',  ^"  is  a  parahola. 

9.  The  area  of  the  triangle  formed  hj  three  tangents  to  a  parahola  is 
half  the  area  of  the  triangle  formed  hy  joining  the  points  of  contact. 
(Compare  {  9,  £xs.  6,  7.) 

10.  If  two  points  on  the  axis  of  a  parabola  be  equidistant  from  the 
f ocusy  the  difference  of  the  squares  of  their  distances  from  any  tangent  is 
independent  of  its  position.  (Bbocabd.) 

11.  If  a  triangle  be  formed  by  two  tangents  to  a  parabola  and  their 
chord  of  contact,  prove  that  the  symmedian  line  of  this  triangle,  through 
the  vertex,  passes  through  the  focus. 

12.  In  the  same  case,  prove  that  the  chord  of  the  circumcirole  through 
the  vertex  and  focus  is  bisected  at  the  focus. 

163.  To  find  the  locus  of  the  middle  points  of  a  system  of 
parallel  chords. 

Let  PP'  (see  fig.,  §  161,  Ex.  2)  be  one  of  the  chords,  m  its 
direction  tangent ;  then  m  =  4tf/(y'  +  y").    (See  equation  (416).) 

Again,  if  y  denote  the  ordinate  of  the  middle  point  of  PP, 
we  have 

y  =  i(/  +  y") ;  (42i) 

therefore  y  =  2a/m  ; 

or,  patting  m  =  tan  $, 

if  =  2a  cote.  (422) 

Hence  the  locus  of  the  middle  points  of  a  system  of  parallel 
chords  of  a  parabola  is  a  line  parallel  to  the  axis. 

Def. — A  bisector  of  a  system  of  parallel  chords  is  called  a 
diameter. 

Cor.  1. — The  tangent  at  the  end  of  a  diameter  is  parallel  to 
the  chords  which  the  diameter  bisects;  for  the  tangent  is  a 
limiting  case  of  a  chord  of  the  system. 
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Or  thu8 : 

Let  ^y'  be  the  point  where  the  diameter  y  =  2a  cot'^  meets 
the  cnrve.  Hence  y'  =  2a  cot  6,  and  since  the  tangent  at 
^y'  is 

yy'  =  2a(a?+a;')»  (§162) 

we  have  y  =  tan  0{x  +  a/), 

which  is  parallel  to  the  chords,  since  its  direction  tangent  is 
tanO. 

Cor,  2. — The  tangents  at  the  extremities  of  any  chord  meet 
on  the  diameter  which  bisects  that  chord;  for  the  diameter 
which  bisects  a  system  of  chords  parallel  to  the  join  of  ff>\  ^", 
is  y  =  a  (tan  <f>'  +  tan  fj/')  (equation  (421)),  which  passes 
through  the  intersection  of  tangents  at  the  points  0',  4*".  (See 
equation  (420).) 

Cor.  3. — The  diameter  through  the  intersection  of  two  tan- 
gents bisects  their  chord  of  contact. 

Cor.  4. — If  <l>  be  the  intrinsic  angle  of  the  point  where  the 
diameter  which  bisects  the  join  of  ^',  <f/'  meets  the  curve, 

tan  4^  =  i  (tan  <^'  +  tan  <^")-  (423) 

Cor.  5. — If  0  denote  the  direction  angle  of  the  tangent  at 
<^,  fl  +  <^  =  7r/2.     (§  162,  Cor.  3.)  (424) 


1.  The  distance  of  the  focus  from  the  intersection  of  two  tangents  is 
a  mean  proportional  between  the  focal  Tectois  of 

the  points  of  contact. 

T 
For  if  tp',  <i>"  denote  the  points  of  contact.  p\  p", 

their  focal  vectors,  we  have  (§  160,  Cor.  1), 

pV'  =  a«sec»<>'sec»f'.  ^ 

Al 
Again,   the  co-ordinates  of  T  are  a  tan  ^'  tan  tp", 

a(tan^' +  tan^").  Hence  the  square  of  the  dis- 
tance of  this  point  from  S,  whose  co-ordinates  are 
a,  0  is  a*sec'^'  sec'^".    Hence 


87^  =  py. 


(426) 
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2.  If  r  be  the  intersection  of  tangents  at  ^%  ^",  A  the  yertex,  8  the 

focus,  the  angle 

^5r=4>'  +  ^".  (426) 

For,  substituting  the  co-ordinates  of  T  and  8  in  the  equation 


y'  -  y" 

a?  —  a? 


m. 


which  gives  the  direction  tangent  of  the  line  through  two  points,  we  get 


XsaiXST  = 


tan^'  -i-  tan^" 
tan^'.tan<^"-l' 


Hence  tan  ^iST 


tan  ^'  +  tan  <^" 
1  -tan^'tan^"' 


3.  Since  ASF"^W\  ASr  =  24^'  (§  160,  Cor,  2),  ^-S'T  =  i{A8P' 
+  -4iRP").    Hence  8T  bisects  the  angle  P'iSP". 

4.  The  triangles  P'^T,  TiSJP"  are  directly  similar  (Exs.  1  and  3). 

6.  The  angle  P'TP"  is  the  supplement  of  half  P'Sr\ 

6.  If  PT,  r'T,  be  two  tangents, 
TJf  the  diameter  through  T,  meeting 
the  chord  P'P"  in  Jf,  TM  is  bisected 
by  the  curve. 

For,  draw  the  tangent  AQ,  This  is 
parallel  to  F'JP";  and  since  the  dia- 
meter through  Q  bisects  AF*  {Cor,  3), 
we  have  AN  =  JVP".  Hence  TQ 
=  Q2*",  and  therefore  114  =  AM. 

7.  Find  the  co-ordinates  of  the 
points. 

^tan  ^'  +  tan  ^ 


^fw.   a;  =  a  [ 


)  ;   y  =  fl  (tan  ^' +  tan  ^"). 


8. 


(427) 

.__         /tan^'- tan<^"\«  -^„„, 

^Jf  =«  ^ 21_ :^j  .  (428) 


9.         AS=^  a  sec^^j  =  a  (1  +  tan*^)  =  a  j  1  +  ( 


/tan<^'  +  tan^"\» 


)'j.     (*29) 


10.  If  a  quadrilateral  circumscribe  a  parabola,  the  rectangle  contained 
by  the  distances  of  the  extremities  of  any  of  its  three  diagonals  from  the 
focus  is  equal  to  the  rectangle  contained  by  the  distances  from  the  focus  of 
the  extremities  of  either  of  the  remaining  diagonals. 

11.  If  ABC  be  a  triangle  circumscribed  to  a  parabola,  A'S'C  the  points 
of  contact.    Then    ABIBC  =  JS'CICA. 
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For  if  y\y  y%y  yi  be  the  ordinates  of  A\  B^,  C*,  those  ot  A,  B,  C  are 

(y»+y3)/2,    (ys  +  yi)/2,    (yi  +  y3)/2. 

Hence  projecting  on  tlie  tangent  at  the  vertex  of  the  parabola  we  have 

AB      (ys  +  yi)/2  -  (ya  +  y8)/2     yi  -  ya 
BC'^' 


»   ft. 
)  «c. 


y8-(yi  +  y3)/2  ya-yi 

164.  To  Jind  the  equation  of  the  parabola  referred  to  any 
diameter  and  the  tangent  at  its  vertex  as 
axee. 

Let  P'P"  be  a  double  ordinate  to  the 
diameter  AM\  AY  the  tangent  at  A\ 
then  ^F  (§  163,  Cor.  1)  is  parallel  to 
P'P",  Let  ^',  <^"  be  the  intrinsic  angles 
of  the  points  P\  P";  then  (§  5) 

P'P"»  =  a2(tanV  -  tan«^")' 

+  4a»(tan<^'-tan^")'; 
therefore 

=  4^i8f .  AM.        (§  163,  Exs.  8,  9.) 

Therefore,  denoting  AS  by  a',  -4Jf,  i£P"  by  x,  y,  we  have 

y»=4fl'a:,  (430) 

which  is  the  required  equation,  and  identical  in  form  with  the 
old  one,  y' 


4ax. 


Cor.  1. — If  the  angle  between  the  axes  AX,  AY  he  denoted 

by  0,  and  if  ^  be  the  intrinsic  angle  of  the  point  A,  we  have, 

since 

0  +  0  B  ir/2,  cosec'^  =  sec*^ ;   but  A8  =  a  sec'^ ; 

therefore  AS  =  a  cosec*^.  (431) 

Cor.  2. — ^The  equation  of  the  tangent  to  the  parabola  at  any 

point  a^y',  referred  to  the  new  axes  AX,  AY,  is  the  same  as  for 

rectangular  axes,  viz. 

yy'=  2a(x  +  x^). 


The  Parabola.  183 


1.  From  any  external  point  hk  can  be  drawn  two  tangents  to  a  parabola. 
For  the  tangent  at  a  point  jc V  o^  the  parabola  is  yy"  =  2a  («  +  «') :  if  this 
passes  through  the  point  hky  we  have 

but  y**  =  4ar'. 

Hence  y'^  -  2ly'  +  Uh  «  0.  (432) 

This  quadratic,  giving  two  values  of  y',  proves  the  proposition. 

2.  Find  the  equation  of  the  chord  of  contact  of  tangents  from  hk. 
By  removing  the  accents  from  equation  (432),  we  get 

y»  -  2*y  +  ^ah  =  0. 

This  denotes  two  lines  parallel  to  the  axis  of  x,  and  passing  through  the 
joints  of  contact ;  and  since  the  parabola  is  y'  -  Aax  »  0,  subtracting  and 
dviding  by  2,  we  get  the  required  equation — 

2a(ir  +  A)  ~  Ary  =  0.  (433). 

3.  If  the  chord  of  contact  of  two  tangents  pass  through  a  given  point  hk^ 
tie  locus  of  their  intersection  is  a  right  Une. 

For  if  a3  be  the  point  of  intersection  of  the  tangents,  the  chord  of  con- 
tact is  2a  (j;  +  a)  —  /3y  s  0 ;  and  since  this  passes  through  Ait,  we  have 
Sa  (A  +  a)  —  /9^  B  0,  or,  putting  xy  for  afi, 

2a(a;+A)-Ay  =  0, 

&n  equation  which  is  the  same  in  form  as  (433). 

Dm.—The  line  2a(x  +  A)  -  Ay  =  0  is  called  the  polar  of  the  pomt  AA. 

4.  If  there  be  two  points  A,  B,  and  if  the  polar  of  A  passes  through  J9, 
the  polar  of  JB  passes  through  A, 

6.  The  intercept  made  on  the  axis  by  any  two  lines  is  equal  to  the  diffe- 
rence of  the  abscissas  of  the  poles  of  these  lines. 

6.  The  polar  of  the  focus  is  the  directrix. 

7.  If  any  chord  pass  through  the  focus,  the  tangents  at  the  extremities 
are  at  right  angles. 

For  in  the  equation  of  the  chord,  viz.  2x  -  (tan  ^'  +  tan  ^'*)  y  + 
2a  tan^'  tan  ^"  =  0,  substitute  the  co-ordinates  of  the  focus,  and  we  get 
tan  ^' tan  ^"  »  -  1. 

8.  Any  pair  of  opposite  sides  of  a  quadrangle  whose  summits  are  concyclic 
points  on  a  parabola  are  antiparallel  with  respect  to  the  axis* 

9.  The  difference  between  the  intrinsic  angles  of  two  points  being  given, 
to  find  the  locus  of  the  intersection  of  tangents  at  these  points. 


184 


The  Parabola. 


,        .         .            ,            .         (tan  *■  + tan  ♦")*-*  ""i  ♦' ton  ^'  , 

let  »'-»"=»;  then  t«.'».'      "^   (i  +  t^VtanT^ '    ""* 

substituting  -,  -  for  tan  ^' .  tan  0",  tan  4>'  +  tan  ^",  respectively,  we  get 

(y»  -  4aa:)  =  (a  +  x)^  tan'8,  which  is  the  required  locus.  (434) 

Car. — ^The  isoptic  curre  (that  is  the  locus  of  the  intersection  of  tangents 
making  a  given  angle)  of  a  para  bl    is  a  hyperbola. 

10.  Find  the  co-ordinates  of  the  point  of  intersection  of  the  lines  F*  F", 
iSr(§163,  Ex.  1,  fig.). 

X     sinV-fsinV      y      sin  2f  +  sin  2»" 

a  "  co824»'+  co8»<>"'     a  "  cos'^'  +  cos^^""     ^      ' 

Dbf.— 2%*  fu>rm^l/  a<  any  point  of  a  plane  curve  w  the  perpendicular  U 
the  tangent  at  that  point. 

165.  To  find  the  equation  of  the  normal  at  the  point  7f\f. 
Since  the  equation  of  the  tan- 
gent is 

the  equation  of  the  normal  is 


y-y'  =  -|-(;B-«').       (436) 

Cor.  1. — If  in  the  equation  of 
the  normal  we  put  y  =  0,  we  get 
X  -  of  -  2a;   but  in  this  case  x  =  AN,  a?'  =  AM,      Hence 
a?  -  a/  =  MN;  therefore  JCV=  2a. 

Def. — The  line  MN"  intercepted  on  the  axis  between  the  ordi- 
nate and  the  normal  is  called  the  Subnobhal.  Hence  in  the 
parabola  the  subnormal  is  constant. 

Cor.  2.— Since  Slf^  x^  -  a,  and  Jtf3r=  2a,  we  have  SN=  x' 
'¥a  =  8P. 

Cor.  3. — ^From  any  point  afi  can  be  drawn  three  normals 
to  a  parabola. 

For  if  the  normal  (436)  passes  through  aj9,  we  get,  after  sub- 
stituting for  x'f/'  their  values  in  terms  of  the  intrinsic  angle, 

a  tan»<^  -  (a  -  2a)  tan  <^  -  j3  =  0,  (437) 

a  cubic  giving  three  values  for  tan  4>. 


The  Parabola.  185 

Cor.  4. — Since  the  cubic  (437)  wants  its  second  term,  the 
sum  of  the  three  values  of  tan  ^  must  be  zero.  Hence,  if  from 
any.  point  three  normals  be  drawn  to  a  parabola,  the  sum  of  the 
ordinates  of  their  feet  is  zero.  Hence  the  locus  of  the  mean 
centre  of  the  feet  of  the  normals  is  the  axis. 

Joachimsthal's  Circle. 

166.  ThU  is  the  circle  through  the  feet  of  the  three  normaU  that 
can  he  drawn  from  a  given  point  aft  to  a  given  parabola. 

Its  equation  is 

«*  +  y*  -  (a  +  2a)x  -P/2.g  =  0.  (438) 

For  if  we  eliminate  x  between  this  and  y^  =  4axj  and  put 
y  =  2a  tan  ^  in  the  result,  we  get  (437). 

Cor.  1. — Joachimsthal's  Circle,  having  no  absolute  term, 
passes  through  the  origin.  Hence,  if  from  any  point  three  nor- 
mals be  drawn  to  a  parabola,  their  feet  and  the  vertex  are  oon- 
eyclie. 

Cor.  2. — If  a,  fi  be  the  co-ordinates  of  the  point  whence  the 
normals  are  drawn,  the  co-ordinates  of  the  centre  of  Joachim- 
sthal's Circle  are 

(o  +  2a)/2,  i3/4.  (439) 

Circle  of  Curvature. 

167.  Dbp. — Hie  circle  through  three  consecutive  points  of  a 
curve  is  called  its  Circle  of  osculation  or  Curvature,  and  its  centre 
and  radius  the  centre,  and  the  radius,  of  curvature  at  the  point. 

If  t,  if,  If'  be  the  tangents  of  the  intrinsic  angles  of  three 
points  of  a  parabola,  the  co-ordinates  of  the  circumcentre  of  the 
triangle  formed  by  the  tangents  at  these  points  are 

a:  =  5  (^  +  ^  +  ^^  +  <^  +  <Y'  +  if't  +  4), 
y  =  _  ?  (^  +  ^)  (^  +  ^')  (^/  +  ty     (Equation  (98).) 
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Hence,  snppoBuig  the  three  points  to  be  consecutive,  we  get  the 
co-ordinates  of  the  centre  of  curvature,  viz. 


a?  =  a(3^  +  2),     y=:-2a^. 


(440) 


Now,  let  AE  be  the  tangent  at  the  vertex  of  the  parabola, 
NR  the  directrix.  Then,  if  0  be  the  centre  of  curvature  at  P, 
produce  OP  to  meet  the  directrix  in  -ZV,  and  draw  OE  parallel 
to  the  axis,  to  meet  ^^E'in  E  and  the  ordinate  Pif  produced  in  F. 
Then  we  have  EO^a  (3^  +  2),  and  EF^  AM=  a^.  Hence 
FO  c=  2a  (1  +  ^)  =  2fl  sec«<^  =  28P  =  2PD,  Hence  OP  =  2PN\ 
that  is,  the  radtus  of  curvature  at  any  point  P  of  a  parabola  is  equal 
to  twice  the  intercut  on  the  normal  between  the  point  P  and  the 
directrix. 


Cor,  1. — ^The  radius  of  curvature  =  20  800"^.  (441) 

For  PiV«  PD  Bee  4>  =  SP  Gee  <li  =  a  sec»^,  and  OP  =  2PN. 

Cor.  2. — If  we  form  the  equation  of  the  circle  whose  centre 
is  0  and  radius  =  2a  sec'^,  we  have  the  circle  of  curvature, 
Hence  circle  of  curvature  is 


«2  +  y«  -  2«(3^  +  2)x  +  4at^y  =  3«»^ ; 


(442) 
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or  if  x^f/  be  the  point  of  contact, 

aj»  +  y»  -  2x{Sx'+  2a)  +  — ^.y  -  Sx^  =  0.      (443) 

Cor.  3. — ^Throngh  any  point  can  "be  drawn  four  circles  oscu- 
lating a  given  parabola. 

For  if  the  point  be  A,  ^ :  substituting  for  x,  y  in  (^43)|  and 
omitting  accents,  their  points  of  contact  lie  on  the  conic 

Sax^  +  Gahx  -  2kxy  +  4a«A  -  a  (A»  +  if)  =  0,      (444) 

bat  this  intersects  the  parabola  in  four  points. 

Car.  4. — ^When  the  point  hk  is  on  the  curve,  the  circle  oscu- 
lating at  hk  counts  for  one,  and  three  others  can  be  described 
osculating  elsewhere. 

EvoLUTE  OF  Parabola. 

168.  Dep. — The  locus  of  th$  centres  of  curvature  for  all  the 
points  of  any  curve  is  called  its  evolute. 

If  we  eliminate  t  between  the  equations  (440),  we  get 

4  (ar  -  2ay  =  27ay»,  (446) 

which  is  the  evolute  of  the  parabola. 

Cor. — Joachimsthars  Circle  touches  the  parabola  when  two 

of  the  three  normals  coincide ;  then,  if  ^  be  the  centre  of 

curvature,   and  afi  of  Joachimsthal's  Circle,  we  have,  from 

equation  (439),   2a  =  x  +  2a,   4)8  =  -  y.     Hence,   from  (445), 

we  firet 

2  (a  -  2a)»  =  27aP\  (446) 

which  is  the  locus  of  the  centres  of  the  Joachimsthal's  circles 
that  touch  the  parabola. 


1.  If  Pi,  P2,  Ps  be  three  points  whose  normals  are  concurrent,  the  line 
through  the  vertex  parallel  to  any  side  of  the  triangle  PiPaPs  will  meet 
the  parabola  agedn  in  the  symmetrique  of  the  opposite  vertex. 

2.  The  lines  through  Pand  A  (fig.,  i  167)  antiparallel  with  respect  to 
the  axis  to  the  tangent  at  P,  will  meet  the  parahola  again  in  the  points 
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▼here  the  osculating  and  the  Joachimsthal's  circles  at  P  respectiYelj 
meet  it. 

3.  The  hyperbola  xy~(x'-  2a)  y  -  2fly'  =  0  (447) 
passes  through  the  feet  of  the  normals  from  x'y\ 

4.  The  envelope  of  the  chords  of  osculation  of  a  parabola  is  the  parabola 

y»  +  Uax  =  0.  (448) 

6.  If  a  Joachimsthal's  circle  touch  a  parabola  at  ^V»  ^o  chord  joining 

this  to  the  intersection,  different  from  the  vertex,  is  xlx*  +  yjy'  »  2,  and  its 

envelope  is 

y^  +  Z2ax  =  0.  (449) 

6.  If  sfy'  be  the  co-ordinates  of  the  point  of  intersection  T  of  two  tan- 
gents to  a  parabola,  x*'y"  the  co-ordinates  of  iV,  the  intersection  of 
normals 

x"  =  2a  -  a?'  +  /'/«,     y"  =  -  «y/«.  (460) 

For  if  Pi,  Ps  be  the  points  of  contact  on  the  parabola,  the  circle  on  TN 
as  diameter  passes  through  Pi,  P2,  and  also  the  Joachimsthal  circle  of  N, 
Hence  P1P2  is  the  radical  axis  of 

(ar-*')(a^-«")  +  (y-y')(y-y")  =  o, 

and  aj«  +  y»  -  (aT  +  2a)x  -  ^-^  e  0. 

Hence  the  equation  of  P1P2  is  x{x'~  2a)  +  y  (y'72  +  y')  -  x'x"  -  y'y"  =  0 ; 
but  P1P2  is  the  polar  of  T  with  respect  to  the  parabola.  Hence  its  equation 
\Byy'  =  2a{x'\-x')\  and  comparing  coefficients,  &c. 

7.  Two  normals  at  right  angles  intersect  on  the  parabola 

y>«a(a;-3a).  (451) 

8.  Find  the  locus  of  the  intersection  of  normals  at  the  extremities  of  a 
chord  which  passes  through  a  given  point. 

Since  the  chord  passes  through  a  given  point,  the  intersection  of  the 
tangents  will  be  on  the  polar  of  the  point.  Hence  eliminating  x'y'  between 
this  polar  and  equation  (450),  we  get  the  required  locus. 

9.  If  normals  at  ^lyi,  X2y%f  xzyz  be  concurrent, 

(a?i  -  ir2)/y8  +  (X2  -  irs)/yi  +  (*3  -  «i)/ya  «  0.  (462) 

10.  If  the  normal  at  ^  meet  the  parabola  again  at  ^',  then 

tan  4>  (tan  ^  +  tan  ^')  +  2  =  0.  (453) 

11.  If  x'y'  be  the  co-ordinates  of  the  point  of  osculation,  the  co-ordinates 
of  the  other  extremity  of  the  chord  of  osculation  are 

9xf,    -3/.  (454) 
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12.  If  the  osculating  circle  at  Pmeet  the  parabola  again  at  P*,  and  the 

osculating  circle  at  F'  meet  it  again  at  P",  the  envelope  of  FF"  is  the 

parabola 

25j^'  =  Zeax ;  (455) 

and  the  Iocub  of  the  centroid  of  the  triangle  F'FF"  is  the  parabola 

39y«  »  28ax.  (456) 

13.  Show  that  from  any  point  of  a  parabola,  besides  the  normal  [at  the 
point,  two  others  can  be  drawn ;  find  the  enrelope  of  the  chord  joining  their 
feet  and  the  locus  of  its  pole. 

169.  To  find  the  polar  equation  of  the  parabola^  the  focus  being 
pole. 

Let  8  be  the  focus,  P  any  point  in 

the  parabola ;  then  denoting  the  angle 

08P  (in  Astronomy  called  the  true 

anomaly)  by  tf,  and  SP  by  p.     Since  ^ 

SP  =  PN^  OM^  2a  -  SM,  we  have 

0 
p  =  2a-  p  co6$; 


therefore 


2a 


=  fl8ecH^,     (457) 


'^        1+COB^ 

which  is  the  required  equation. 

Cor.  1. — ^If  PS  produced  meet  the  curve  again  in  P', 

PP"  =  4a  cosec'  0.  (458) 

Cor.  2.—  PB.SF^PP' . a.  (459) 

Cor.  3. — The  polar  equation  of  the  tangent  at  the  point 
whose  angular  co-ordinate  is  a,  is 


—  =  cos  ^  +  cos  \p  -  a). 


(460) 


For  this  will  be  satisfied  if  we  make  B  -a\  and  for  other  values 
of  ^,  the  value  of  p  derived  from  this  equation  is  greater  than 
the  corresponding  value  obtained  from  the  equation  of  the  curve 
Hence,  except  at  the  point  a,  the  line  (460)  does  not  meet  the 
curve. 
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Cor,  4. — The  polar  equation  of  the  normal  at  the  point  a  is 

-  =  cot  ^  cos  ^  8"i  ( *  -  ^ ) ;  (4^0 

for  if  we  make  0  =  a,  we  get  p-a  sec* ^a.  Hence  the  line 
passes  through  the  point  a.  Again,  if  we  make  ^  =  tt,  we  get 
the  same  value  for  p.  Now,  the  focal  vector  of  the  foot  of  the 
normal  is  equal  to  that  of  the  point  of  contact  ({  165,  Cor.  2). 
Hence  the  line  (461)  passes  through  two  points  on  the  normal, 
and  therefore  must  coincide  with  it. 

Cor.  5.  The  intrinsic  angle  at  any  point  of  a  parahola  is  half 
the  polar  angle. 

Cor,  6. — The  polar  co-ordinates  of  the  intersection  of  tan- 
gents at  the  points  whose  iatrinsic  angles  are  ff>\  <l>'\  are 

p  =  a  sec  «^'  sec  <^",     0  =  4>' +  <f>".  (462) 


1.  Find  the  polar  co-ordinates  of  the  istersecdon  of  tangents  at  the  points 
whose  angular  co-ordinates  are  (a  +  iS),  (a  —  i3). 

2.  The  equation  of  the  chord  joining  the  points  (a  +  fi),  (a  -  ff)  is 

2a 

—  =  cos  e  +  sec  /3  cos  (0  -  a).  (463) 

9 

3.  If  ^1,  ^,  ^s  be  the  intrinsic  angles  of  three  points  on  a  parabola,  the 
circumcircle  of  the  triangle  formed  by  the  tangents  at  ^i,  08>  ^  is 


/>cos0icos^cos^  =  acos(O-^i  +  ^  +  ^),  (464) 

make  use  of  (462).  (Ritchib.) 

4.  If  Oi,  O3,  (hi  Oi  be  the  circumcentres  of  the  four  triangles  formed  by 
the  tangents  at  ^i,  ^,  ^,  ^4  the  points  Oi,  O2,  (hy  Oi  are  on  the  circle 
passing  through  the  focus 


2/>  cos  ^1  cos  03  cos  ^3  COB  ^  =  a  000  (9  -  ^1  +  ^  +  ^  +  ^i).      (465) 

(Ibid.) 
The  co-ordinates  of  Oi  are 

a 


1 
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5.  If  ^b  ^1  ^>  ^4>  ^B  be  the  intrinsic  angles  of  fire  points,  0'\y  0*2f  t>'s, 
(/^f  (Xs  the  centres  of  five  circles  determined,  as  in  Ex.  4,  by  the  tangents 
^  ^ly  ^  ^e.,  taken  four  by  four,  the  points  O'l,  (7st  &c.,  are  on  the 
circle 


4^  OOS^l  COS^  cos  ^3  COS  ^4  COS^fiaa  COS(0~^l+^  +  ^3+^i  +  ^6)«    (466) 

6.  Tangents  at  two  points  P,  P'  meet  the  axis  in  the  points  T,  7" ;  prove 

7.  The  polar  equation  of  the  circle  which  touches  the  parabola  at  the 
point  whose  intrinsic  angle  is  a  is 

p  COB^  a  =  a  cos  (9  -  3a).  (467) 

8.  If  /],  ^,  be  the  lengths  of  two  tangents  to  a  parabola,  <p  their  con- 

(/i/2  8in^)| 


tained  angle,  then  h^  +  2a^  +  ^hh  cos  ^ 


a% 


(468) 


9.  If  p,  p'  be  the  radii  of  onrvature  at  the  extremities  of  a  focal  chord, 

then 

p-|  +  p'-|  =  (2fl)-|.  (469) 

170.  To  find  the  Ungth  of  a  line  drawn  from  a  given  point  in  a 
given  direction  to  meet  the  pardbola. 

Let  0  be  the  given  point,  OF  the  given  direction,  and  let  the 
rectangular  co-ordinates  of  0,  F  be  x^y',  xy  respectively ;  then 
denoting  OF  by  p,  we  have  P 

a?  =  a/  +  p  cos  tf ,    y  =  y'H-  p  sin  tf . 

Substituting  these  values  in  the  equation 
y*  =  4ap,  we  get 

p«  sin« tf  +  2 (y'sin^- 2a  cos^)p 

+  y'»  -  402/  =  0,  (470) 

a  quadratic  whose  roots  are  the  values 

required.    If  the  roots  of  this  equation 

^  Ply  Pa>  8J^d  ^  ^P  m^i  the  curve  again  in  jP,  we  may 

put  OF  =  pi,  0P'=p2. 

Cor.  1. — ^If  jPP  be  bisected  in  0,  we  have  pi  =  -  p^,  and  the 


192 


The  Parabola. 


co-efficient  of  the  second  term  in  (470)  is  zero.  Hence,  if  ^  be 
constant  and  y*  variable,  we  see  that  the  locus  of  the  middle 
}>oints  of  a  system  of  parallel  chords  is  the  line  y  =  2a  cot  0 
(Comp.  }  163.)  (470) 

Cor.  2. — ^The    product  of  the  roots  of  equation  (470)  is 
(y^  -  40*')  cosec'  $.    Hence 

OP.  OP={y^-  4ap')  cosec'tf. 

Similarly,  if  another  chord  QQf  he  drawn  through  0,  making 
an  angle  ^  with  the  axis,  we  have 

OQ.OQf=^  (y'»  -  4aaf)  cosec«  ff. 


Hence 


OP.  OP:  OQ.  OQfi:  cosec*  tf :  cosec«  tf'. 


1.  If  AX,  A'X'  be  two  diameters  of  a  parabola,  0,  Cf  any  two  points  in 
them,  VF,  QQ  parallel  chords  through  0,  (/  respectively, 

AO\JL(y  : :  OF. or:  Od.O'Q. 

2.  If  TJ2,  TV  be  two  tangents,  8  the  focus, 

TI?\TV^\\8R\8V. 

3.  If  0,  0^  be  the  lengths  of  focal  chords  parallel  reepectiyely  to  TJ?,  TV, 

TW" :  TF* ::e:e\ 

4.  If  a  chord  PJP'  through  tbe  point  ^  of  a  parabola  make  an  angle  if' 
with  the  tangent  at  ^,  and  an  angle  $  with 

P. 
PP' cos^sin'e 


the  axis 


sin^' 


U 


Let  FT,  F'The  the  tangents  at  PP' ;  and 
since  the  angle  MTF  is  the  complement  of 
^,  we  have 

8in4» :  cos^  : :  Jfr(or  2AM) :  MF\ 

therefore        MF  sin  ^^  =  2AM  cos  p. 
Again,  if  ^  be  the  focus, 

AAS .  AM :>^  MF^  \    (§164.) 

therefore  2AS .  sin  ^  b  MF  cos  ^. 
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But                                       A8^a  oo0ec>9.  (}  164,  Cor.  1.) 

Hence  sm  +  = ^ .  (471) 

5.  If  throngh  any  pcnnt  ^  on  a  parabola  be  drawn  two  chorda  making 
angles  ^,  ^'  with  the  tangent  at  ^ ;  then,  if  0,  ^  be  their  lengths,  9,  (f  their 
direction  angles, 

sin^risin^':  :08m'0:^  sin'tf'.  (472) 

171.  If  K  M'  ^  denote  the  perpendiculars  from  the  eummite 
of  a  eircumscrihed  triangle  on  any  tangent  to  a  parabola,  and  if 
4>',  4>",  ^"  be  the  points  of  contact  of  its  sides^ 

tan  0' -  tan  <^''     tan  <^"  -  tan  <^'"     tan^'"-tan6'     ^ 

(473) 

for  the  equation  of  any  tangent  is  a;  -  y  tan  ^  +  a  tan'  ^  =  0  ; 
and  X  being  the  peipendicnlar  on  this  from  the  intersection  of 
tangents  at  ^',  ^",  we  have 

X  s  a  COB  ^  (tan  ^  -  tan  ^')  (tan  ^  -  tan  ^") ; 
therefore 

tan  «^'- tan  <^"  1 


X  acos^  (tan ^- tan ^'     tan ^- tan ^"'' 

with  similar  yalnes  tor 

tan  <^^^  -  tan  4^'"     tan  <^^^^  -  tan  ^^ 

and  these  added  vanisli  identicallj.    Hence  the  proposition  is 
proTed. 

Cor.  1. — 11  y',  y"y  y"'  denote  the  ordinates  of  the  points  of 
contact  of  the  parabola  with  the  sides  of  the  triangle, 

^—T^  + ^  +  ^ —  ^  =  0.  (474) 
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Cor,  2. — In  like  manner,  if  a  polygon  of  any  number  of  ddea 
be  circnmscribed  to  a  parabola, 

t^,tLzr^tr^yZ^,,r^^O,    (475) 

A  ft  F  f 

Cor.  3. — ^If  the  co-ordinates  of  the  summits  be  a'Py  a"P",  &c., 
it  is  easy  to  see  that 

v/)3'»  -  4aaf  =  fl  (tan  <^'  -  tan  <!>"). 

But  fi*^  -  Aaa!  is  the  power  of  the  point  a'^  with  respect  to  the 
parabola.  Hence  \/)3^  -  4fla'  may  be  denoted  by  V^.  Hence 
we  have 

y^     yW'     s/W'     ^       ^  ,,^^, 

A  fl  V 

for  any  circumscribed  polygon. 

Cor.  4. — If  a  circumscribed  polygon  consist  of  an  odd  number 
of  sides,  ^^',  &c.,  ib  can  be  expressed  in  terms  of  the  ordinates 
of  its  summits ;  thus,  in  the  case  of  a  triangle,  if  Py  p!\  &c.,  be 
the  ordinates  of  the  summits,  we  get,  instead  of  (474),  the 

equation 

P^P"     pf'-p"'     fi'"-p^     ^  ,  .^^ 

^— r^—  +  ^ ^—  +  ~ ^  =  0.  (477) 

A  /A  V 

Cor.  5. — ^The  perpendiculars  from  the  points  ^',  tf/'  on  the 
tangent  at  ^  are 

a  cos  ^(tan  0  -  tan  ^')',     a  cos  ^(tan  ^  -  tan  ^")* ; 

and  the  perpendicular  from  the  point  of  intersection  of  tangents 

is 

a  cos  ^(tan  ^  -  tan  ^')(tan  ^  -  tan  if/'). 

Hence  we  have  the  following  theorem — Hie  perpendicular  from 
an  external  point  JR  on  any  tangent  to  the  parabola  is  a  mean 
proportional  between  the  perpendiculars  on  the  same  tangent  from 
the  points  where  the  polar  of  R  meets  the  parabola. 

Cor.  6. — ^From  Cor.  5  we  have  immediately  the  following 
theorem : — If  a  quadrilateral  circumscribe  a  parabola,  the  product 
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oftheperpendicularifrom  the  extremtttee  of  one  of  its  three  diagonals 
OH  any  tangent  ii  equal  to  the  product  of  the  perpendiculars  ofi 
the  same  tangent  from  the  extremities  of  either  of  the  remaining 
diagonals. 

Exercises  on  the  Parabola. 

1.  Find  the  polar  equation  of  the  parabola,  the  vertex  being  the  pole. 

2.  What  ia  the  intrinsic  angle  at  either  extremitj  of  the  latus  rectum  ? 

3.  What  is  the  equation  of  the  tangent  at  an  extremity  of  the  latus 
rectum? 

4.  ABf  CD  are  two  rectangular  diameters  of  a  circle.    Through  A 
chord  ^jPis  drawn  meeting  CD  in  JB,  and  through  E,  ^JT  is  drawn  parallel 
to  AB  meeting  ^jPin  X;  prove  that  the  locus  of  iTis  a  parabola. 

(Bkooabd.) 

5.  Find  the  equation  of  the  normal  at  the  extremity  of  the  latus  rectum 

6.  In  the  figure,  )  169,  prove  that  the  points  P\  A,  If  are  coUinear. 

7.  If  the  ordinates  of  three  points  on  a  parabola  be  in  geometrical  pro- 
gression, prove  that  the  pole  of  the  line  joining  the  first  and  third  lies  on 
the  ordinate  through  the  second. 

8.  If  from  a  point  0  whose  abscissa  is  a;  a  perpendicular  be  let  fall  on 
the  polar  of  0,  if  this  meet  the  polar  in  S  and  the  axis  in  G, 

SG'=iSR  =  »  +  a. 

9.  If  two  equal  parabolas  have  a  common  axis,  but  diflferent  vertices,  the 
tangent  to  the  interior,  and  bounded  by  the  exterior,  is  bisected  at  the  point 
of  contact. 

10.  Prove  that  the  locus  of  the  pole  of  a  chord  which  subtends  a  right 
angle  at  the  point  hk  is 

««»  -  V  +  (*«•  +  2flA)  X  -  2«*y  +  a  (A'  +  *«)  =  0.  (478) 

The  condition  that  the  extremities  of  the  chord  joining  the  points  0',  ^ ' 
may  subtend  a  right  angle  at  the  point  hk  is 

(h  -  aO  {h  -  a*"*)  +  (*  -  2af)(k  -  2ar)  =  0 ; 

and  the  oo-ordinates  of  the  pole  of  the  chord  are 

x^afr,    y  =  «(<'  + n- 

Hence  eliminating  i',  i"  we  get  the  required  equation. 

o2 
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11.  If  from  any  point  in  the  line  x^a'  tangents  be  drawn  to  a  parabola, 
the  product  of  their  direction  tangents  is  a  -f  a'.  (479) 

12.  Find  the  locua  of  the  intersection  of  tangents  at  the  points  ^\  ^'% 
if  tan  ^'  =  A*  tan  ^".  Ant.  y*  =  0**  +  /i"*)*  ax.        (480) 

13.  Prove  that  the  equation  of  the  chord  whose  middle  point  is  hkia 

A:(y-ife)  =  2a(a;-A).  (481) 

14.  If  a  chord  of  a  parabola  subtend  a  right  angle  at  the  vertex  the  locua 
of  iU  middle  point  is  ^  «  2a  (a;  -  4a).  (482) 

16.  The  area  of  the  triangle  formed  by  tangents  at  the  points  ^\  ^" 
and  their  chord  of  contact  is 

~(tan^'- tan^")*-  (483) 

16.  If  a  variable  circle  touch  a  fixed  circle  and  a  fixed  line,  the  locua  of 
its  centre  is  a  parabola. 

17.  If  the  difference  between  the  ordinates  of  two  points  on  a  parabola  be 
given,  the  locus  of  the  intersection  of  tangents  at  these  points  is  an  equal 
parabola. 

18.  If  two  tangents  to  a  parabola  from  a  variable  point  P  include  an 
angle  0,  prove,  li  She  the  focus,  FIf  a  perpendicular  on  the  directrix, 

FN  =  SF  cos  e.  (484) 

19.  The  area  of  the  triangle  formed  by  the  points  p\  p"  and  the  focus  is 

a>  (tan  ^'  -  tan  ^")  (I  +  tan  ^'  tan  <t>").  (485) 

20.  A  triangle  ABC  ia  inscribed  in  a  parabola  whose  focus  is  P ;  show 
that  one  of  the  circles  touching  the  perpendicular  bisectors  of  FA,  FB,  FC 
passes  through  the  circumcentre  of  the  triangle  ABC.       (H.  A.  RossnTa.) 

Let  p,  rif  rz,  rz  be  the  distances  of  a  point  F  from  F,  A,  B,  C7,  respec- 
tively, and  a&y  the  co-ordinates  of  F  with  respect  to  the  triangle  formed  by 
the  perpendiculars  to  FA,  FB,  FC  at  their  middle  points.    Then  we  have, 

evidently, 

p?-  ri«  =  2FA  .  a  =  2asec?^i .  a. 
Hence 

a  =  C08«  ^1  (p»  -  ri«)/2a. 
Similarly, 

/B  =  cos' ^  (p»  -  r2*)/2a,    7  *  cos*  ^  (p«  -  fj»)/2a. 

Now,  the  equation  of  a  circle  touching  0^7  ia 

cos  }  (fty)  \/a  +  cos  J  iya)  ^/fi  -f  cos  |(aj9)  \/ 7  »  0. 
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Hence,  by  substitutiony  we  get 


Bin  (^  -  ^)  cos  ^1  ^^  -  ri*  +  sin  (^  -  ^i)  COS  ^j  v/p*  -  r»" 

+  ain  (^1  -  ^)  coe^  v^p*-  rj*  «  0,. 

but  if  P  be  the  circumcentre  of  the  triangle  ABCy  n  s  ra  =  rs,  and  we  get 

an  {<p%-  ^)  cos ^i  +  sin  (^a-^i)  cos^  +  sin (^i-^)  oos^j  ■  0, 
which  is  true. 

21.  The  co-ordinates  of  the  centroid  of  a  triangle  ABC  inscribed  in  the 
parabola  y^  a  ^ax  are  a,  fi ;  show  that  the  co-ordinates  of  the  centroid  of  the 
triangle  formed  by  the  tangents  at  A^  By  C  are 

^^^,fi.  {Hid.)    (486) 

22.  If  a  series  of  circles  S,  8i,  Szt  Sst  &c.,  touch  each  other  consecutiyely 
along  the  axis  of  a  parabola ;  then,  if  the  first  be  the  circle  of  cuirature 
of  the  parabola  at  the  vertex,  and  the  others  have  each  double  contact 
with  the  parabola,  prove  that  their  diameters  are  proportional  to  the  odd 
numbers  1,  3,  5,  &c. 

23.  If  p,  p'  be  two  radii  vectores  of  a  parabola  from  the  vertex  at  right 
angles  to  each  other,  prove  pip't  =  16a'  {pi  +  p'i),  (487) 

24.  The  perpendicular  from  the  focus  on  any  chord  of  a  parabola  meets 
the  diameter  which  bisects  that  chord  on  the  directrix. 

25.  If  from  any  two  points  0',  ^"  of  a  parabola  perpendiculars  be  drawn 
to  the  directrix,  the  intersection  of  tangents  at  ^',  fp"  is  the  centre  of  a 
circle  through  the  focus  and  feet  of  the  perpendiculars. 

26.  If  from  any  point  P  a  perpendicular  FQ  to  the  axis  meet  the  polar  of 
Pin  i2,  find  the  locus  of  P,  if  PQ.  P£be  constant 

Atu.  A  parabola. 

27.  Find  the  circle  whose  diameter  is  the  intercept  which  ^  -  Aax  =  0 
makes  on  the  line  y  =  mo;  +  «>- 

Ant.  m2(«'  +  y^  +  2(»in-2a)ic-4affiy  +  4am«  +  «'«0.     (488) 

28.  If  SL  be  the  perpendicular  from  the  focus  of  a  parabola  on  the  normal 
at  any  point,  find  the  locus  of  X. 

29.  If  a  chord  of  a  parabola  be  bisected  by  a  fixed  double  ordinate  to  the 
axis,  the  locus  of  the  pole  of  the  chord  is  another  parabola. 

30.  If  in  the  equation  <^  » s^,  u>  and  z  denote  complex  variables,  prove, 
if  s  describes  a  right  line,  that  w  describes  a  parabola. 
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31.  Two  chords  from  the  vertex  to  points  ^\  ^*'  of  a  parabola  make  an 
intercept  on  the  directrix,  which  is  bisected  by  the  join  of  the  vertex  to  the 
intersection  of  tangents  at  ^',  ^". 

32.  Two  fixed  tangents  to  a  parabola  are  cut  proportionallj  by  any 
Taxiable  tangent. 

33.  If  pi,  p3)  ps  be  the  focal  yeotors  of  three  points,  ^i,  ^  ^  of  a  para- 
bola, then 

2  sin  i  (pip2)l^  «  0.  (Nbubbko.)    (489) 

J  {pipi)  =  (^1  -  ^)   and   p3  =  a  sec'^. 
Hence,  by  snbstitution  we  get 

2  sin  (^1  -  A,)  COS  ^  =  0, 
which  IS  true. 

34.  In  the  same  case,  prove  that 

»  =  2f>ip3^  sin \  (pipi)  sin}  (pjpi)  sin}  {ptpi)l^i(n  on ipip*)* 

{Ibid'.)    (490) 

36.  AS  is  a  focal  chord,  and  AM,  BM  are  respectively  parallel  and 
perpendicular  to  the  axis.  If  N  be  the  foot  of  the  normal  at  By  MN  is 
perpendicular  to  BN,  (B&ocabd.) 

36.  Trisect  an  arc  of  a  circle  by  means  of  a  parabola. 

37.  The  radical  axis  of  two  circles  whose  diameters  are  any  two  chords 
intersecting  on  the  axis  of  a  parabola  passes  through  the  vertex. 

38.  A  coaxal  system  of  circles,  having  two  real  points  of  intersectioii, 
are  intersected  by  two  chords  passing  through  one  of  these  points.  In  two 
systems  of  points  P,  P,  P",  &c. ;  Q,  Q',  Q;\  &c.,  prove  that  the  chords 
PQ,  FQ^y  F*Q'\  &c.,  are  all  tangents  to  a  parabola. 

39.  XO,  the  perpendicular  at  the  middle  point  Z  of  a  focal  chord,  meets 
the  axis  in  0.  Prove  that  SO,  LO  are  the  arithmetic  and  the  geometric 
means  of  the  focal  segpnents  of  the  chord. 

40.  If  y  be  the  intercept  which  a  tangent  to  a  parabola  makes  on  the  axis 
of  y,  and  ^  the  angle  it  makes  with  it,  prove  that  w  =  a  tan  ^  is  a  tangential 
equation  of  the  parabola. 

41.  If  two  circles  touch  a  parabola  at  the  ends  of  a  focal  chord,  and  pass 
through  the  focus,  they  cut  orthogonally ;  also  the  locus  of  their  second 
intersection  is  a  circle. 

If  2a  be  the  direction  angle  of  the  focal  chord,  the  polar  equations  of  the 

two  cirolee  are 

p  sin3  a  s  a  sin  (8a  -  0),  (491) 

p  cos^ a  =  -  a  cos(3a  ~  0).  (492) 
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The  loous  of  their  second  point  of  intersection  is 

p'  -  ap  coe  9  -  2a*  «  0.  (498) 

42.  Giye  a  geometrical  construction  for  drawing  a  tangent  to  a  paiabola 
from  an  eoctemal  point. 

43.  If  12  be  the  ciroumxadinB  of  a  triangle  ^18(7  inscribed  in  a  parabola, 
wbose  side  AB  makes  an  angle  9  with  the  axis,  prove 

a  >=  i2  sintf  .  sin  (9  -  ul)  sin  (0  +  ^).  (494) 

44.  If  pi,  pt)  p3  be  the  distances  from  the  focus  to  the  summits  of  a 

drcmoscribed  triangle,  then,  if  J2  be  the  ciroamradius  of  the  triangle,  prove 

that 

4«  «  pipipzlIP.  (496) 

45.  If  ABC  be  a  triangle  inscribed  in  a  parabola,  A\  B'^  C  the  poles  of 
BC^  CA,  AB,  respectively,  prove  that  the  circumcentres  of  the  triangles 
A'BCt  AB'C,  ABC,  and  the  focus  are  concyclic. 

46.  The  area  of  the  parabolic  segment  cut  off  by  any  chord  la  two-thirds 
of  the  triangle  formed  by  the  chord  and  the  tangents  at  its  extremities. 

47.  Prove  that  the  angle  of  intersection  of  y'  -  4ax  =  0,  x*  —  Abt/  =  0,  is 


48.  If  the  normal  at  a  point  ^  on  a  parabola  meet  the  axis  in  K,  the 
envelope  of  the  parallel  through  JT  to  the  tangent  at  ^  is  a  parabola. 

49.  If  the  sum  of  the  absclBsn  of  two  points  on  a  parabola  be  given,  the 
bcus  of  the  intersection  of  the  tangents  at  the  points  is  a  parabola. 

60.  If  from  the  vertex  A  o{&  parabola  a  perpendicular  AP  be  drawn  to 
any  tangent,  the  locus  of  the  point  inverse  to  P,  with  respect  to  a  circk 
whose  centre  is  ^,  is  a  parabola. 

51.  Find  the  locus  of  a  point  P,  if  the  normals  corresponding  to  the 
tangents  from  P  meet  on  the  line  Az  +  By  +  C=0,  (497) 

Ans,  Ay* -  Bxy  -  Aax  +  2a»-4  +  a(7=  0. 

52.  If  normals  be  drawn  from  the  point  s^y'  to  the  parabola,  prove  that 
the  ciroumcirole  of  the  triangle  formed  by  the  corresponding  tangents  is 

(«  -  a)  («  +  «'  -  2a)  +  y  (y  +  y')  =  0.  (498) 

63.  Two  parabolsB,  8,  S',  have  a  common  focus,  parameter,  and  axes, 
their  vertices  being  on  opposite  sides  of  the  focus  ;  show  that  if  from  any 
point  on  S  two  tangents  be  drawn  to  S',  the  ciroumdrcle  of  the  triangle 
formed  by  these  tangents  and  their  chord  of  contact  touches  ^. 

(F.  PusaBB.) 
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64.  Two  equal  paiabols,  8,  8',  have  coincident  aiee,  which  have  the 

same  directioii,  while  the  focus  ^  of  ^  is  the  vertex  of  S*.    Show  that  if  P 

be  a  point  on  8',  the  chord  of  8  through  P,  which  passes  through  F,  is  the 

minimum  chord  through  P. 

{Ihid.) 

66.  If  h,  ttf  tif  U  denote  the  tangents  of  half  the  inclinations  to  the  ass 
of  four  oonoyclic  tangents  to  a  parabola,  titihti  =  I.    (Nbubsro.)    (499] 

Dbf. — Four  lines  are  said  to  be  eoncyelie  when  they  touch  the  same  eireU. 

The  tangent  at  the  point  ^  to  a  parabola  iBX  —  y  tan  ^  +  a  tan'^  s=  C ;  if 

this  touch  the  circle  {x  —  a)'  •(-  (y  -  iB)'  s  iZ*  the  perpendicular  on  it  fron  the 

point  a/3  is  equal  to  22.    Hence  we  get 

a  cos'  ^-/3sin^oo6^  +  a  sin'  ^  =  12  cos  ^. 

Now,  putting 

^^     l-tan»e      l-<» 

am  0  ss  cos  29  = -—  m -. 

^  l  +  tan»a      l^-^ 

we  get 

a<*  -  2  (22  -  /B)  <»  +  2  (2a  -  a)  ^-  2  (JJ  +  /3)  <  +  a  =  0. 

In  this  equation  the  roots  are  t\,  t%^  tz^  ti.   Hence  the  proposition  is  iroved. 

66.  If  a  circle  osculates  a  parabola,  and  if  2(9  be  the  inclination  of  the 
tangent  at  the  point  of  osculation,  and  20i,  of  the  other  common  tangent, 

tanei-cot'e.  {Ibid.)    (600) 

67.  The  dismeter  of  the  circle  insciibed  in  the  quadrilateral  formed  b^ 
ooncyclio  tangents  of  a  parabola  is  equal  to  the  sum  of  the  perpendiculan 
from  the  focus  on  the  tangents.  [Ibid.) 

For  the  equation  in  t  gives 

:E  tan0  «  2(22  -  /3)/a,    X  cot9  =  2(22+  iB)/a. 
Hence,  by  addition, 

422/a  »  2(G0ta  +  tan e)  e  22  cosec 20  =  22  sec^ ; 

.'.  222  s  2a  sec ^  =  sum  of  perpendiculars. 

68.  The  ordinate  of  the  centre  of  the  circle  is  the  arithmetic  mean  of  the 
sum  of  the  ordinates  of  the  points  of  contact  on  the  parabola.  {Ibid.) 

69.  If  22i,  222,  223,  224  be  the  radii  of  curvature  at  the  points  of  contact 
with  the  parabola  of  conoycUo  tangents, 

2*22  =  af(i2ii+222i+^8*+224*).        {Ibid.)  ..(601) 

For  22i  =  2a  sec^^i,  equation  (441). 

Henoe,  a  sec  ^i  =  (a'22i/2)i,  &c. 

60.  If  four  circles  osculate  at  the  points  of  contact  of  ooncyolic  tangents, 
the  other  common  tangents  of  these  circles  and  the  parabola  are  concydic. 


CHAPTER   VI. 


THE  ELLIPSE. 


172.  Def.  I. — Being  given  in  posifian  a  point  8^  and  a  line 
NN'.    The  loeuB  of  a  variable 
point  Py  whose  distance  fr&m  ^ 
8  has  to  its  perpendicular  dis- 
tance from  NN'  a  given  ratio 
Cy  less  than  unity,  is  called  an  q 

ELLIPSE. 

Def.  n. — The  point  8  is 
called    the    focus,     the    line  ^ 
NN'     the     dxeectbiz,    and 
the  ratio  e  the  sgcentricitt  of  the  ellipse, 

173.  Tofind  the  equation  of  the  ellipse. 

1^.  Take  the  focus  as  origin,  and  the  line  through  8  per- 
pendicular to  the  directrix  as  the  axis  of  x,  and  a  parallel  to 
the  directrix  through  8  |is  the  axis  of  y;  also  denote  the 
perpendicular  80  from  ^8^  on  the  directrix  hy  /;  then,  if 
the  co-ordinates  8M,  HP  ,be  xg,  we  have  8P*  =  a?*  +  y', 
PN^  z  +/;  hut  (Def.  i.)  8P  -t  PN^  e ;  therefore 


which  is  the  required  equation. 


(602) 


Obsertratioii. — It  will  be  seen  that  eqnation  (602)  includes  the  three 
conic  sections.    Thus,  when  €  is  less  than  unity,  it  represents  an  ellipse ; 
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when  equal  to  unity,  a  parabola;  and  when  greater,  a  h3rperbola.  Also 
the  general  equation  <u^  +  2Aa;y  -f  by^  +  ^gx  +  2fy  +  0  =  0  may  obviously 
be  written  in  the  form  (a;  -  a)'  +  (y  -  /5)*  =  (te  +  my  +  n)' ;  for,  by 
expanding  and  compaiing  coefficients,  we  should  obtain  a  sufficient  number 
of  equations  to  determine  a,  /3,  &c.,  in  terms  of  the  coefficients  of  the  general 
equation.  And  it  is  eyident  that  {x  —  a)*  +  (y  —  i9)'  *=  (2«  +  my  +  ft]*  can 
by  transformation  be  reduced  to  the  form  (502). 

2°.  If  in  (502)  we  put  a:  =  «  +  — ^, 

we  get  ^  +  nr?  =  (7=7)5'  ('•> 

Hence,  if  (7  be  the  new  origin, 

Now,  patting  y  =  0  in  (i.),  we  get 


ar»  = 


(1  -  ^)*' 

giving  for  x  two  yalnes,  equal  in  magnitude,  but  of  opposite 
signs.  Hence,  denoting  the  points  where  the  ellipse  meets 
the  axis  of  x  hj  A,  A\  we  have 


therefore  AC  -  CA\  and  the  line  AA'  is  bisected  in  C 
Hence,  denoting  AA'  by  2^,  we  have 

Again,    putting  :e » 0,   and   denoting   the   points  where  the 
ellipse  cuts  the  axis  of  y  by  B^  B*^  we  get  in  the  same  manner 


Hence  i&^  is  bisected  in  C\  and,  denoting  BB'  by  23,  we 
have 
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Now,  since  equation  (i.)  may  be  written 

(1  -  ^rx^      (1  -  Oy« 

from  (in.)  and  (iv.)  we  get 

This  is  the  standard  fonn  of  the  equation  of  the  ellipse. 

DxF.  m. — The  lines  AA\  BBf  are  called^  respectively^  the 
TBAVSTESSB  oxis  and  the  conjugate  axis  of  the  ellipse^  and  the 
point  C  the  centbb. 

Def.  iy. — The  double  ordinate  LL  through  8  is  called  the 

LATUS  SBOTUK  OT   FAUAHSIEE. 

The  name  parameter  is  also  employed  by  mathematiciiiziB  in  another  and 
a  widely-different  signification.  Hence,  to  ayoid  confusion,  it  would  be 
better  to  discontinue  its  use  as  a  name  for  the  latut  rectum. 

174.  The  following  deductions  from  the  preceding  equations 
are  very  important : — 

1°.  J«  =  fl»  (1  -  d»),  from  (m.)  and  (iv.) 

2°.  If  CiS  be  denoted  by  <?,  ^  =  ae,  from  (ii.)  and  (m.) 

e  1-^1-d* 

4**.  A»  +  tf»  =  a*,  from  1°  and  2°. 

5°.   (7iSf .  (70  =  ««,  from  2°  and  3^ 

6°.  Latus  Rectum  =  2tf  (1  -  ^).  For  in  equation  (502)  put 
0?  =  0,  and  we  get  8L  =  ef\  therefore  LL'  =  2ef  =  2a(l  -  ^), 
from  (m.) 

7*^.  From  1°  and  6°,  we  infer  that  the  transverse  axis  AA*^ 
the  conjugate  axis  BB^^  and  the  latus  rectum  LL\  are  con- 
tinual proportionals. 

8°.  From  the  equation  (603)  it  is  evident  that  the  ellipse 
is  symmetrical  ijoith  respect  to  each  axis.  Hence,  if  we  make 
CS'  s  SC^   the   point   S'  will  be   another  focus.    Also,  if 


204 


The  Ellipse. 


■we  make  C(y  ^  OC,  and  through  &  draw  MM'  perpendicular 
to  the  transverse  axis,  the  line  MM*  will  be  a  second  directrix, 
corresponding  to  the  second  focus. 


1.  GKyen  the  base  of  a  triangle  and  the  siim  of  the  aides,  find  the  locus  of 
the  vertex. 

Let  8S^F  be  the  triangle,  let  the  sum 
of  the  sides  equal  2a,  half  the  base  =  e, 
and  xy  the  co-ordinates  of  P ;  then  8P 

Hence  {(o  +  «)»+  y»}»  +  {(<?-»)»  +  yi}k    g" 
» 2a.  (x.) 

This  cleared  of  radicals  gives 


(a»  -  fl»)  «*  +  aV  =  «'(«'  -  ^) ; 


or,  putting  a*  -  ^  =  ^, 


Hence  the  locus  is  an  ellipse,  having  the  extremities  of  the  base  as  foci. 
Cor,  1.—  fi'P  ^a-ex,  (604) 

For  in  clearing  (i.)  of  radicals,  we  get 

a{(tf-a:)»  +  y»}»=:a*-«p; 
that  is,  aSI'F^  o^  -  aex :  tberefore  ST  =a  -ex. 

Cor.  2.—  SP=a  +  ex.  (606) 

2.  Given  the  base  of  a  triangle  and  the  product  of  the  tangents  of  the 
base  angles,  the  locus  of  the  vertex  is  an  ellipse. 

3.  Given  the  base  and  the  sum  of  the  sides,  the  locus  of  the  centre  of  the 
inscribed  circle  is  an  ellipse. 

For  if  xy  denote  the  co-ordinates  of  the  incentre  of  SFS",  we  have  the 
perimeter  =  2a  +  2«. 

«  — 0         a  1 


AIbo 


Now, 


bence 


tan}5.tan^iS'  = 


y 


a  +  e     1 +« 


tan}^  =  -2— ,    tanJ-5'= 


y' 


<j»-a^      1+* 
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Tlierefoio 


1, 


(606) 


In  a  similar  way  it  may  be  proyed  that  the  locus  of  tlie  centre  of  the 
esciibed  circle,  which  touches  the  base  externally,  is  the  ellipse 


y» 


=  1 


(607) 


and  the  loci  of  the  centres  of  the  escribed  circles  whicb  touch  the  base 
produced  are  the  directrices  of  the  ellipse  which  is  the  locus  of  the  yertez. 

4.  Jfy  is  a  parallel  to  the  diagonal  AC  of  a  fixed  rectangle  ABCD. 
AE  is  made  equal  to  AD ;  and  EMy  DN   ^ 
joined ;  prove  that  the  locus  of  their  inter- 
section P  is  an  ellipse.  (Pohlkb.) 

6.  If  a  line  AB  of  given  length  slide 
between  two  rectangular  lines  OA,  OB, 
the  locus  of  a  point  P  fixed  in  the  sliding  ^ 
line  is  an  ellipse.  For  let  AP  «  b,  BP=  a ; 
then,  denoting  the  co-ordinates  of  Pby  sey, 
and  the  angle  OAP  by  0,  we  have 

x  =  a  ooB$,    ff^ban.0. 

Hence,  eliminating  B  we  get 


1. 


6.  If  a  fixed  point  ^,  and  a  fixed  circle,  whose 
centre  ia  O^he  both  at  the  same  side  of  a  fixed  line 
iO" ,  and  through  8  any  line  be  drawn  meeting  the 
circle  in  P,  and  NN'  in  £ ;  then  if  JRO  be  joined, 
meeting  a  parallel  to  OP,  drawn  through  iS^  in  p,  the 
locus  of  j9  is  an  ellipse.  (Boscoyxch.) 

7.  Prove  that  the  radius  of  the  Boteovich  CircU^ 
divided  by  the  distance  of  its  centre  from  the  fixed  line, 
is  equal  to  the  eccentricity. 

8.  CB  is  a  fixed  diameter  of  a  given  circle,  A  a 
fixed  point  in  CB  produced.    Through  A  draw  any 

line  meeting  the  circle  in  D  and  E.    Join  CD  and  produce  to  P,  making 
CF  =  AEi  the  locus  of  P  is  the  ellipse 


AC^  ^  AK^ 


(SmW.  Hamilton.) 
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175.  To  express  the  co-orditMtee  of  a  point  P  on  an  ellipse 
ABA'B'  in  terms  of  a  single  variable. 

Let  AA'y  BB*  be  the  transverse  and  conjugate  axes  of  the 
ellipse  upon  AA*  as  diameter  ; 
describe  the  circle  AP'A'.  Let 
P  be  any  point  of  the  ellipse, 
MP  its  ordinate;  produce  MP 
to  meet  the  circle  AP'A*  in  P'. 
Join  OP*,  and  denote  the  angle 
MOP'hj  <^;  then,  since  Oif  =  x, 
OP'  =  ay  we  have  x  ^s  a  aos  <l>. 
This  value,  substituted  in  the 
equation  (508)  of  the  ellipse, 
gives  y  »  &  sin  ^ :  therefore  the  co-ordinates  of  P  are  a  cos  ^, 
h  sin^. 

Def. — The  circle  described  on  AA'  as  diameter  is  eaUed  the 
AuxiUABT  circle  of  the  ellipse^  and  the  angle  <!>  the  eccentric 
angle. 

The  teim  eccentric  has  been  taken  from  Astronomy ;  the  angle  ^  in  that 
science  being  called  the  eccentric  anomaly. 

Cor.  1. — Since  PM  «  5  sin  <^,  and  P'M^  a  sin  ^, 


P'M'.PM'.iaih. 


(508) 


Hence  we  have  the  following  theorem : — The  locus  of  a  point  P 
which  divides  an  ordinate  of  a  semicircle  in  a  given  ratio  is  an 
ellipse  ;  or  again,  If  from  all  the  points  in  the  circumference  of  a 
circle  in  one  plane  perpendiculars  be  let  fall  on  another  plane,  in- 
clined to  the  former  at  any  angle,  the  locus  of  their  feet  is  an  ellipse 
{called  THE  osTHOooiTAL  pROJEcnoN  OF  THE  ciecle).  For  the 
diameter  of  the  circle  which  is  parallel  to  the  intersection  of  the 
planes  is  unaltered  by  projection ;  and  the  ordinates  of  the  circle 
perpendicular  tc>  this  line  are  projected  into  lines  having  a 
given  ratio  to  them. 
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Car.  2. — If  through  P  the  line  Plfhe  drawn,  making  with 
the  transverse  axis  an  angle  equal  to  the  eccentric  angle,  PHis 
equal  to  the  semi-conjugate  axis  5. 

Car.  ^.—NN'^a-h.  (609) 

Cor.  4. — If  p  be  the  radius  vector  from  the  centre  to  any 
point  P  of  the  ellipse,  then 

p  =  aA(<^),  where  A(<^)  -  ^/l-tf^sinV.       (510) 
Observation. — ^If  the  equation  of  the  ellipse  be  written  in  the  fonn 

(-  3  (-  9  -  (I)'. 

and  if 
we  get 


or,  denoting  tan  B  by  ty 


2B^(tane  +  oot0), 

0 


(611) 


1.  The  auxiliary  circle  touches  the  ellipse  at  the  two  points  A,  A' ;  hence 
it  has  double  contact  with  it. 

2.  If  on  the  conjugate  axis  as  diameter  a  circle  be  described,  and  ordi- 
nates  be  drawn  parallel  to  the  transverse  axis,  the  ordinates  of  the  ellipse 
are  to  those  of  the  circle  as  a :  3. 

3.  If  a  cylinder  standing  on  a  circular  base  be  cut  by  any  plane  not 
parallel  to  the  base,  the  section  is  an  ellipse. 

4.  If  a  circle  roll  inside  another  of  double  its  diameter,  any  point  in- 
variably connected  with  the  rolling  circle,  but  not  on  its  circumference, 
describes  an  ellipse. 

For  if  P  be  the  point,  C  the  centre  of  the  rolling  circle  X.  Join  (7P, 
and  produce  to  meet  Z  in  X  and  M\  then  X,  M  are  fixed  points  in  the  cir- 
cumference of  X  Hence  when  X  roUs  the  locus  of  each  is  a  right  line ; 
thus  the  points  X,  M  describe  two  rectangular  diameters  of  the  circle  on 
which  X  rolls.    Hence,  Ex.  5,  page  206,  the  locus  of  P  Ib  an  ellipse. 
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176.  The  locus  of  the  middle  points  of  a  system  of  paraUel 
chords  of  an  ellipse  is  a  right  line. 

Let  PP  be  a  chord  of  the  ellipse,  and  let  the  eccentric  angles 
of  P,  P'  be  (a  +  p),  (a  -  p) 
respectiyely ;  then  (§31,  Ex.  3) 
the  equation  of  PP*  is 

&  cos  a .  a;  +  a  sin  a .  y  B  a5  cos  )3. 

Kow,  it  is  evident  that  if  a  be  con- 
stant and  P  variable,  PP*  will  be 
one  of  a  system  of  parallel  chords. 

Let  ^1,  yi  be  the  co-ordinates  of  the  middle  point  of  PP'y  then 
we  have 

Xi  =-  {cos(a+)S)+cos(a-)3))  "acosa  cos)3, 


yi  =  -  {sin(a  +  ^)  +  sin(a-)8)}  ^3  sina  cos^. 
2 


Hence 


(612) 


i  sin  a .  «i  -  a  COS  a .  yi  s  0 ; 

and  the  locns  of  the  middle  point  is 

5  sin  a  .  d?  -  a  cos  a .  y  «  0. 
This  is  the  line  QQ. 

Cor.  1. — Let  RP!  be  the  diameter  parallel  to  PP*  \  then 
since  RB!  passes  through  the  origin,  its  equation  must  contain 
no  absolute  term.  Therefore  from  (i.),  cos  )3  »  0,  or  ^  a  90^ ; 
hence  the  equation  of  RP!  is 

^  cosa.o?  +  a  sina.y  B  0.  (^13) 

Cor.  2. — If  PP  move  parallel  to  itself  until  the  points  P, 
P'  become  consecutive,  then  PP*  will  become  the  tangent  at  Q, 
and  evidently  we  must  have  p-0;  therefore  the  tangent  at  Q  is 
..  ^cosa.^  +  asina.yao^.  (^1^) 

plan^.)  if  ^)  y'  be  the  co-ordinates  of  Q,  we  have  x'=a  cos  a, 
perpeu^  a ;  hence,  from  (514)  we  get  the  tangent  at  d/y', 

xxf     y/ 


given  rai 


+  ^=1. 


(516) 
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Cor.  3. — Tl  the  angles  wkicli  QGS  ^^  make  with  the  aads 
of  X  be  denoted  by  0,  ^',  respectiyely,  we  haye  from  (512), 

(513),  ^  ^ 

tan  0  B  -  tan  eu     tan  0'  «  -  -  cot  a ; 

tantf.tanfl'=-^-  (616) 

Since  this  remains  unaltered  by  the  interchange  of  0  and  ff^ 
it  follows  that,  if  two  diameters  QQ^  RB!  of  an  ellipse  be  such 
that  the  first  bisects  chords  parallel  to  the  second,  the  second 
also  bisects  chords  parallel  to  the  first. 

Def. — Two  diameters  which  a/re  such  that  each  Useets  ehorde 
parallel  to  the  other  are  called  conjugate  diameters. 

Cor.  4. — Since   the    eccentric  angle  of  Q  is  a,  and  of  B 

a+-  {Cor.  1),  we  see  that  the  difference  between  the  eccen* 

trie  angles  of  the  extremities  of  two  conjugate  semi-diameters 
is  a  light  angle. 

Cor.  6. — If  a/',  y"  denote  the  co-ordinates  of  5,  we  have 
iF"  =  acos(o+-J,     y"  =  JBinfa  +  - J; 
but  d/sacoso,     y'=&sina; 

therefore  ^' ''"l^^    y"«=-*'-  (617) 

These  formnlsB  are  due  to  Chasles. 

Cor.  6. — If  the  conjugate  semi-diameters   (7Q,  C£  be  de- 
noted by  afy  y,  respectively,  we  have 

fl^  =  a:^  +  y^  a  d(»cos*a  +  ^  sin'fli  -  i»  +  ^a/* ;      (618) 

J'»  «  aj'«+  y"»  a  a*sin»a  +  J« cos"a  =  a«  -  ^a/»;       (619) 

therefore  «'» +  J^  =  a»  +  5» ;  (620) 

hence  the  sum  of  the  squares  of  two  conjugate  semi-diameters 
is  constant. 
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Car-  7. — ^The  tangent  at  Q  is  parallel  to  tlie  diameter  RR, 
Car,  8.— The  area  of  the  triangle  QCR^i  (a/y"  -  a/y), 

a  cos  a,        h  sin  a, 
—  a  sin  Oy      h  cos  a 


-* 


ia&;         (521) 


therefore  the  area  of  the  parallelogram  QCJRT  is  equal  to  ah. 
Hence  it  follows  that  the  area  of  the  parallelogram  formed  hy  the 
tangents  at  the  extremities  of  any  two  conjugate  diameters  of  an 
ellipse  is  constant. 

The  results  proved  in  Cors.  6,  8  are  called,  respectively,  the 
first  and  second  theorem  0^  Apollonius. 


1.  Given  any  two  conjagate  semi-diameten  OP,  OQ  of  an  eUipae,  to 
find  the  magnitude  and  direction  of  its  axee. 

from  F  let  fall  the  perpendicular  FN  on  OQ ;  produce  and  cut  off 
FJ)  s  OQ ;  join  02),  and  on  OD  as  diameter  deacribe  a  circle ;  let  0  be 


its  centre ;  join  FC,  cutting  the  circle  in  the  points  S,  F;  join  OB,  OF, 
and  make  OB  «  £F,  and  OA  »  FF.  Then  OA,  OB  are  the  eemiazea 
required. 
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'Dem,—OJ}  -hOB^^SF^  +  FJP^^  iCF^  +  2OT»  -  2CT»  +  200* 

that  is,  equal  to  the  aum  of  the  squares  of  the  sexni-oonjugate  axes. 
Again, 

OA . OB^FF.SPv:^ DF.NF'^  OQ .  yF=  paraUelogiain  OFQE. 

Hence  {Oors,  6,  8)  OA,  OB  are  the  semiazes  required. 

The  foregoing  beautiful  construction  is  due  to  Mannheim.  BeeNouv.  An. 
de  Math,,  1857|  p.  188 ;  also  QSom^irie  Analytiqusy  tome  1,  p.  467,  par 

H.  G.  LONOCHAMFS. 

2.  Being  giyen  the  transyerse  and  conjugate  diameters  of  an  ellipse  to 
construct  a  pair  of  equiconjugate  diameters. 

3.  Prove  that  the  acute  angle  between  a  pair  of  equiconjugate  diameters 
is  less  thaji  the  angle  between  any  other  pair  of  conjugate  diameters. 

177.  To  find  the  equation  of  an  eUtpw  ref&rred  to  a  pair  of 
conjugate  diameters. 

Let  CPj  CD  be  two  semi-conjngate  diameters  of  lengths 
«',  I/;  let  E£f  be  a  chord 
parallel  to  CD;  then  EBf  is  bi- 
sected by  CF  in  iV.  Hence, 
denoting  CN,  NR  by  x,  y,  and 
the  eccentric  angles  of  R^  R!  by 
(a  +  j3),  (a  -  j3),  respectiyely,  we 
have 

!tfCOs(a  +  )8)  +  acos(a-j8))s    (Jsin(a  +  j8)  +  JBin(a-)8))« 
2 v\ 1 1 

=  {e^  cos'a  +  V  sin»a)  C08»)S  =  d*  co8»/8.    (§  176,  C<r.  6.) 
In  like  manner  y* »  h'^sm^fi  ; 

hence  i^  "^  1^  "  ^*    (Compare  §  166,  3^)    (522) 

Cor,  1. — ^The  co-ordinates  of  any  point  on  an  ellipse  referred 
to  a  pair  of  conjugate  diameters  can  be  represented  by 

a'cos/3,    l/anfi.  (523) 

p2 
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Cor.  2. — ^The  equation  of  the  tangent  to  an  ellipse  referred 
to  a  pair  of  conjugate  diameters  is 

^,p:.l.or^.«^-l.        (524) 

Cor.  3. — If  the  tangent  at  R  meet  CP  prodaced  in  T, 

GN.CT^CP*;  (525) 

for  the  tangent  at^is— +^  =  1;  and  putting  y  «  0,  we 

get  xm/^i^,  or  ON.  CT=  CP\ 

Car,  4.— The  tangents  at  the  extremities  of  any  douhle  ordi- 
nate RB!  meet  its  diameter  produced  in  the  same  point. 

Cor.  5. — ^The  line  joining  the  centre  to  the  intersection  of 
two  tangents  hisects  their  chord  of  contact. 


1.  If  AB  be  any  diameter  of  an  ellipse,  AS^  BL  tangents  at  its  extremi- 
ties, meeting  any  third  tangent  ED  in    . 
E  and  i>,  proye  that  AE .  BD  s  square 
of  semi-diameter  conjugate  \o  AB, 

For  denoting  AC  and  its  conjugate 
by  a\  h\  the  equation  of  EL  is 

jTOos/S  ,  ysin/3 


b' 


=  1. 


(Equation  (624).) 
Hence,  denoting  AE,  BD  by  y\,  yt, 

respectively,  we  haye,  substituting  —  a\  +  a',  respectiyely,  for  x, 

yi  sin  i8  =  *' (1  4  cosiS), 

ffzOR  fi  ss  b'  {I  -  COS  $) ; 
hence  yiy»=ft''.  (626) 

2.  If  CBf  CE  be  drawn  intersecting  the  ellipse  in  2)',  E'f  prove  that 
01/ ,  CE'  are  conjugate  semi- diameters. 

3.  The  equation  of  the  ellipse  referred  to  equioonjugate  diameters  is 

jf4  +  y«  »  (a?  +  ^a)/2. 
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4.  If  AJB  be  the  traiuyene  aziB,  the  circle  deiorihed  oo  DB  as  diameter 
passes  through  the  foci. 

6.  If  CFj  CD  be  any  two  semi-diameters;  FT,  DJS  tangents  at  F 
and  D,  meeting  CD,  CF  produced  in  T  and  JS;  prove  that  the  triangle 
CFT^  CBE. 

6.  In  the  same  case,  if  FN,  DM  be  parallel,  respeotiyely,  to  LB  and  FT, 
proTe  that  the  triangle  CFN^  CDM. 

'Dvp.—Two  ehords,  $ueh  tu  AF,  BF,  Joining  any pomi  Fan  the  eUipu  to 
the  exiremitiee  of  any  diameter  AB,  are  ealled  suppluoiital  geobds. 

7.  Diameters  parallel  to  a  pair  of  supplemental  chords  are  conjugates. 

8.  If  a  parallel  to  a  fixed  line  meet  a  given  semicircle  in  C  and  its  dia- 
meter in  B,  prove  that  the  locus  of  the  point  B,  which  divides  (72)  in  a 
given  ratio,  is  an  ellipse. 

9.  If  a  line  AB  of  given  length  slide  between  two  fixed  lines,  prove 
that  the  locus  of  the  point  F,  which  divides  AB  in  a  given  ratio,  is  an 
ellipse. 

10.  If  a  given  triangle  ABO  sUdes  with  two  vertices  A,  B  on  two 
fixed  lines  OX,  OT,   prove  that  the 
third   vertex    0  describes  an  ellipse 
(ScHOOTBN,       Organiea       Oonieorum 
J>eeeriptio,  1646,  c.  3,  Ex.  Math,  rv.) 

About  the  triangle  OB  A  describe  a 
eirde  cutting  AC  in  I);  join  BI),  OB ; 
then,  because  the  angle  AOB  is  given, 
the  angle  ABB  is  given;  hence  the 
three  angles  of  the  triangle  BOB  are 
giyen :  and  since  BC  is  given,  CB  is 
given ;  also  the  angle  BOB,  being  0^ 
equal  to  BAC,  is  given.  Hence  the 
line  OB  is  given  in  position ;  and  the 

proposition  is  reduced  to  the  following :—  AB,  a  line  of  given  length, 
slides  between  two  fixed  lines  OX,  OB,  and  (7  is  a  fixed  point  in  it : 
therefore  (Ex.  9)  the  locus  is  an  ellipse. 

11.  If  a  circle  pass  through  the  foci  of  an  ellipse,  and  intersect  it  on  one 
side  of  the  transverse  axis  in  the  points  G,  H,  and  on  the  other  side  in  the 
points  /,  K,  the  rectangle  contained  by  the  perpendiculars  from  the  fod  on 
any  of  the  four  chords  IG,  IS,  KG,  KE  is  equal  to  ^/c*. 
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178.  To  Jind  the  equation  of  the  normal  to  the  eUtpae  at  the 
point  scfy'. 

Let  a  be  the  eccentric  angle  of  the  point  a^y' ;  then  the 
equation  to  the  tangent  at 
a  (§  176,  Cor.  2)  is 

hcoBa.x+a^a.ff'^ab; 

hence 

asina  (aj-a/)- Jcosa(y-y')=0 

is  the  equation  of  the  normal ; 

and,  putting  for  a/,  y'  their       \^^       (j 

values  in  terms  of  a,  we  get 


aBina.d?-icosa.y  =  c^sina  cos  a, 


or 


a^x 


(627) 
(628) 


Cor.  1. — ^In  equation  (527)  put  y  =  0,  and  we  get  x  =  oleosa, 
or  CG^e'x';  (629) 

hence  MG  =  (1  -  t^)acos  a. 

Cor.  2.—FCP  =  PUP  +  MQ^  =  J2sin*a+  (1  -  <?»)»<^cos»a; 
but  1  -  ^  «  ^ ;   therefore  PO^  =  J»  (sin'o  +  (1  -  O  cos»a} 

=  ft* (1  -a* cos' o)  ;  therefore 

PQ^h  v/l-^cos»a.  (530) 

In  like  manner, 

PQf^t^yi^  ^cos'a ; 

therefore  P^^.  P6^'  =  a»  (1  -  a»  cos'a).  (681) 

Cor.  3. — If  p,  p'  be  the  focal  vectors  to  P,  we  have 

p  «s  a  +  da/  =  a  (1  +  tf  cos  a), 

p'a  a  —  m/  =  a  (1  -  tf  cos  a) ; 
therefor©  PQ .  PG^' «  pp'.  (582) 
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Car,  4. — 11  CR  be  the  semi-diameter  conjugate  to  CP,  we 

have 

CR^  =  fl'flin'a  +  J'cos'a  -  a»  (1  -  •^C08*o). 

therefore  pp'  »  Ci2'  =  y».  (538) 

Hence  FQ.  FG'  «  J".  (634) 

Cor.  5. — ^U  CL  be  perpendicular  to  the  tangent  at  P, 

1  -  a*  cos*  a 

Therefore  CL.FQ^  «»,  and  CL .  P6?' -  a\  (635) 

Cor.  6. — ^If  through  Gj  G'  parallels  be  drawn  to  the  axes, 
meeting  in  iTthe  locus  of  JT  is  an  ellipse. 

BXEBOISES. 

1.  The  oo-ordinateB  of  the  inteneotion  of  nonnahi  at  the  pointB  (a  +  jS), 
(a  -  fi),  are 

g^coea.co6(a4iS)coB(tt— 3)             ^Bina.8iii(a+/3)  8m(a-^) 
**=' :: ,    y  =  — 


acoeiS 

2.  If  the  nomudfl  at  a,  /8}  7  be  concarreat, 

aeo  df        coaeo  a, 

aec  iS,        ooseo  /3, 


^co«3 


(636) 


1, 

1, 
1 


0. 


(687) 


aec  Yi       coBec  y, 
Thia  relation  may  be  reduced  to  the  product 

{Bin(i8+7)  +  8in(7  +  o)  +  8in(a+iB)}{8in(i3-7)4-Biii(y-a)+Bin(o-/3)}a:0 

(638) 
The  latter  factor  of  which,  yiz. 

"i"^  (3  -  7)  +  ain  (7  -  a)  +  dn  (a  -  /8) 

yaBiahea  when  any  two  of  the  points  a,  /9,  7  are  conaecutiYe.    Hence  the 
condition  that  normals  at  three  distinct  points,  a,  fi,y  may  be  concurrent  ia 

BinO  +  7)+8in(7+o)  +  8in(o  +  ^)«=0.  (689) 

3.  The  two  foci  and  the  points  P,  CT  toe  concydic. 

4.  Find  the  co-ordinatee  of  the  intersection  of  two  oonaeoutiye  normals. 
Making  iS  =  0,  in  Ex.  1,  we  get 


tf*  cos'a 


a 


yc- 


^sin^a 


{6tO) 
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Or  thos : — ihid  co-ordinates  of  a  point  equally  distant  from  a,  iS,  y  ({  32, 
Ex.  3)  are 

-cos}(a+i8)cosJ(/5+7)cofll(7+o),  -  ^sin}(a+i8)sinJ(/5+y)8in}(7+a); 
a  0 

and,  supposing  the  points  to  become  consecutiye,  we  get,  for  the  centre  of 
a  circle  passing  through  three  conseoutire  points,  the  same  oo-ordinatei 
as  before. 

5.  Find  the  locus  of  the  centre  of  curvature  of  all  the  points  of  an  ellipse. 
Eliminating  a  from  the  equations  (540),  we  get 

(«p)l  +  (iy)l  =  «t,  (641) 

which  is  the  evduU  of  the  ellipse. 

6.  The  radius  of  curyature  at  a  is  =  — ,  where  p  is  the  perpendiculai 

from  the  origin  on  the  tangent. 
The  radius  of  curvature  is  the  distance  between  the  points 

(fl^cos'a        ^sin'aX     .  ,    .     x 

—J — , ^ — ];  (acoso,  Jsma), 

which  by  an  easy  reduction  can  be  shown  =  — .  (542) 

7.  In  the  figure,  }  175,  if  we  complete  tbe  rectangle  NOITQ,  prove  that 
the  normal  at  P  passes  through  Q. 

8.  In  the  same  case  if  OF*  be  produced  to  Funtil  PTs  h  and  PF  joined, 
prove  that  PFis  the  normal  at  P. 

9.  The  join  of  the  points  MN  (fig.,  §  178}  is  normal  to  another  ellipse. 

179.  The  feet  of  the  normals  that  can  he  draton  from  any  point 
to  an  eUipse  lie  on  an  equilateral  hyperbola. 

Dexn. — The  normal  at  a  point  a/y'  is  a^x/x'  -  JV//  =  ^>  s'^d 
if  this  pass  through  a  fixed  point  hk,  we  have  a^h/a^  -  h^hjy^  =  ^. 
Hence,  omitting  accents,  we  get 

e^xy  +  h^ix  -  «%  =  0,  (543) 

wbich  denotes  an  equilateral  hyperbola  passing  through  the 
centre,  and  through  the  feet  of  the  normals  from  A^. 

Cor.  1. — Since  the  hyperbola  (543)  intersects  the  ellipse  in 
four  points,  four  normals  can  be  drawn  from  any  point  to  an 
ellipse. 
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Cor,  2. — ^The  equation  of  the  normals  from  hk  to  the  ellipse  is 

(aV  +  hY)  {kx  -  h^y  =  <?*a?y.  (644) 

For,  transforming  the  ellipse  and  hyperbola  to  the  point  hk  as 
origin,  we  get 

«»(y  +  ;&)•  +  i*(«  +  hy  =  a»J»,     e'xy  +  a^hx  -  *%  =  0. 

In  these  equations  change  x  into  A^,  and  y  into  Xy,  and  elimi- 
nate X. 

It  was  by  the  hyperbola  (543)  that  Apollonius  solved  the 
problem  of  drawing  normals  to  an  ellipse.  It  is  called  the 
Apollonian  hyperbola.  Prom  equation  (543)  it  is  evidently  the 
same  for  all  homothetic  ellipses. 


1.  The  product  of  the  absciBsss  of  each  pair  of  opposite  yertices  of  the 
oomplete  quadrilateral  formed  by  tangents  to  an  ellipse  at  the  feet  of  normals 
from  any  point  Kky  is  equal  to  -  a',  and  the  product  of  ordinates  =  —  5*. 
For,  if  x\y\i  d^s  be  a  pair  of  opposite  vertices,  their  polars,  viz. 

xx\\t^  +  yy\\l^  -1  =  0,    and    a?a:a/«'  +  yys/^  —  1=0, 

will  he  a  line  pair  passing  through  the  feet  of  normals,  and  therefore  through 
the  intersection  of  ellipse  and  the  Apollonian  hyperbola  of  the  point  Kk. 
Hence,  for  some  yalue  of  A  we  must  have 

A  (<j»ay  +  4»  *a?  -  aUy)  -  {a?«i/a«  +  yyx\}^  -  1} 

{awa/a«  +  yy%\h'^  -  1 }  =  ««/a«  +  y^/^  -  1.  (i.) 

And  by  comparing  coefficients  we  have 

x\x%  =  -  a',    yiya  =  -  i*.  (545) 

2.  If  the  foot  of  one' of  the  four  normals  he  the  point  «V»  ^®  triangle 

formed  by  the  tangents  at  the  feet  of  the  three  other  normals  is  inscribed  in 

the  hyperbola 

«'/«+y7y+l  =  0.  (646) 

For  three  of  the  opposite  summits  lie  on  the  tangent  at  a^y",  that  is,  on 

«*'/a2  +  y^\V^  -1=0, 

and  changing  x  into  —  t?\x  and  y  into  -  }^\y. 

3.  By  comparing  coefficients  in  (i.)  we  get  hk  in  terms  of  x\y\ : 
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hence  (a;iy4+«»yi)/<^    =-(«i +  «»)/*    -{yi  +  ya)/Ai; 

and  eliminating  ^(2^2  between  these  and  equation  (545)  we  get 

A  .=  -  e^xi  (yi»  -  *»)/(a«yi*  +  ft*«i«), 


iJ»yi  («i»  -  a»)/(aVi»  +  **«!*).        I 


(547) 

Bbf. — The  point  hk  ii  called  the  normal  pole. 

4.  If  from  a  given  point  anyi  tangents  be  drawn  to  a  system  of  confocal 
conies,  the  circumcirdes  of  the  triangles  formed  by  the  tangents  and  chords 
of  contact  are  coaxal.  (Townsbnd,  Bishop  Zaw^e  Mte  JBxamination,  1876. 
Allbbsm A,  Matheeie,  tome  v.,  page  39,  1886.) 

For  if  hh  be  the  normal  pole,  the  circumcirde  will  have  the  join  of  the 
points  d^iyi,  hk  as  diameter.    Hence  its  equation  is 

«•  +  y*  -  (a?i  +  A)*  -  (yi  +  A?)y  +  A«i  +  A?yi  =  0 ; 

and  substitating  for  Ait  from  (647)  we  get 

^■^    y(a?i'+yi«+^)  a»(:ri'  +  yi«-  <^)  <>'(aV-yA') 

(548) 
which  may  be  written  1^3  +  t^S'  =  0,  where 

Sm  («!»  +  yi»)  («2,+  y»)  -  (aji*  +  yi'  +  c»)  «ri  -  («i»  +  yi«  -  «*)  yyi  +  c*  («i«  -  yi*), 
5*Hyi«  («^ + y»)  -  («i>  +  yi«  -  (r»)  yyi  -  «*yi*. 

Joaghdcsthal's  Cibcle. 

180.  If  from  any  point  hk  in  the  normal  at  the  point  sc^y'  of  an 
ellipsef  three  other  normah  he  draum,  their  feet  and  the  point 
-  a^  ^f/  are  eoneyelie, 

Bern. — Since  the  hyperbola  e^xy  +  i^kx  -  a^hy  passes  through 
«y,  we  have  (^afy'  +  Pkaf  -  t^hf  =  0.  Hence  by  subtraction 
we  get  a  result  which  may  be  written  either 

(*  -  ^)  (y  +  5W^)  +  (y  -  y')  («'  -  aW^») «  0,        (i.) 

r(a:-^)(y'  +  3»*/^)+(y-y')(«-a«A/O«0;        (n.) 
and  from  the  ellipse  we  have 

-i  +  Ii  =  "•        ^"^•-' 


or 
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Hence,  eluninating  x  -  oc^,  y  -  y'  qtiantitieB,  wliicli  yanisli 
when  x  =  af  and  y  »  y',  first  between  (i.)  and  (in.),  and  then 
between  (n«)  and  (ui.),  and  adding,  we  get  the  circle 

«»  +  y»  +  «a/  +  yy'  -  A  (a?  +  a:')  -  *  (y  +  /) 

-^,y'(y+y')-^«'(«^+^)=o. 

Now,  putting  «  «  a>  +  y^Jcjy' «  5'  +  a^A/a/,  and  remembering 
that  «"/<»'  +  y'V^'  =  ^>  ^8  equation  may  be  written 

ar»  +  y»  +  «a^  +  y/-t«  («a?'/tf«  +  yy'lV^  +  1)  =  0.     (549) 

This  is  called  Joachiksthal's  Cibole.  It  passes  through  the 
ieet  of  the  three  normals ;  and  since,  manifestly,  the  co-ordinates 
-ai -if  satisfy  it,  it  passes  through  the  point  diametrically 
opposite  to  x'if. 

Car. — If  0  be  the  centre  of  the  ellipse,  and  P  the  point 
-  a/  -  y',  «"  +  y*  +  «a^  +  yy'  =  0  is  the  circle  on  OF  as  diameter, 
and  d»//a^  +  y%f\l^  +  1  =  0  is  the  tangent  at  P,  and  these  inter- 
sect, not  only  at  P,  but  at  the  foot  of  the  perpendicular  from  0 
on  the  tangent  at  P.  Hence  we  have  Laotterrb's  theorem. 
JoachimsthaV %  cirele  passes  through  the  foot  of  the  perpendicular 
from  the  centre  on  the  tangent  at  P. 

BXEBOISBS. 

1.  If  frDm  a  fixed  point  a  perpendicular  be  drawn  to  a  diameter  of  a  conic, 
the  locus  of  its  intersection  with  the  conjugate  diameter  is  the  Apollonian 
hyperbola.  (Chaslbs.) 

2.  The  locus  of  the  middle  points  of  the  chords  of  intersection  of  circles 
described  from  a  given  point  with  the  ellipse  is  the  Apollonian  hyperbola. 

{Ibid.) 

3.  If  the  equation  of  any  pair  of  opposite  sides  of  the  quadrangle  whose 
summits  are  the  feet  of  the  four  normals  that  can  be  drawn  from  any  point 
be  Ixja  +  myjb  -1  =  0,    and    Vxja  +  m'yib  -1  =  0,    then 

«'  +  1  =  0,     mm'  +  1  =  0.  (660) 

For,  if  dPiyi,  o^a  be  the  poles  of  these  sides,  we  have  »\  —  a/,  y\  »  bm. 
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Xt^aTy  ya  s  hm\  but  drio^  s  -  a\  y\yt  =  -  b\  eqnatioii  (646).  Hence 
the  propositioii  is  prored. 

4.  If  x^jf'  be  the  foot  of  one  of  the  nonnals  to  an  ellipee,  the  sides  of  the 
triangle  whose  summits  are  the  feet  of  the  other  normals  are  tangents  to  a 
parabola.  (F.  Pubber.) 

This  is  the  reciprocal  of  the  hyperbola  ^/g  +  f/lff  +  1  b  0,  with  respect 
to  the  ellipse.    Its  equation  is 

{xx'ja^  -  yy7i«)»  +  2aar7a'  +  2yj//3»  +  1  =  0.  (661) 

I  shall  call  it  Purser's  Parabola.  See  QuarUrlp  Joumal^  tome  yiii.,  p.  66, 
1867. 

6.  The  focus  of  Purser's  parabola  is  the  point  where  Joachimsthal's  circle 
meets  the  tangent  at  P,  §  180,  Cor, 

6.  If  oy  /3,  7,  5  be  the  eccentric  angles  of  the  feet  of  normals, 

tani  (a  +  /3)  tan)  (7  +  8)  -  1  »  0,  (662) 

or  a  +  /i  +  7  +  9  s  (2ft  +  1)  ir.  (663) 

This  may  be  deduced  from  equation  (639). 

7.  If  &om  an  extremity  of  the  major  axis  of  an  ellipse  perpendiculars  be 
drawn  to  the  four  nonnals  from  any  point,  they  meet  the  ellipse  again  in 
concyclic  points.  (Joaohdcbthal.) 

8.  If  CT(fig.,  }  178)  be  joined,  and  apeipendicular  to  ^Pat  Q  meet  (7Pin 
/,  the  perpendicular  JKfxom  /on  the  transrerse  axis  passes  through  the 
centre  of  curvature.  (Mannhbdc.) 

From  the  construction  we  have  CTiCQiiCF:  CJi\  CM :  CK,    Hence 

.'.  CK  is  equal  to  the  abscissa  of  the  centre  of  corratuxe. 

181.  To  find  the  lengths  of  the  perpendietdars  from  the  foci  on 
the  tangent  at  ang  point  <{>, 

The  tangent  is 

and  the  co-ordinates  of  the 
focus  S  are  ae^  0.  Hence  the 
perpendicular 

ah{l  -  e  cos^) 


8L  = 


a(l-d»co8»<^)» 
-  / 1  -  ^  cos  ^\* 


COS  ^ 


)' 


or 


Similarly, 
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(554) 

(555) 
(556) 


Cor.  l.—SZ.S'Z'^^h". 

Cor.2.—8Z'rp^-r=,^T,^^=^SFZ=:S'FL'.   (557) 

ypp      0         p 

Cor.  3. — The  tangent  ZZ'  bisects  the  external  angle  at  P  of 
the  triangle  SPS',  and  the  normal  FG  the  internal  angle. 

Cor.  4 — ^The  first  positive  pedal  (§  162)  of  an  ellipse  with 
respect  to  either  focus  is  the  auxiliary  circle.  Eor,  since  the 
angle  8FM  is  bisected  by  PZ,  we  have  SZ  =  Z-ff*;  therefore 
SM  is  bisected  in  Z,  and  SS'  is  bisected  in  C;  therefore,  if  CZ 
be  joined,  CZ  =  i  8*E=  J  (fif'P  +  P8)  =  a.  Hence  the  locus  of 
Z  is  the  auxiliary  circle.  And  conversely,  the  first  negative 
pedal  of  a  circle  with  respect  to  any  internal  point  is  an  ellipse, 
having  the  point  for  one  of  its  foci. 

Cor.  5. — If  any  point  in  ZZ'  be  joined  to  8y  the  circle 
described  on  the  join  will 
intersect  the  auxiliary 
circle  in  Z.  Hence  may 
be  inferred  a  method  of 
drawing  tangents  to  an 
ellipse  from  an  external 
point.  Thus  if  Q  be  the 
point,  join  Q8 ;  and  on  Q8 
as  diameter  describe  a 
circle  intersecting  the 
auxiliary  circle  in  Z  and 
M\  QZf  QM  are  the  tan- 
gents to  the  ellipse. 

Cor.  6. — ^The  two  tangents  from  Q  are  equally  inclined  to 
the  focal  vectors  QjS,  Q8'. — (Poncelet.)     For,  join  the  centres 
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C,  O  of  the  circles;  then  CO  is  parallel  to  8'Q\  therefore  it 
bisects  the  arc  R8^  bat  the  line  joining  the  centres  also  bisects 
the  arc  ML.  Hence  the  arc  RM^  8L,  and  the  angle  S'QM 
=  8QL. 


1.  Find  the  relation  between  the  eccentric  angles  of  two  points  whose 
joining  chord  passes  tlirough  a  focus. 

If  the  eccentric  a&gles  be  (a  +  $),  (a  —  jS),  the  chord  will  be 

and  if  this  passes  through  the  focus  {aey  0),  we  get 

tf  cos  a  =  cos  3-  (668) 

Hence  the  equation  of  any  focal  chord  is 

jTCOSa     ysino  „,.. 
-^^—T —  =  ±*cosa,                           (669) 

the  sign  depending  on  the  focus  through  which  the  chord  passes. 

2.  The  tangents  at  the  extremities  of  a  chord  passing  through  either 
focus  meet  on  the  corresponding  directrix.  For  the  tangents  at  the  points 
(a  -^  fi)f   (a  -  /9)>  <u^  6  cos(a  +  /i)  d;  +  a  sin  (a  +  i8)  y  s  a&; 

6  cos  (a  -  i8) «  +  a  sin  (a  —  /3)  y  sa  ad ; 

and  the  co-ordinates  of  the  point  where  these  intersect  are — 

a  cos  a        h  sin  a 


cosiS  '        cosiS  * 
Substituting  the  yalue  of  cos  ^  from  (668),  we  get 

a        d  tana 


(660) 


(661) 


which  are  the  oo-ordinatee  of  a  point  on  the  directrix. 

3.  In  the  same  case  the  join  of  the  intersection  of  tangents  to  the  focus 
is  perpendicular  to  the  chord.    For  the  line  joining  dv,  0  to  the  point 

(661)  lAatma.x  —  bGMa.y e  0,  which  is  peipendicular  to  the 

9 

chord  (669). 

4.  If  the  co-ordinates  in  (660)  be  denoted  by  a;'/,  we  get 

rp'cosiS  y'cosjS 

cos  as—,    sin  as — - — . 
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Sabstitating  theee  in  the  equaticm  of  the  chord,  ve  get 

%+%'\.  (662) 

Hence  the  chord  of  contact  of  tangents  from  afy'  is 

5.  If  the  chord hooBa.x-VaAnvk.y^ab  oos/3  pass  through  a  fixed 
point  d//,  the  locns  of  the  intersection  of  tangents  at  its  extremities  is 

For,  denoting  the  co-ordinates  (560)  by  xy^  and  substitating  in  ^  oos  a .  af 
+  0  Bin  a .  y'  »  «&  COS  /3,  we  get 

5+f-l.  (663) 

'Dvf.^The  ;tfM-7  +  ^  "  1  w  eaOed  the  polab  of  tk$  point  afff  with 

respect  to  the  ellipae,    (Compare  §{  89,  149.) 
Cor. — The  directrix  is  the  polar  of  the  focus. 

6.  If  a  be  yariable  and  fi  constant,  the  chord  joining  the  points  (a  +  /3), 
(a  -  /3)  iB  a  tangent  to  the  ellipse 

©'+  (I)  ='«^''-  («") 

7.  In  the  same  case  the  loous  of  the  intersection  of  tangents  is 

8.  The  equation  of  the  perpendicular  from  the  point  (660)  on  the  chord 
j<»ning  the  points  (a  +  /3),  (a  -  iS)  is 

— 7^^  — -        (oompaie  §  178),  (666) 

oosasmacosiS         ^  '       '  ^      ' 

irhieh  meets  the  axis  in  the  points 

,/aco8a\  a*<*sina 

Vcoe^/'  boiMfi  ' 

that  is,  in  the  points 

^a^,    -^-S^.  (M7) 
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9.  Find  the  condition  that  the  join  of  (a  +  jB),  (a  -  0)  shall  touch  the 
ellipse 

(r,)'*(«'-- 

If  ^  be  the  p(nnt  of  contact,  the  equationB 

^1  008  ^  .  a;  +  ai  mn  ^ .  y  -  ai^i  as  0, 

^cosa.^  +  asina.y  —  adcoB3»0 

must  represent  the  same  line ;  hence,  eliminating  ^  from  the  equatiooa 

006^       0OB«  sin^       sina 


«l 

acos 

/s' 

*i 

booa^ 

fll» 

cos' a 

*i» 

sin' 

a 

008»/5. 

we  get  ^,       +  -i-^ —  =  008* /5,  (668) 

which  is  the  required  condition. 

10.  If  ^  denote  the  angle  between  the  tangents  at  (a  +  0)f  (a  —  /3),  prove 

2aban2$ 
**^^  =  («».a.)cos2«-(««  +  ^cos23-  '^^^^ 

11.  If  the  angle  ^  be  right,  we  get  (a'  -  ^)  cos  2a  ^  (a*  4-  ^')  cos  2/3, 

or  (a»  +  ^)  cos»/3  =  «»  cos*a  +  a*  sin«  «. 

— -  _        ,      a  cos  a      b  gin  a  , 

Hence,  denoting — , by  s,  y,  we  get  the  circle 

cos  p        cos  p 

a^  +  y«  =  tf«  +  iS  (670) 

as  the  locus  of  the  intersection  of  rectangular  tangents. 

12.  If  in  Ex.  9  we  put  fli»  =  a»  -  A»,  3i»  =  *»  -  x«,  the  ellipses  will  be 
confocal,  and  equation  (668)  reduces,  if  ^  denote  the  aemi-diameter  con- 
jugate to  that  drawn  to  the  point  a,  to 

sin^-— ,  (671) 

which  is  the  condition  that  the  join  of  the  points  (a  +  i9),  (a  -  0)  on  the 

ellipse 

a»  .  y» 


shall  touch  the  confocal 


;?+^-^' 
"  +.^.-1. 


a«-\«^4»-X« 
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18.  If  two  tangents  to  an  ellipse  be  at  right  angles,  their  chord  of  contact 
tonches  a  confocal  ellipse  (Ex.  11,  12). 

14.  Th4  four  focal  vectors  drawn  to  any  ttoo  points  of  an  clHpae  have  one 
common  tangential  circle^  whote  centre  is  the  pole  of  the  chord  joining  the  two 
pointe. 

For,  let  a  +  /9,  a-fibx  the  points,  then  the  pole  of  their  chord  is  the  point 

a  oosa/cos  fi,  b  sin  a/cos  i9,  and  the  perpendicular  from  this  on  the  focal  chords 

have  one  common  value,  h  tan  j3.    Hence  the  proposition  is  evident. 

(Chaslxs.) 
The  equation  of  the  circle  is 

(«  cos/i  -  a  cosa)^  +  (jf  cosiS  -  d  sina)'  =  3'  sin>/3.         (672) 

16.  The  angle  ^  between  the  tangents  to  an  ellipse  from  a  point  0  can  be 
expressed  in  terms  of  the  focal  vectors  to  their  point  of  intersection. 

Let  Jp;  i^  be  the  foci,  T  one  of  the  points  of  contact.  Join  FT,  F*T 
produce  FTXo  S,  making  TS^  TF*.  Join  OS,  OF,  OF*,  then,  denoting 
OF,  OF'  by  p,  p',  the  sides  of  the  triangle  OFS  are  respectively  equal  to 
p,  2a,p',  and  the  angle  F08^  ^. 

Hence  cos  ^  =  si — ^— ^ ;  (673) 

and  patting  p  +  /  »  2^,  we  get 

oos*i^  = r-.  (fi74) 

PP 

16.  If  /I,  /i,  /a"  be  the  semi-axes  major  of  three  confocal  elHpses,  and  if 
from  any  point  in  the  outer,  tangents  be  drawn  to  the  three;  then,  if 

{jlfi')  denote  the  angle  between  tangents  to  the  confocala  /i,  /a', 

8in»  itifil :  Bin«  {^") : : /i^  -  fi'^ :  fi^  -  m"*,  (676) 

17.  If  tangents  to  two  confocals  be  at  right  angles,  the  locus  of  their 
intersection  is  a  circle. 

18.  Ifc  denote  the  length  of  the  chord  joining  the  points  (a  +  0),  (a  -  fi), 
we  have  (Bern.  §  177}  0*  »  46^^  sin<i9,  and  from  Ex.  12, 

therefore 

c  B  — r-.        (Bu&NSiDB.)  (676) 

ao 

19.  If  a  tangent  to  one  confocal  be  perpendicular  to  a  tangent  to  another, 
the  chord  of  oontaot  is  biBCCted  by  the  line  joining  their  intersection  to  the 
centre. 


' 
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Let  the  oonlbcelB  be 

the  pointi  of  contact}  then  the  co-ordinates  of  the  middle  point  of  the  ohord 
of  contact  are  i  («'  +  x"),  }  (y'  +  y")-  Also  the  line  joining  the  centre  to 
the  intersection  of  the  tangents 

*ar7<^  +  yy74«  -  1  =  0,    «c'7a'«  +  yy"/*'*  -  1  =  0 

X  (x'la^  -  x^'la'*)  +  y  (y'/i*  -  y'7*'«)  =  0 ; 

and  substituting  the  co-ordinates  }  {x'  +  af')  ^(y'  +  y ')>  ^^  ^^  that  it  is 
satisfied  if  x'sfja^a'*  +  t/y'*lJ^h'^  «  0,  which  is  the  condition  that  the  tan- 
gents are  perpendicular. 

20.  If  tangents  to  the  confocals 

«»     y*      ,      ^     «»      y*      ,      ^ 

be  at  right  angles  to  each  other,  the  line  joining  the  point  of  contact  on  one 
to  the  point  of  contact  on  the  other  is  a  tangent  to  a  third  confocal,  the 
squares  of  whose  semi-azes  are 

(577) 


a*ai' 


Let  FTf  QT  be  the  tangents  to  the  confocals  a,  ai ;  (7  the  centre,  8,  8' 

T 


ike  foci:  join  PQ,  5Q,  CT,  and  draw  (727,  CF parallel  to  8Q,  FQ,  then 
(Ex.  19)  PQ  is  bisected  in  Jt.  Hence  Ti2 «  jSQ;  .'.  CT^Cr.  Hence 
Cr  B  y^a»  +  *iS  and  CU^a\,    Hence  the  ratio  of  CUiCVu  giyen,  that 


The  Ellipse.  227 

IB,  the  ratio  of  tan  CVTT\  nn  CUV^  or  of  on  TQFi  Bin  TQS  is  given.  Henoe 
(Ex.  16),  the  envelope  of  FQ  is  a  confocal  oonlc.  Let  aj3  he  *the  semiaxee, 
then  we  have  (Ex.  16), 

8in»  TQP :  sin*  TQS : :  ai*  -  o« :  *i», 
hut  Bin«  TQP:  sin^  TQS: :  CIP :  Cr* : :  aj'  :  a»  +  *i». 

Hence  a'  =  a'ai'/(a*  +  *i') 

Similarly,  jB*  =  ^23^2/(^2  +  3^2). 

21.  If  tangents  to  two  confocal  ellipses  he  parallel,  the  angles  suhtended 
at  the  foci  hy  the  points  of  contact  are  eq^ual. 

Freoibb's  Thboeem . 

182.  If  from  a  point  a  on  the  ellipse  rectangular  chords  A£, 
AC  he  drawn,  meeting  it  again  in  the  points  B,  (7,  ^67  inter- 
sects the  normal  at  u^  in  a  point  D,  whose  co-ordinates  are 

a^  cos  a/(<r»  4  i»),     -  h(^  sin  a/(tf«  +  **). 

Bern. — Let  the  eccentric  angles  of  the  points  £,  C  be  )3,  y, 
then  the  equations  of  AB^  AC  vxe 

h  cos  J(a  +  )8)a?  +  a  sin  J(a  +  /3)y-ai  cos  J  (a  -  j8)  s=  0, 

*  cos  J  (a  +  y)  a?  +  «  sin  J  (a  +  y)  y  -  aJ  cos  J  (a  -  y)  as  0, 

and  since  these  lines  are  at  right  angles, 

i*  cos  J  (a  +  /?)  cosi  (a  +  y)  +  a'  sinj  (a  +  )8)  sin  J  (a+y)  =  0. 

Hence      (««  +  *')  cos  i  (/?  -  y)  -  <r»  cos  (a  +  i^  +  iy)  =  0. 

Again,  if  we  substitute  the  co-ordinates  of  B  in  the  equation 
of  BC^  we  get  the  same  result.   Hence  the  proposition  is  proved. 

Cot, — ^If  the  point  A  mores  along  the  ellipse,  the  point  B  will 
describe  another  ellipse,  viz. 


1.  If  0  he  the  centre,  the  angle  AOB  is  bisected  by  the  transyerse  axis. 

2.  If  perpendiculars  be  drawn  from  A  to  any  pair  of  conjugate  diameters 
the  line  joining  their  feet  bisects  JLD. 

a2 
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183.  Tits  loeus  of  the  pole  of  any  tangent  to  an  ellipse,  with 
respect  to  a  circle  whose  centre  is  one  of  the  foci,  is  a  circle. 

Dem. — Let  8  (see  fig.  §  181)  be  the  focus,  M  tlie  radius  of 
the  circle  whose  centre  is  8,  and  with  respect  to  which  the 
poles  are  taken.  Let  fall  8Z  perpendicular  to  the  tangent  to 
the  ellipse,  and  make  8L  .  8Q  »  jS'  ;  then  Z,  Q  are  inverse 
points  with  respect  to  the  circle  whose  radius  is  H ;  and  since 
the  locus  of  Z  is  the  auxiliary  circle,  the  locus  of  Q  is  its  inverse, 
and  is  therefore  a  circle ;  but  Q  is  the  pole  of  LL',  and  is  the 
point  whose  locus  is  required ;  hence  the  proposition  is  proved. 

Bef. — The  locus  of  the  poles  of  all  the  tangents  to  any  curve  with 
respect  to  a  circle  is  called  the  ebcipbocal  pola.b  of  that  curve  with 
reject  to  the  circle. 

From  this  definition  we  see  that  the  foregoing  proposition 
may  be  enunciated  as  follows  : — The  reciprocal  polar  of  an 
ellipse,  with  respect  to  a  circle  whose  centre  is  one  of  the  foci,  is  a 
circle. 

Cor.  1. — If  we  take  two  consecutive  tangents  to  the  ellipse, 
their  poles  will  be  consecutive  points  on  the  circle  which  is  the 
reciprocal  polar  of  the  ellipse  ;  but  the  join  of  the  poles  of  two 
lines  is  the  polar  of  the  point  of  intersection  of  the  lines.  Hence 
the  locus  of  the  pole  of  any  tangent  to  a  circle  is  an  ellipse.  In 
other  words.  The  reciprocal  polar  of  a  circle  with  respect  to  another 
circle  is  an  ellipse,  having  the  centre  of  the  reciprocating  circle  for 
one  ofitsfod. 

Or  thus : 

Let  8  be  the  centre  of  the  reciprocating  circle,  Q  any  point 
on  the  circle  whose  reciprocal  polar  is  required ;  join  8Q,  and 
make  SQ .  8L  =  iP,  and  draw  LL'  perpendicular  to  iSQ.  Now, 
since  8Q .  8L  «  JB?,  the  locus  of  L  is  the  circle  which  is  the 
inverse  of  that  which  is  to  be  reciprocated;  and  since  LL'  is 
perpendicular  to  8L,  the  envelope  of  LL'  is  the  first  negative 
pedal  of  a  circle  with  respect  to  a  given  point. 
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Cor,  2. — Since  tlio  auxiliary  circles  of  a  system  of  confocal 
ellipses  is  a  system  of  concentric  circleSi  and  the  inyerse  of  a 
system  of  concentric  circles  is  a  system  of  coaxal  circles,  we  have 
the  following  theorem  : — The  reciprocal  polars  of  a  system  of  eon- 
focal  ellipses f  with  respect  to  a  circle  whose  centre  is  one  of  the  foci, 
is  a  system  of  coaxal  circles,  having  the  focus  as  one  of  the  limiting 
points.  Conversely,  The  reciprocal  polars  of  a  system  of  coaxal 
circles,  with  respect  to  one  of  the  limiting  points,  is  a  confocal 
system,  having  that  point  for  one  of  the  foci. 


*1.  If  a  quadrilateral  AA'BJB*  be  inscribed  in  a  circle  X,  and  if  the 
diagonals  AB,  A'W  touch  a  circle  7  of  a  system  coaxal  vith  X,  tben  the 
rides  {Sequel  to  Euclid,  Fifth  Edition,  p.  126),  AA',  ^JS' touch  another  circle 
of  the  same  system,  and  the  four  points  of  contact  are  collinear.  Becipro- 
cally.  If  a  quadrilateral  be  eireumeerihtd  to  an  ellipse,  and  if  two  of  itt 
opposite  vertices  lie  on  a  confocal  ellipse,  two  of  the  remaining  vertices  lie 
on  another  eoitfocal,  and  the  four  tangents  at  these  vertices  are  concurrent, 

2.  The  reciprocal  polar  of  the  directrix  of  an  ellipse  with  respect  to  a 
focus  is  the  centre  of  the  circle  into  which  the  ellipse  reciprocates. 

3.  If  a  yariable  chord  of  a  circle  subtend  a  right  angle  at  a  fixed  point 
within  the  circle,  its  enyelope  is  an  ellipse,  haying  the  fixed  point  for  one  of 
its  foci. 

*4.  If  X  be  one  of  the  limiting  points  of  two  circles  0,  (/,  and  LA,  LB 
two  radii  vectors  at  right  angles  to  each  other,  and  terminating  in  those 
ourdee,  the  locus  of  the  intersection  of  tangents  at  A  and  B\%k  circle  coaxal 
with  0,  a  {Sequel  to  Euclid,  Fifth  Edition,  p.  162).  Reciprocally,  If  two 
tangentSf  one  to  each  of  two  confocal  ellipses,  be  at  right  angles  to  each  other, 
the  envelope  of  the  line  joining  the  points  of  contact  is  a  confocal  ellipse. 

*5.  The  envelope  of  the  chord  of  contact  of  tangents  to  a  circle  which 
meet  at  a  given  angle  is  a  concentric  circle.  Reciprocally,  the  locus  of  the 
interseelioH  of  tangents  to  an  ellipse,  whose  chord  of  contact  subtends  a  given 
angle  at  the  focus,  is  an  ellipse,  having  the  same  focus  and  directrix. 

184.  The  rectangle  contained  by  the  segments  of  any  chord  passing 
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through  a  fixed  point  in  the  plane  of  an  ellipse,  is  to  the  square 
of  the  parallel  semidiameter  in 
a   constant    ratio.     (Compare 
S  156.) 

Let  0  be  the  fixed  point, 
and  take  the  lines  OX,  OF  as 
axes  of  co-ordinates  parallel  to 
the  axes  of  the  ellipse ;  let  the 
co-ordinates  of  the  centre  with 
respect  to  OX,  OY  be  a?',  y' ; 
then  transforming  to  0,  as  origin,  the  equation  of  the  ellipse  is 

1.  (I.) 


(^-■^y,  (yy)' 


a-  h^ 

Kow,  take  any  point  R  in  the  ellipse,  join  OR,  meeting  the 

curve  again  in  R! ;  then,  if  r,  ^  be  the  polar  co-ordinates  of  R, 

we  have  ^  =  r  cos  ^,  y  ^^  r  sin  0.    Hence  from  equation  (i.)  we 

get 

(a»  sin»fl  +  *»cos«  ^)r»  -  2  (aV  sin^  +  5»a?'  cos  e)r 

+  (3*^  +  a»y"  -  a»  5*)  =  0.      (n.) 

Now,  the  roots  of  this  quadratic  in  r  are  OR,  OR!, 

Hence  OR .  OR' ^^^^^^1^^. 

a'sin»tf+^cos»d 

Again,  if  p  be  the  radius  vector  through  the  centre  parallel  to 
OR,  we  have 


P'  = 


therefore 


a*sin*^+ J«cos»d' 


OR.  OR     «'»     y"     , 


(579) 


P'  a' 

that  is,  equal  to  the  power  of  the  point  with  respect  to  the 
ellipse.    Hence  the  proposition  is  proved. 

Cor,  1. — If  OS  be  another  line  through  0  cutting  the  ellipse 
in  8,  8\  and  p'  the  parallel  semidiameter, 


08 .  08^ 


,'% 


-:3  +  '«-i- 
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„  OR.OBf     if  ,„„, 

^"^  MTW "  7--  (*«"> 

Cor,  2. — ^If  through  another  point  o  two  chords  be  drawn 
parallel  to  the  chords  ORy  08,  and  cutting  the  curve  in  r,  f^ 

»,  i^,  respectively, 

OB .  OR'     or. or' 

08.08'"  OS.  01^'  ^^^^^ 

Cor,  3. — If  the  points  R,  Rf  coincide,  OR  becomes  a  tangent, 
and  it  8,   8'  coincide,    08  becomes  a  tangent;  hence  from 
Cor.  1,  Any  two  tangents  to  an  ellipse  are  proportional  to  their 
parallel  semidiametere. 


1.  The  rectangle  SF.  PD  (see  fig.,  {  I??,  Ex.  1)  is  equal  to  the  square 
of  the  parallel  semidiameter. 

2.  If  any  tangent  meets  two  conjugate  semidiameterB  of  an  ellipse,  the 
rectangle  under  its  segments  is  equal  to  the  square  of  the  parallel  semi- 
diameter. 

3.  If  through  any  point  0,  in  the  plane  of  an  ellipse,  a  secant  be  drawn 
meetiug  the  ellipse  in  two  points  J2,  JT,  the  locus  of  the  point  <2,  which  is 
the  harmonic  conjugate  of  0  with  respect  to  £,  K,  is  the  polar  of  0.    For 

OQ^  OR'^  OK"^     \  aV*  +  **^*  -  «»**  / 
Hence,  denoting  OQ  by  p,  we  get,  putting  pcosBt^x^  pnskB  my^ 

*««'  («*  -  ;r)  +  a»y'  (y'  -  y)  =  a«4«, 
or,  tranaforming  to  the  centre  as  origin, 

xx'     yy' 

•^  +  F  +  '  =  »' 

which  is  the  polar  of  the  point  —  x'  -y'  (see  \  181,  Ex.  4). 

4.  If  ^,  ^  be  any  two  points,  C  the  centre  of  the  ellipse,  and  il  AG,  BS 
be  drawn  parallel  to  CB,  CA,  intersecting  the  polars  oi  B,  A,  respectively, 
in  the  points  (?,  S;  then  AG  .  CB :  AC .  BM :  :  square  of  semidiameter 
through  B :  square  of  semidiameter  through  A, 

6.  If  MIf  be  the  polar  of  the  point  A ;  F  any  point  on  the  ellipse ;  AF 
a  perpendicular  to  the  tangent  at  F;  FG  the  portion  of  the  normal  inter- 
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oepted  between  the  curre  and  the  transrene  axis ;  FM  a  perpendicular 
from  Pon  MK;  then  FG .  AF  yaries  as  FM,  For  if  the  oo-ordinates  of 
A  be  ar'y' ;  of  P,  a?"y" ;  then 

^^\ir+irj  =-^+-ir-i'  ^^il?-+irj  =-?-+-^ — i- 

therefore  Pif  ^_+ ^)*«  ___. 

This  theorem  gives  an  immediate  proof  of  Hamiltok's  Law  of  Forot.— 
FtoceedingB  of  the  Royal  Irish  Aeademyt  No.  lvit.  vol.  iii.,  p.  308.  Als« 
Quarterly  Journal  of  Mathematics^  yol.  v.,  pp.  233-235. 

6.  Find  the  equation  of  the  line  through  the  point  x'y^  parallel  to  its 
polar.  If  (a  +  iB),  (a  -  /3)  be  the  eccentric  angles  of  the  points  of  contact 
of  tangents  from  x*y\  the  line  required  is 

J?  cos  ov  sin  a  _      .      _  ,-^^. 

+  -— £ —  —  sec  jS  s  0  a  X.  (682) 

a  0 

7.  In  the  same  case  the  line  through  the  centre  and  «V  is 

'-^-  -  ?^  =  0  -  Jf .  (688) 

a  0 

■     8.  The  equations  of  the  tangents  through  x'y'  to  the  ellipse  are 

Zcos^  ±  Jirsin/3  =  0.  (684) 

9.  The  product  of  the  equations  of  the  tangents  is 

(^S-)(S*S-)-(7-^-')--»-    « 

Compare  §§  85,  150. 

*  185.  To  find  the  major  axis  of  an  ellipse  confooal  to  a  given 
one  and  passing  through  a  given  point. 

Let  hk  be  the  given  point,  -  +  ^^  -  1  «  0  the  given  ellipse, 
then,  pntting  a'  -  5'  =  c*,  the  equation  of  the  required  ellipse ; 
will  be  of  the  form  -^  +  -~- — ,  =  1,  and  substituting  the  given 

*  The  student  is  recommended  to  omit  this  proposition  untQ  he  has  read 
the  chapter  on  the  hyperbola. 
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co-ordinates  we  get 

a'*  -  (A>  +  iP  +  <?')a'»  +  4J»A« «  0.  (686) 

Similarly       5'*  -  (A«  +  JE»  -  ^)  y»  -  (j»;6> «  0.  (587) 

Let  the  roots  of  these  equations  be  a'*,  «"•, ;  i'*,  J'",  respec- 
tively; then 

a'  a"  =  <^A,     ^'  3"  =  ^;fe  -/^.  (688) 

Hence  we  have  the  following  theorem  : — Two  eonfooah  to  the 
ellipM  "i  +  Ti  -  1  =  0  can  he  drawn  through  the  point  hk :  the 

the  product  of  the  semiaxes  major  of  these  eonfoeaU  is  ch^  and  of  the 

semiaxes  minor y  eki ;  where  %  denotes^  as  usual^  ^-  1. 

It  will  be  seen  in  Chapter  tu.  that  one  of  these  confocala 
must  be  a  hyperbola  unless  ^  «  0,  in  which  case  one  of  them 
must  consist  of  the  two  foci. 

Def. — The  semiaxes  major  af,  of*  of  the  two  eonfoeals^  which  can 
be  drawn  to  a  given  ellipse  through  a  given  point,  are  called 
the  ELLXTTic  co-OBDiKATss  of  the  point  (Lajib,  ^*  Co-ordonne68 
Curvilignes"). 

Cor.  I.—  A»  =  ^,  -i6»« 


therefore    A*  +  l? 


c'   '  ^    ' 

a^a"^^h'n"^     a*a(a^^«-y^)  +  ^^^(a^-3^) 

«  a'»  +  J"»  =  a"»  +  h\        (689) 


Cor.  2. — The  two  confocals  to  a  giyen  ellipse  which  can  be 

drawn  through  any  point  cut  each  other  orthogonally.    For  the 

tangents  are 

hx     ky  hx      *y     1     /> 

and  these  tangents  are  perpendicular  to  each  other  if 

=  0,    or --3  =  0- 


<i^a"»     hH"^     ^'    ^'  ^     c« 
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Cor,  3. — ^Let  p',  p"  denote  the  perpendiculars  from  the  centre 

on  the  tangents  to  the  confocals  through  hk  at  that  point,  and 

fi*,  fi"  the  semidiameters  conjugate  to  the  semidiameter  drawn 

to  hk, 

/S"  +  A»  +  **  =  (j^  +  a" ;      [Equation  (620)] 

therefore  pf^^a'^^  af\    {Cor.  I).  (590) 

SimHarly,  ^"»  =  h"^  -  h\  (591 ) 

But        P'p'  =  a'i'  [§  176,  Cor.  8]  ;  .-.  p'^  =  ^^^.     (592) 
Similarly,  p'^  =  g^.  (593) 

Cor.  4. — ^By  means  of  the  values  of  A*,  i*,  Cor.  1,  we  find, 
after  an  easy  reduction, 

^{a^  -  fl»)  (a»  -  g^^)      v^^»A'^.a«>l;»-a»^» 

and  substituting  for  hk  the  values ;r-,   ;r-  [5 181,  Ex.  21, 

cosp       cosp  '-''  -^ 

^, .       a  <*^  sin  2j3  ^         .-«    ^ 

this  reduces  to  ;— — rrr —^ — r- — -.    Hence  f^  181, 

(a«  -  b^)  cos  2a  -  (a*  +  i»)  cos  2fi  ^^        ' 

Ex.  10]  we  have  the  following  theorem : — !/<!>  denote  the  angle 
between  the  tangents  to  the  eUipee  —  +  j^  «  1  e  0,  from  the  point 
whose  eUiptie  co-ordinates  are  a^,  a", 

^^--(^-aV(a»-a-»)  (^^^) 

therefore  tan  J  «^  =   /  ^.  (696) 

Therefore  if  ^  denote  the  angle  which  the  tangent  at  P  to 
the  conf ocal  of  makes  with  the  tangent  from  F  to  the  original 
ellipse,  we  have 


cot^ 
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Hence  sm^^J^^-^^,    coei^^J^^-^.         (696) 

Cbr.  5. — The  resnlts  proyed  give  a  new  demonstration  of  the 
piopositions,  §  181,  Ex.  16. 

The  principal  theorems  in  Car8,  4  and  5  were  fiirst  published 
in  a  Paper  of  mine  in  the  Messenger  of  Mathematies  in  the  year 
1866,  and  were  extended  to  sphero-conics,  and  to  curves  on  cod- 
focal  quadrics.  Corresponding  theorems  were  given  by  Chasles 
for  geodesic  tangents  to  lines  of  curvature  on  the  ellipsoid. — 
Liouvillb's  Journal,  1846. 


1.  The  locus  of  the  pole  of  the  line  /ajp  +  yy  s  1,  with  respect  to  a  system   _ 

of  conies  confocal  to  -r  +  ?;  ~  1  ■=  0,  is  the  line 

a'      r 

--?  =  !*».  (697) 

2.  The  equation  of  the  director  circle  of  an  ellipse  in  elliptio  oo-ordinatet 
is  tf^  +  a"»  =  2«». 

8.  If  from  the  centre  of  the  eUipse  -^  +  tt  "^  1  a  parallel  be  drawn  to  the  ^ 

tangent  from  any  point  Pon— +^=1  toa  given  confocal  (a'),  to  meet 

the  tangent  at  P  to  the  first  ellipse,  the  locus  of  the  point  of  intersection  is 
a  circle. 

4.  If  a\  a"  be  the  elliptic  co-ordinates  of  any  point,  ^  the  angle  included 

«*     y' 
between  the  tangents  from  this  point  to-z  +  ^-l^O;  then 

a  »  sin*  i^  +  a"»  cos«  i  ^  =  a».  (698) 

6.  If  from  the  intersection  of  tangents  to  an  ellipse  distances  be  measured 
along  the  tangents  equal  to  the  focal  vectors  of  the  intersection,  the  length 
of  the  jdn  of  their  extremities  =  2a. 

6.  The  difference  between  the  squares  of  the  perpendiculars  from  the     - 
oentre  on  parallel  tangents  to  two  confocals  is  constant. 
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'    7.  The  loous  of  the  points  of  contact  of  parallel  tangents  to  a  system  of 
confocal  ellipses  is  a  hyperbola. 

8.  The  locus  of  the  point  (a)  on  a  system  of  confocal  ellipses  is  a  confocal 
hyperbola. 

9.  The  eccentric  angles  of  the  points  of  intersection  of  a  system  of  con- 
focal ellipses  by  a  confocal  hyperbola  are  all  equal. 

10.  If  two  secants,  OB^  OS,  cut  the  ellipse  in  the  points  S,  S;  8,  8' 
respectiyely,  and  be  tangents  to  a  confocal, 

^-^°dS-W-      (M.KoB»aT8.)       (699) 

For  let  a*  -  A.^  i^  -  \*  be  the  semiaxes  of  the  confocal ;  b%  h*'  the  semi- 
diameters  parallel  to  0J2,  08  \  then 

or" 

In  like  manner. 


ok'  or.  OR'^  ah. or.  or' 


[Equation  (576)] 


2XA"« 


08     08"     ab  OS .  OS' 
But  OR  .OK  I  08.  OS' i:  J'*  :  r».    [Equation  (680)] 

Hence  the  proposition  is  proved. 

186.  To  find  the  polar  equation  of  an  ellipse^  the  focus  being  pole. 
If  the  focns  be  origin  the 
equation  of  the  ellipse  is 

«»+y»«  a' («+/)».    [§173] 

Hence,  putting 

a:  =  pcoB0f    jf^panOf 
we  get 


that  is, 


1  -  tf  008  tf ' 


(600) 


It  is  usual  in  Astronomy,  when  the  polar  equation  is  em- 
ployed, to  denote  the  angle  ASP,  called  the  true  anomaly, 
by  6 ;  then  the  polar  equation  is  • 


1  +  <  COB  0' 


(601) 
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Since  a{l  -  e^)  =  i  latnB  rectum  -  I  suppose,  the  polar  equa- 
tion is                             p  = J,,                            (602) 

'^     1  +  tf  cos  tf  ^       ^ 

Cor.  1. — If  the  angular  co-ordinates  of  two  points  on  the 
ellipse  be  a  +  )3,  a  -  ^,  the  equation  of  their  joining  chord  is 

I 

-  ^e  cobO  +  secp  cos  (0  -  a).  (603) 

For  assuming  it  to  be  of  the  form 

-  ^  A  coB$  +  B  cob{6  "  a), 
P 

and  putting  in  succession  for  0  the  values  a  +  )3,  a  -  /9,  we  get 
1  +  *  cos  (a  +  )8)  =  -4  cos  (a  +  /8)  +  ^  Cos)3, 
1  +  e  coB{a-  p)  =  A  cos  (a  -  )3)  +  -5  cos/3, 

Hence  A^  e,    -&  =  sec  )3. 

Cbr.  2. — The  equation  of  the  tangent  at  the  point  a  is 

I 

-  =  tf  cos  ^  +  cos  (tf  -  a).  (604) 

P 

Car.  8. — The  polar  co-ordinates  of  the  intersection  of  tangents 
at  the  points  whose  angular  co-ordinates  are  a  +  p,  a-  p  are 

tf  =  a,     p  =  Ijie  cos  a  +  cos  P).  (605) 

Cor.  4. — The  equation  of  the  normal  at  a  is 

-  tf  Bina=  (1  +^  cosa){tf  sintf  +  8in(5-a)}.         (606) 
P 

For,  if  we  put  0  »  a  we  get    //p  =  1  +  d  cosa,    and  if  we  put 
(?  =  3r  we  get  Ijp  =  (1  +  *  cos  a)/tf. 


EZEBOISES. 

1.  lipy  p*  denote  the  Begments  of  a  focal  chord, 

-  +  -  o  -.  (607) 
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2.  The  lectangle  oontained  by  the  segments  of  a  focal  ohoxd  is  propor- 
tional to  the  length  of  the  chord. 

3.  Any  focal  chord  is  a  third  proportional  to  the  transverse  axis  and  the 
parallel  diameter. 

4.  The  sum  of  the  reciprocals  of  two  perpendicular  focal  chords  is  con- 
stant. 

5.  If  any  chord  RB^  of  an  eUipee  meet  the  directrix  in  D^  the  line  8I> 
bisects  the  external  angle  of  the  triangle  BSSf, 

6.  The  join  of  the  intersection  of  two  tangents  to  the  focus  bisects  the 
angle  made  by  the  focal  yectors  of  the  points  of  contact. 

7.  If  any  point  on  an  ellipse  be  joined  to  the  extremities  of  the  trans- 
Terse  axis,  the  portion  of  the  directrix  which  the  joining  lines  intercept 
subtends  a  right  angle  at  the  focus. 

8.  The  angle  subtended  at  the  focus  by  the  portion  of  any  Tariable  tan- 
gent intercepted  by  two  fixed  tangents  is  constant. 

9.  If  a  tangent  from  a  variable  point  subtend  a  constant  angle  8  at  the 
focus,  the  locus  of  the  point  is 

-  =  cos  8  +  «  cos  0.  (608) 
P 

10.  If  a  chord  FQ  subtend  a  constant  angle  28  at  the  focus,  the  locos  of 
the  point  where  it  meets  the  bisector  of  that  angle  ub 

-  s  sec  8  +  tf  cos  9.  (609) 

.  11.  If  0  denote  the  true  anomaly,  ^  the  supplement  of  the  eccentric  angle 

tan  Je .  tan  }^  =  J\^'  (610) 

12.  If  a  circle  passing  through  the  focus  of  an  ellipse  touch  it  at  the  point 
whose  angular  co-ordinate  is  a,  prove  that  its  equation  is 

p  (1  +  0  cos  a)'«  I  {cos  {9  +  a)  +  #cos(9-  2a)},  (611) 

and  that  the  common  chord  is 

/>(^cos«  +  a>cos(e+o))  =/(l  +2«c08o  +  #^,  (612) 

and  if  a  vary  the  envelope  of  the  chord  is 

/>(«"-*'  0OB9)  =  /{I  -  •»).  (618) 
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Exercises  on  the  Ellipse. 

1.  Find  the  ecoentiicity  of  the  ellipse  3x*  +  4y'  «  1. 

2.  If  two  central  vectori  of  an  ellipse  he  at  right  angles  to  each  other 
the  sum  of  the  squares  of  their  reciprocals  is  constant.  (Stbinir.) 

3.  Find  the  equation  of  the  circle  through  either  extremity  of  the  trans- 
yerse  axis  and  hoth  extremities  of  the  latus  rectum. 

4.  Find  the  equation  of  the  tangent  at  either  extremity  of  the  latus 
rectum. 

5.  The  locus  of  the  middle  points  of  chords  of  an  ellipse  passing  through 
a  given  point  is  an  ellipse  vhoee  axes  are  parallel  to  those  of  the  giren 
ellipse. 

6.  If  from  any  point  in  a  circle  a  line  he  drawn  making  a  given  angle 
with  a  fixed  line,  and  divided  in  a  given  ratio,  the  Iocujb  is  an  ellipse. 

7.  If  a  transversal  cut  the  conies 

**/«'  + y*/**  -  1  =  0    and    «»/a«  +  y»/**  +  ^(*'  +  y')-l=0 

where  A.  is  any  constant  in  the  points  F^  Q\  P'^  Q  respectively,  prove  if  0 
he  the  common  centre  that  the  angle  POi^ss  QOQ[.  State  what  this  theorem 
hecomes  if  A.  =  -  !/«'. 

8.  The  reciprocal  polars  of  the  oonics  in  £x.  7|  with  respect  to  a  ooa- 
centric  circle  are  confocal  conies. 

9.  If  a  common  tangent  to  the  two  ellipses 

touch  the  first  in  s^y'j  and  the  second  in  sif*y'* ;  then  sV  is  equal  to  the 
square  of  the  ahscissa  of  either  of  their  points  of  intersection,  and  y'y"  to 
the  square  of  the  corresponding  ordinate. 

10.  If  the  sum  of  the  tangents  drawn  from  a  point  to  two  circles  he  given, 
the  locus  of  the  point  is  an  ellipse. 

11.  If  a  circle  descrihed  through  any  point  P  on  the  minor  axis  of  an 
ellipse,  and  through  the  two  foci  intersect  the  ellipse  in  the  points  Q,  Q ; 
prove  that  PQ,  PQ'  are  either  tangents  or  normals  to  the  ellipse. 

12.  Tangents  are  drawn  from  a  fixed  point  P  to  a  system  of  oonfooal 
ellipses ;  if  7,  T'  he  the  lengths  of  the  tangents  to  any  of  the  ellipses,  and  9 
their  included  angle,  prove 

(1/ J  +  1/ JO  <^  i^  ="  constant.      (Grofton.)    (614) 
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Let  i^,  fi*  bo  the  foci,  produce  ST,  ST,  and  make  TU^  TSi  TV^  TST, 
UR  =  VT,    Join  iJP,  UF,  FjP,  then  iP=  PT\  and  it  ia  easy  to  see  that 


the  angle  TFR = SFS",  and  is  given,  since  8,  P,  8"  are  given  points.   Let  PW 
bitoct  the  angle  SPU,  then  it  also  bisects  TPR.    Now,  in  the  triangles 

TPR,  SPU   1/Pr+  1/Pi2  =  2  cosl-RPr/P»^, 

1/5P+  l/PlT-rr  2  COS  J  SPUIPW, 

i/pr+  1/pr  =  2  COS  jiSP^VPir, 

1/5P+  l/iS'P=iJco8  J  TPTIPW^  2  cosl«/P»^, 

.-.   (i/r+  1/r)  cos  ja  =  (1/5P+  v-yp)  cos  j^PiS', 

and  is  given. 

13.  The  area  of  the  triangle  formed  by  the  tangents  from  the  point 

a  cos  a     6  sin  cr) 


and 
that  is, 
and 


f 


)■ 


cos  /9  '      cos  8 

and  their  chord  of  contact,  is  ab  sin'/3  tan  /3. 

14.  If  from  any  point  T  in  PT  (the  tangent  at  P)  a  perpendicular  772  be 
drawn  to  the  focal  vector  SP,  and  a  perpendicular  TM  on  the  directrix ; 
then  8R  «  eTM, 

16.  Find  the  equation  of  the  circle  described  on  the  intercept  which  the 
ellipse 

i:  +  ?L  _  1  =  0 


makes  on  the  line  y  ^mx-\-  n;  and  thence  show  how  to  find  the  length  of 
the  normal  at  any  point  of  an  ellipse  until  it  meets  the  ellipse  again. 
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16.  The  locus  of  the  intenection  of  tangents  at  the  extremities  of  a  pair 
of  conjugate  diameten  is 

and  the  enyelope  of  the  join  of  their  extremities  is 

i^  +  S-i-  ("«) 

17.  Find  the  co-ordinates  of  the  pole  of  the  normal  at  the  point  a,  and 
show  that  the  locus  of  the  pole  is 

«•/«»  +  5«/y»  =  ^,  (617) 

18.  If  a  tangent  at  any  point  P  meet  the  transverse  axis  in  T ;  then,  if  8 

he  the  focus, 

cos  8FT  =  d  COB  8TP.  (618) 

19.  ProYC  that  the  pedal  of  the  ellipse  with  respect  to  its  centre  is 

(«»  +  y2)>  =  a*aj»  +  V^yK  (619) 

20.  Proye  that  two  of  the  normals  drawn  from  the  point  whose  co-ordi- 
nates are 

«'  cos  a  cos  2a        c^  sin  a  cos  2a 

meet  the  ellipse  at  the  extremities  of  a  pair  of  conjugate  diameters. 

21 .  If  ^,  Bf  Cy  D  be  the  feet  of  four  normals  drawn  from  a  point  if  to  an 
ellipie  Bf  whose  centre  is  0,  the  perpendicular  from  ciroumcentres  of  the 
triangle  formed  by  any  three  of  the  points  A,  B,  C,  D  upon  the  common 
chord  of  B,  and  the  osculating  circle  of  the  fourth  bisects  the  line  OM. 

(LONOCHAMPB.) 

For  the  equation  (549)  may  be  written  in  the  form 

The  left-hand  side  equated  to  zero  represents  the  circle  A,  described  on  OM 
as  diameter,  the  second  side  equated  to  xero,  represents  a  line  9,  parallel 
to  the  tangent  at  the  point  2)',  the  symmetrique  of  D  with  respect  to  the 
transverse  axis  of  B,  and  therefore  parallel  to  the  common  chord  of  B  and 
the  osculating  circle,  the  line  d  being  the  radical  axis  of  the  oiide  (549)  and 
A.    Hence  the  proposition  is  proved. 

22.  Find  the  equation  of  the  pair  of  lines  joining  the  centre  of  the  ellipse 
to  the  points  of  contact  of  tangents  from  x'y\ 

23.  The  sum  of  the  eccentric  angles  of  four  ooncydic  points  on  an  ellipse 
is2v. 
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24.  If  a  cirdla  owCTilat^ft  an  eUipse  at  the  point  a,  the  co-ordinates  of  the 
point  where  it  meets  the  ellipse  again  are,  a  cos  3a,  —  ft  sin  3a. 

25.  The  sum  of  two  focal  chords  of  an  dlipse  parallel  to  two  conjugate 
diameters  is  constant. 

26.  Any  two  fixed  tangents  are  cat  homogiaphically  hy  a  rariable  tan- 
gent. 

For  the  angle  which  the  intercept  on  the  yariable  tangent  subtends  at  the 
focus  is  constant. 

27.  If  5  be  the  focus,  2*  any  point  on  the  tangent  at  P»  Tlf  a  perpen- 
dicular on  the  directiix ;  then,  UST^i  TM^ 

coBP5r=4« 

28.  If  a  chord  FF*  of  an  ellipse  pass  through  a  fixed  point  T,  and  if 
ST^e'  TIT,  then 

«-/ 

tanJP^r.tanJP'iSr- ?.      (M'Cullaoh.)    (620) 

29.  If  <9,  i$'  be  the  foci,  and  if  the  circle  described  on  88^  as  diameter 
meet  two  conjugate  diameters  in  JST,  S\  prove  that  the  sum  of  the  squares 
of  the  perpendiculars  from  S^  JET'  on  any  tangent  is  constant. 

30.  If  all  the  tangents  to  an  ellipse  be  inyerted  from  any  internal  point, 
the  locus  of  the  centres  of  all  the  circles  into  which  they  Luvert  is  an  ellipse. 

31.  If  r  be  the  intercept  which  any  normal  to  an  ellipse  makes  on  the 
transverse  axis,  and  ^  the  angle  which  it  makes  with  it,  prove 

""  ^  (as  +  ft>tan>^)l  *  <^^^> 

82.  If  two  sides,  ABy  BC  of  a  triangle  be  fixed,  but  the  third  moving  in 
any  way,  prove  that  the  drcumcentre  0,  and  orthocentre  E  of  the  triangle 
ABC  describe  curves  inversely  similar.    (Nbubbro.) 

For  AO  and  AE  make  equal  angles  with  the  bisector  of  the  angle  BAG 
and  AK*i  2A0  cob  A. 

83.  If  two  central  vectors  of  an  ellipse  be  at  right  angles  to  each  other 
the  envelope  of  the  join  of  their  extremities  is  a  circle. 

-   84.  If  the  chords  joining  the  pairs  of  points  a,  /3 ;  7,  8,  respeotivelyy 
meet  the  transverse  axis  in  points  equally  distant  from  the  centre,  prove 

tan^tan^tanltan^Bl.  (622) 

2  ^         2         A 
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86.  If  tliiD  oooQrdinates  in  Ex.  20  be  denoted  bj  r,  f^  proTe 

2  (aV  +  *V*)*  -  <^  (tf**"  -  *y )'.  (623) 

36.  If  CTy  CD  be  two  conjugate  Bemi-diAmeten,  and  if  tlie  nonnal  at 

P  be  produced  botb  ways  Xo  Q^Q,  making  FQ,  PQ'  each  equal  to  (72), 

prore  that 

CQ  =  a  +  ^    CQ^a^h.       (M'Cullaok.)    (624) 

37.  If  x\y\,  xi^29  *^i  be  any  three  points,  and  if 

prove  that  ~  4  (area  of  triangle  formed  by  these  points)*  -f  a'^  is  equal  to 

^1,  jTis,         Pis, 

^,         Pts, 


Tit. 

Tiz, 
Multiply  the  determinants 

«a/a,        i/ilh,        1 
«l/«,        yi/*,        1 


(626) 


*i/a, 


yi/*, 
ya/^ 
y»/*» 


-1 
-1 
-1 


38.  If  the  three  points  form  a  self -conjugate  triangle,  witb  respect  to  8. 

area  -  \/SiStSzl{2ab).  (626) 

Make  Tiu  Tn,  P»  each  «  0  in  Ex.  37. 

39.  If  they  form  a  triangle  ciroumscribed  about  8^ 

area  =  a*  { \/5r  +  Vi^  +  ^S^  • 

Let  ABG  be  the  circumscribed  triangle  A\  P',  C  the  points  of  oontaet, 
0  the  centre,  and  let  A'JB*  be  the  polar  of  C  (^aj^s),  then,  if  ^  be  the  eccentric 
angle  of  A',  the  area  of  the  quadrilateral  OA'CB'  equal 

2A0A'Cta  a  cos ^ys  —  ^  sin ^ ^s« 
Also  substituting  the  co-ordinates  of  the  point  A*  in  the  equation 

W«'  +  ml^  -1  =  0, 

which  is  tiie  polar  of  O,  we  get 

6ooBp9f\-amRfpt^ab, 
b2 
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Hence  sqizare  and  add,  and  -we  get 

ftW  +  tfV  «  «'**  +  {OA'CJy)\  .-.  O^'OB*  -  ab  V-S". 
Similarly, 

OB*AC'^ab\ISu    ^sAOCTBA' ^ah^ 

.-.    ui5a=a*{V5r+V^+V^},  (627) 

•  40.  If  the  triangle  be  iii8cril>ed  in  8, 

area  « -/  Tu  Tn  rsi/(2a3).  (628) 

41.  If  PIT  be  an  ordinate  at  any  point  P  of  an  ellipse,  find  the  looua  of 
the  intersection  of  PJf,  with  the  perpendioular  from  the  centre  on  the  tan- 
gent at  P. 

42.  If  a  point  P  whose  eccentric  angle  is  0  be  joined  to  the  foci,  and  the 
joining  lines  produced  meet  the  ellipse  again  in  Q,  J2  ;  find  the  equation  of 
QR^  and  proye  that  its  poK-lies  on  the  normal  at  B. 

43.  If  ^  be  the  eccentric  angle  of  the  point  P  of  an  ellipse,  Q  the  point 
an  the  auxiliary  circle  corresponding  to  P;  prove  that  the  area  of  the 
parallelogram  fonned  by  the  tangents  at  the  points  P,  Q  and  the  points 
diametrically  opposite  to  them  is  Sd^bHa  ~  b)  an  2^.  (629) 

44.  If  the  nonnal  at  Pmeet  the  transverse  and  the  conjugate  axes  in  the 
points  Of  0',  respectively,  prove  that  the  middle  point  of  CG  is  the  centre 
of  a  circle  through  P  and  the  extremities  of  the  minor  axis ;  and  the  middle 
point  of  Cff  the  centre  of  a  circle  through  P  and  the  extremities  of  the 
transverse  axis. 

46.  If  the  product  of  the  direction  tangents  of  two  lines  touching  an 
ellipse  be  given,  and  negative,  the  locus  of  their  point  of  intersection  is  an 
ellipse. 

46.  If  9  be  the  angle  between  a  central  vector  to  .and  the  normal  at  the 

pointy,  prove 

<^  sin  2^ 
tan0  =  --2^.  (680) 

47.  The  lengths  of  the  tangents  from  the  point  x'y'  to  the  ellipse 

are  roota  of  the  equation  in  T, 

^Va»iS'-r»  +  ^>/r»-W«tfV5^.    (Ceoptok.)    (631) 

sr  e  r«/y», .-.  p»/5' « j'»  =  *»  +  y»  -  i»jci«/a«  +  av/** 
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Hanoe  \/a*  -  T*I3'  =  exija, 

and  \^T^IS'  -  *»  =  cyi/* ; 


but     ••«i/fl>+y'yi/J»=l,.\-v^a«a^-2^+^V^f5r^'atfy/^. 

-  48.  A  ciide  has  doable  contact  witb  an  ellipse  at  the  points  P,  F.  Pioye 
that  the  sum  of  the  distances  of  the  points  P,  P'  from  either  focus  is  half 
the  sum  of  the  distances  from  the  same  focus  of  the  points  in  which  the 
ellipse  is  intersected  by  any  circle  concentric  with  the  former.    {Ibid,) 

49.  If  from  any  point  on  an  ellipse  tangents  be  drawn  to  the  circle  on  the 
minor  axis,  and  if  the  chord  of  contact  meet  the  major  and  the  minor  axes 
in  the  points  X,  Jf  respectivelyi  proye, 

50.  Find  the  locus  of  the  middle  points — 1"*.  of  chords  of  a  given  length 
in  an  ellipse.    2".  Of  chords  whose  distance  from  the  centre  is  giyeiu 

61.  Find  the  co-ordinates  of  the  orthocentre  of  the  triangle  formed  by 
two  tangents  and  the  chord  of  contact. 

If  (a  +  /9)  and  (a  -  0)  be  the  points  of  contact,  the  orthocentre  is  the 
point  common  to  the  perpendiculars  from  (a  +  0)  on  the  tangent  at  (a  -  fi)f 
and  from  (a  -  0)  on  the  tangent  at  (a  +  iS).    Hence  it  is  the  interseotioii  of 

2aain(a+i3)«-  23  cos  (a  +  iS)  y  =  tf^  sin  2a  +  (a*  +  J")  sin  2iS, 
and 

2a  sin  (a  •*  /3)  a?  -  23  cos  (a  -  i9)  y  «  e^  sin  2a  -  (a'  +  ^)  Bin2i9. 

From  these  we  get  by  addition  and  subtraction 

aoosa.«  +  6sina.yB(aS+^coBi3, 
a  seo  a .  s  -  3  cosec  a .  y  a  ^  see  /S. 
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Hence 

*  -  {(a«  +  J«)  8m»a  +  <J»  Bm»/3}/a  cosa  cosiB,  (633) 

y  e  {(««  t  **)  co«'3  -  c»  008»a}/A  sina  cOB/3.  (634) 

52.  The  sum  of  the  squares  of  the  pexpendiculars  from  the  eztremitieB  of 
any  two  oonjugate  semidiameters  on  any  fixed  diameter  is  constant. 

63.  If  CPf  CF'  he  two  semidiameters  of  an  ellipse ;  CD,  CD'  their  con- 
jugates ;  prove,  if  FI^  pass  through  a  fixed  point,  that  DD^  also  passes 
through  a  fixed  point. 

64.  The  locus  of  the  points  of  contact  of  tiEmgents  to  a  system  of  confocal 
ellipses  from  a  ^ed  point  on  the  transrerse  axis  is  a  circle. 

66.  Ifapcosa  +  ysina-j'BsOhea  tangent  to  -s  +  ^i-lssO,  prove^ 

p^  =  «*  cos>  tt  +  4»  sin^o.  (636) 

66.  If  the  circle  a^  +  sf^  +  2gx  +  2/y  +  0  s  0  passes  through  the  extremi- 
ties of  three  semidiameters  of  the  ellipse 


prore  that  the  circle 


^     y* 


«»  +  y»  +  — «-^y-(a»+4»  +  <>)-0. 

a  0 

panes  through  the  extremities  of  the  three  conjugate  semidiameters. — 

(B.  A.  E0BBBT8.)    (636) 

67.  Show  that  if  the  first  circle  in  Ex.  66  he  orthogonal  to  «>  +  y'  -  2cur 
-  20y  +  0'  B  0,  the  second  is  orthogonal  to 

«»  +  y»4.?:^_?^  +  a?  +  i«-tf'«0.      (i^uf.)  (637) 

68.  A  tziangle  is  inscrihed  in  the  ellipse 

proTO,  if  x^f  y*  he  the  co-ordinates  of  its  oentroid,  and  «,  y  those  of  the 
circumcentre, 

16(«a«»+jy)  +  9tf*(^  +  ^)  -12fl»(«c'-yyO-**-0. 

{Jjb\d,)        (688) 
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69.  If  ft',  h'  be  conjugate  Bemidiameten,  makixig  angles  pf  ^'  with  the 
eemiazes,  prore 

(639) 


ft'*-***       <K»(^  +  ^) 


«>-4»       006(^-^0' 

60.  II  the  rectangle  contained  by  the  perpendiculan  on  a  Tariable  line 
from  its  pole,  with  respect  to  a  given  ellipse,  and  from  the  centre  of  the 
ellipse,  be  constant,  the  envelope  of  the  line  is  a  conf  ocal  ellipM. 

61.  If  i9,  y  be  confocal  conies,  and  FT,  FT"  tangents  to  8,  and  FV  a  tan- 
gent to  S\  then  the  angle  TVT^  is  bisected  by  FT.    (M'Cat.) 

Letthenormal  rzr  at  r  to  ^meet  TT' produced  in  Z7.  Then,  since  i^  ^ 
are  confocal,  the  pole  of  FV  with  respect  to  i$  is  on  the  normal  VU,  Again 


the  pole  of  Pr  with  respect  to  8  must  be  on  the  line  TT*,  Hence  Uia  the 
pole  of  FVf  and  the  pencil  (P.  TTUV)  is  harmonic.  Hence  T.  TTFU\m 
harmonic,  and  the  angle  FVV  is  right.    Hence  T  VT  is  bisected. 

63.  If  a  conic  have  double  contact  with  8  and  one  focus  on  ff^  the  other 
focus  must  also  be  on  S^. 

63.  If  PP  be  a  diameter  of  an  ellipse,  prove  that  the  locus  of  the  inter- 
section of  the  normal  at  P  with  the  ordinate  at  P'  is 


«V  +  ^*/(«*  +  «^*=l- 


(640) 
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64.  The  oirde  whose  diameter  is  anj  chord,  pftrsllfll  to  tho  oonjugate 
axis  of 

has  double  oontact  with  the  ellipse 

+  S-1.  (641) 


66.  If  focal  rectors  from  any  point  P  meet  the  eUipse  again  in  Q  and  B^ 
and  if  the  tangent  at  Pmake  an  angle  B  with  the  transrerse  axis,  and  the 
line  QR  an  angle  ^y  proye 

1  -«* 
tan^s; — ^tantf.  (642) 

66.  If  P  be  the  focus,  and  A  one  of  the  extremities  of  the  transyeise  axis 
of  a  giyen  ellipse  JB,  proye  that  the  major  axis  of  a  conic  passing  through  P, 
whose  focus  is  A,  and  directrix  any  tangent  to  the  ellipse  is  constant,  and 
that  the  enyelope  of  its  second  directrix  is  a  conic  whose  foci  are  on  the 
transyerse  axis  of  S» 

67*  Being  giyen  two  confocal  ellipses,  proye  that  the  distance  between 
the  point  ^  on  the  first  and  the  point  ^'  on  the  second  is  equal  to  the  dis« 
tance  between  ^'  on  the  first  and  ^  on  the  second.  (lyoRT.) 

68.  If  from  an  external  point  0  a  secant  ORS  be  drawn,  cutting  the 
eUipse  in  J2,  i2' ;  then  if  0(^  -  OR .  OK,  the  locus  of  Q  is  an  ellipse. 

69.  If  /,  fbe  the  lengths  of  tangents  from  any  point  P  to  an  ellipse,  &,  V 
the  parallel  semidiameters,  and  />,  p  the  focal  yectors  of  P,  proye  that 

«'  +  ^y  -  pp\  (643) 

70.  Two  chords,  Cu  ^  of  an  ellipse  are  at  right  angles,  and  touch  a  con- 
focal  ;  proye  that  l/(7i  +  I/C3  is  constant. 

71.  If  normals  at  A,  B,  O,  J)  meet  in  M,  and  intersect  the  ellipse  again 
in  A%  B*,  C\  2ft  proye  that  the  latter  points  lie  on  an  equilateral  hyperbola, 
and  touching  at  M  the  Appolonian  hyperbola  through  A,  B,  C,  D. 

72.  If  the  angles  which  any  two  conjugate  diameters  subtend  at  any  point 
of  the  ellipse  be  denoted  by  x,  X',  respectiyely,  then 

cot«  \  +  cot*  V  =  (a»  -  4») V4a*i».  (644) 

73.  If  a  normal  to  an  ellipse  be  parallel  to  one  of  the  equiconjugate 
diameters,  it  cuts  the  ellipse  again  at  a  minimum  angle. 

(Fbof.  J.  PuBSBa.) 


The  Ellipse.  249 

74.  Two  parallel  focal  oKords  of  an  ellipse  meet  it  in  the  points  (?,  S^ 
on  the  same  side  of  the  transYeise  axis ;  if  the  join  of  O,  IS  make  inteioepta 
X,  Ik  on  the  axes,  prove 

,-5 +  -»  =  "•  <"''• 

75.  If  two  normals  to  an  ellipse  cut  at  right  angles,  the  intercepts  made 
on  them  by  the  ellipse  are  divided  proportionally  at  their  point  of  intersec- 
tion. (F&OF.  J.  PVBSSR.) 

76.  Prove  that  if  a  parahola  be  described  with  a  point  on  an  ellipse  as 
focus,  and  the  tangent  at  the  corresponding  point  on  the  anziliary  circle  as 
directrix  it  passes  through  the  foci  of  the  ellipse.  {Ibid). 

77.  If  FM^  FM'  be  parallel  focal  vectors,  the  tangents  at  if,  K*  meet  in 
a  point  P  of  the  auxiliary  circle,  and  the  angle  FFF  =  \  {FMr  +  FM'F^. 

(LONOCHAUPS.) 

78.  In  the  same  case  the  locus  of  the  point  of  intersection  of  ifF'i  M*F 
ia  a  confocal  ellipse.  {Ibid,) 

79.  If  an  ellipse  and  a  hyperbola  have  a  pair  of  conjugate  diameters, 
common  both  in  magnitude  and  direction,  each  curve  is  its  own  reciprocal 
with  respect  to  the  other. 

80.  Construct  an  ellipse,  being  given  1^  a  focus,  and  three  points^  2*  a 
focus,  and  three  tangents. 


CHAPTER   VII. 


THE  HTPEEBOLA. 


187.  Dbf.  I. — BHng  given  in  portion  a  pdni  S,  and  a  line 
NN\  the  loeui  of  a  variable 
point  P,  whose  distance  from 
8  has  to  its  perpendiotdar 
distanee  from  NN*  a  given 
ratio  e  greater  than  unity, 
ie  called  a  httsbbola. 

Dkp.  n. — The  point  8  ie 
called  the  focus  ;  the  line 
NN'  the  siBSGTBiz,  and 
the  ratio  e  the  socEirrBiciTr  of  the  hyperbola. 

188.  To  find  the  eqwUion  of  the  hyperbola. 

1°.  Take  the  focus  as  origin,  the  line  through  8,  perpendicular 
to  the  directrix,  as  axis  of  x,  and  a  parallel  to  the  directrix 
through  8  as  the  axis  of  y ;  also  denote  the  perpendicular  80 
from  8  on  the  directrix  hy/;  then,  denoting  the  co-ordinates  of 
P  by  X,  y,  we  have  8P^ «  «» +y»,  and  PIT=  x  +/;  but  (Def.  i.) 
8P  -r  PN^  e ;  therefore 

«» +  y« «  ij»  (a?  +/)».  (646) 

2^.  In  equation  (646)  put 


«- 


and  we  get 


«»- 


d»-l"'(a«-l)» 


(I.) 
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Hence,  if  (7  be  the  new  origin,  we  hare 

Now,  putting  y  a  0  in  (i.),  we  get 


giving  for  x  two'yalues  equal  in  magnitude,  bnt  of  opposite 
dgns.    Hence,  denoting  the  points  where  the  hyperbola  cuts 

the  axis  of  «  by  A,  A\  we  get  CA  -  ^^,  CA' «  -  t^. 

Hence  ^'C7 »  CA ;  therefore  the  line  A' A  is  bisected  in  C,  and 
denoting  it  by  2a,  we  have 

Again,  putting  jp  b  0  in  (i.),  we  get 
This  gives  two  imaginary  values  for  y,  viz. 

showing  that  the  hyperbola  does  not  cut  the  axis  of  y. 
DsF.  m. — The  line  AA'  u  called  the  tbansviebsb  axis  of  the 

hyperbola;  and  if  tee  make  CB  «  JB^C^  ,  the  line  SB*  ie 

eaUed  the  (x>imTGATB  axis,   and  the  point   C  the  cbntbe.      Hie 
Une  BB  it  denoUd  by  2b. 

8°.  Since  a  ^ , ,    ,> ,   b  =  ,  ^     ,.  .   equation  (i.)  can  be 

(tf*-  1)  (r-  1)^ 

written 

This  is  the  [standard  form  of  the  equation  of  the  hyperbola. 
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DsF.  IT. — The  doubU  oriinaU  LL'  through  8  m  eaUdd  th$ 
LATUS  BECTUK  of  the  hyperbola* 

189.  The  following  dedactions  from  the  preceding  eqnatiaiu 
are  important : — 

If  CS  be  denoted  hj  e^  e^  ae. 

f 


2^ 

4^ 


e  "^     r- 1 


d»-l 


6°. 


a»  +  5«  =  c".    From  1°  and  2°. 

CiS  .  CO  =  a\    From  2°  and  3°. 

Latus  rectum  »  2a(^-  1).  For  in  (646)  put  ^  =  0,  and 
we  get  SZ^ef;  therefore  LL'=  2ef=  2a  («"  -  1). 

7^.  The  transverse  axis :  conjugate  axis  : :  conjugate  axis : 
latus  rectum.    From  1^  and  6^. 

8®.  Since  from  the  form  (647)  of  the  equation  of  the  hyperbola 
each  axis  is  an  axis  of  symmetry  of  the  figure,  it  follows  that,  it 
we  make  C8'  ^80,  the  point  8'  will  be  another  focus ;  also, 
if  C(y  =  OC,  and  through  (/aline  JOT  be  drawn  perpendicular 
to  the  transverse  axis,  MIT  will  be  a  second  directrix,  cor- 
responding to  the  second  focus  8\ 

Dbf.  y. — If  the  semiaxee  a,bofa  hyperbola  be  equal,  the  curve 
is  called  an  bqttixatbbal  htpsbbola. 


BXAKPLBS. 

1.  Given  the  base  of  a  triangle  and  the  difference  of  the  sidea,  find  the 
loeua  of  the  vertex. 

Let  S'81*'  be  the  triangle ;  let  the  base 
SS*  -  2e,  and  the  difference  of  the  sides 
eqnal  2a,  Let  S'8  produced  be  taken  as 
axis  of  X,  and  the  perpendicular  to  S'8  at 
its  middle  point  as  axis  of  y ;  then,  if  d?,  y 
be  the  co-ordinates  of  P,  we  have 


-8'i>«{(«  +  tf)»  +  y»}*,    6fP={(«- 
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therefore  {(«  + «)*  +  |^}* -{(«-«?)«  + y»}»  =  2«;  (i,) 

or  deazed  of  ndicaLi, 

{^  -  «»)«»  -  fl»y»  =  «»(«^  -  a*); 

or  putting  <j»  -  «•  -  J«,     -  -  ^  a  1. 

Cor.  1.—  SF^^ex-a.  (WS) 

For  in  dealing  (i.)  of  radicalB,  ve  get 

a{{»  -  «)»  +  /}* «  OP  -  0* ; 
that  is,  a,8F^aex-a^, 

Cor,  2.—  ffF^ex  +  a. 

2.  Giyen  the  base  of  a  triangle  and  the  difference  of  the  base  angles,  the 
locos  of  the  yertex  is  an  equilateral  hyperbola. 

3.  Given  the  base  of  a  triangle,  and  the  ratio  of  the  tangents  of  the  halyes 
of  the  base  angles,  the  locus  of  the  yertez  is  a  hyperbola. 

4.  The  locus  of  the  centre  of  a  cirde,  which  passes  through  a  giyen  point 
and  ents  a  fixed  line  at  a  giyen  angle,  is  a  hyperbola. 

5.  Trisect  a  given  arc  of  a  cirde  by  means  of  a  hyperbola. 

6.  If  the  base  of  a  triangle  be  giyen  in  magnitude  and  position,  and  the 
difference  of  the  sides  in  magnitude,  then  the  lod  of  the  centres  of  the 
escribed  drdes  which  touch  the  base  produced  are  the  two  branches  of  a 
hyperbola ;  and  the  lod  of  the  centres  of  the  inscribed  cirele,  and  the 
escribed  which  touches  the  base  externally,  are  the  directrices  of  the  same 
hyperbola. 

7.  If  in  Ex.  6,  Art.  119,  the  <<  Boscoyich  Circle  "  cut  the  line  mr\  show 
that  the  locus  of  P  will  be  a  hyperbola. 

8.  C3  is  a  fixed  diameter  of  a  giyen  cirde ;  and  through  a  fixed  point  A 
in  CB  draw  any  chord  J)B  of  the  drde ;  join  CD,  and  on  OJD  produced,  if 
necessary,  take  CF  e  AS :  the  locus  of  the  point  F  ib  tk  hyperbola. — 
Hamilton. 

9.  ABCD  is  a  lozenge  whose  diagonals  are  2tf,  2d,  respectiydy ;  proye,  if 
the  diagonals  be  taken  as  axes,  that  the  locus  of  a  point  P,  such  that  the 
rectangle  AF .  CPs  the  rectangle  BF .  DP,  is  the  equilateral  hyperbda 

a'-  h^ 
«»-y»--^— .  (649) 

* 

10.  OX,  0  Fare  the  axes,  A^  A'  two  fixed  points  on  OX  on  different  sides 
of  Oy  Ay  A'  are  joined  to  any  point  I  on  OY;  then  if  a  perpendicular  AFXo 
AI  meet  A'l  produced  in  P  the  locus  of  P  is  a  hyperbola. 
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190.  To  express  the  co-ordinates  of  a  point  on  the  hypvrlola  iy 
a  single  variable. 


Let  AA*^  BB'  be  tlie  transyerse  and  conjugate  axes,  upon 
AA'  as  diameter  describe  a  circle.  Let  F  be  any  point  in  tbe 
hyperbola,  MF  its  ordinate,  MT  a  tangent  to  tbe  circle  on  AlA'. 
Then  denoting  the  angle  MCT  by  ^  we  have  xja  »  sec  ^ ; 
.*.  yfh  B  tan  ^.    Hence  the  co-ordinates  of  P  are 


a  sec  ^,    h  tan  ^. 


(650) 


Car.  l.—MT:MP::a:h. 

Cor.  2.—I1  JPIfhe  paraUel  to  CT,  MNia  -  J. 

Cor.  3. — If  p  be  the  radius  vector  from  the  centre  to  any 
point  P  of  the  hyperbola 

p»av^l+tf»tan*^.  (651) 

Cor.  4. — ^If  the  equation  of  the  hyperbola  be  written  in  the 
form 


(M)(;^f) 


1, 
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we  may  put 


(M) 


tsmO, 


*  +  ^  =  cottf, 
a     0 


from  which  we  get 

x^a cosec 20^    y  ^h  cot 20.  (652) 

191.  The  locus  of  the  middle  points  of  a  system  of  parallel 

chords  of  a  hyperbola  is  a 

right  line. 
Let  the  equation  of  one 

of  the  chords  be 

yjb  «  fnxja  +  n. 

Now,   if   m   be    constant 

and  n  yariable,  this  will 

represent    a    line    which  ^  ^ 

moves  parallel  to  itself ;  and  eliminating  y  between  it  and  the 

equation  of  the  hyperbola,  we  get 

(l-«»')«'-2m»fla?-  <j^»*-a'aa  0. 

Similarly,  by  eliminating  ^,  we  get 

(1  -«»•)  y'  -  2nby  +  *»»•  -  b^m*  «  0. 

Hence  the  equation  of  the  circle,  whose  diameter  is  the  intercept 
which  the  hyperbola  makes  on  the  line 

yjb  «  tnxja  +  », 

is    (l-»»*)(«'  +  y*)-2miiajc-2»Jy-(a*-i»)»»-«»-m*i*eO. 

(658) 

Now,  if  the  co-ordinates  of  the  centre  of  this  circle  be  a/,  y',  we 
get 


mna 


nb 


1-  nfi    ^      l-»i«* 

Mence,  eliminating  n  and  omitting  accents^  the  loeus\of  the  cenirCf 
that  is  of  the  middle  point  of  the  chord,  is  the  diameter 

yjb  »  xfma.  (654) 

This  is  the  line  QQf  in  the  diagram* 
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Car.  1. — ^If  ft  line  be  drawn  throngli  the  centre  parallel  to 
PP'j  or,  in  other  words,  a  diameter  conjugate  to  QQ!,ita  equa- 
tion must  contain  no  absolute  term ;  hence  its  equation  is 

y/J  =  mx/a.  (655) 

Hence  the  product  of  the  tangents  of  the  angles,  which  two 
conjugate  diameters  make  with  the  transverse  axis  of  a  hyper- 
bola, is  ^/o*. 

Cor.  2. — If  the  line  PF"  move  parallel  to  itself  until  the 
points  P,  P  become  consecutiye,  then  FF'  becomes  a  tangent 
such  as  at  Q ;   and  if  the  co-ordinates  of  Q  be  ^/  we  must 

have 

ff'/h  =  mx^la  +  n ; 

and  since  the  line  QQf  passes  through  it,  we  must  haye  (478) 

Hence  m  =  hx^/ay',    n  =  -  i/y', 

which,  substituted  in      y/h  »  mx/a  +  n, 

gives  ^-?^«1,  (656) 

which  is  the  equation  of  the  tangent. 

Cor.  3. — ^The  equation  of  the  tangent  at  the  point  ^  is 

X         V 

—  1^  sin  ^  B  COB  ^.  {657) 

Cor.  4. — ^To  find  the  equation  of  the  chord  of  contact  of 
tangents  from  the  point  hk. 

Let  ^'y',  xf'y"f  be  the  points  of  contact;  then,  since  the 
tangent  at  ^y'  passes  through  A^,  we  have 

Similarly,  -^ ^  =  1. 

Hence  it  is  evident  that  the  line 

^-|-l.  (668) 
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passes  through  each  point  of  contact,  and  therefore  must  be  the 
chord  required. 

Cor,  5. — If  two  diameters  QQf^  EBf  of  the  hyperbola  be  such 
that  the  first  bisects  chords  parallel  to  the  second,  the  second 
also  bisects  chords  parallel  to  the  first. 

Observation. — It  is  not  necessary  that  both  extremities  of  the  chord  FF 
should  be  on  the  same  branch  of  the  hyperbola ;  the  chord  may  take  the 
position  pp'y  ivhere  they  are  on  different  branches. 

192.  Dbt. — It  has  been  proved  that  if  toe  construct  the  hyper- 
hola  \  ^ 

X'    y"    .         .    ^^^ 

whose  axes  are  AA'y  BJffy 

it  wtU  he  the  figure  SEHE 

in  the  diagram.    Again,  if 

we  construct  the  hyperbola, 

which  has  BB*  for  its  trans- 

verse  axis,  and  AA'  for  its 

conjugate  axis,  it  will  be  the  figure  WW  WW  in  the  diagram. 

This  second  figure  is  called  the  oonjugatb  hypbbsola. 

If  instead  of  hk  we  put  x'y',  we  see  that  the  chord  of  con- 
tact of  tangents,  from  afy*  to  the  hyperbola,  is 


xx'     yy' 

""•*  ^   «A  ^  *• 


(650) 


Cor.  6. — ^If  through  any  point  xfy^  a  chord  of  the  hyperbola 
be  drawn,  the  locus  of  the  intersection  of  tangents  at  its  extre- 
mities is 


Cor.  7.— The  line 


xa^     yy'  _. 


—  ^   ^a   1 


h* 


is  such  that  any  line  passing  through  afy'  is  cut  harmonically  by 
it  and  the  hyperbola. 


8 
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193.  To  find  the  equation  of  the  conjugate  hyperbola. 

If  the  line  BB*  were  tlie  axis  of  x^  and  AA'  the  axis  of  y ; 
since  BB'  is  the  transverse  axis  and  AA'  the  conjugate  aziB, 
the  equation  of  the  figure  WH'WW  would  be  (§  188), 

«*     y* 

Hence,  interchanging  x  and  y,  the  required  equation  is 

__g._i.  (660)        : 

Cor.  1. — ^If  CQ,  CR  be  conjugate  diameters  with  respect  to 
the  hyperbola  j5j  they  are  conjugate 'diameters  with  respect  to 
the  hyperbola  W. 

"EoT  the  required  condition  with  respect  to  IT  is 

tmACQ.tanACB^^  (§  191,  Cor.  1); 

therefore  tmBCR  .tan BCQ^^ 

Hence  the  proposition  is  proved. 

Cor.  2.—  The  tangent  at  jR  to  the  hyperbola  R'  is  parallel  to 

QQ.    For  the  diameter  RRf  of  S'  bisects  chords  parallel  to 

I 

QQj  and  the  tangent  22  is  a  limiting  case  of  a  chord. 

Cor.  3. — If  the  co-ordinates  of  Q  be  Jiff^^  the  co-ordinates 

Ui/      bx' 

of  ^  are  -|-,     — .  (661) 

For  these  satisfy  the  equation  (660)  of  the  hyperbola  £7  and 
the  equation  of  the  line  RR'  is 

Cor.  4. — If  the  conjugate  semidiameters  (7Q,  CR  be  denoted 
by  a',  i',  respectively,  then  a'*  -  J"  =  a*  -  3*.  (662) 


For  o^- 6'»=  C7Q*  -  C7JP=fl/»  +  y'*- 


^         a' 


3 


"  (*^"  ^)  -  (it  -y**)  -  ***-  **'  fro"'  («4')- 
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Car.  5. — ^Every  diameter  of  an  equilateral  hyperbola  is  equal 
to  its  conjugate. 

Cor.  6.— The  area  of  the  triangle  QCJR  «  iab.  (668) 

For  the  area 

Hence  the  area  of  the  parallelogram,  whose  two  adjacent  sides 
are  two  conjugate  semidiameters,  is  constant. 

Cor.  7.  The  equation  of  the  line  QS  is 


ii-m^t)- 


Hence  QR  is  parallel  to  the  line 

a     0 
Cor.  8. — The  equation  of  the  median,  which  bisects  QR^  is 

M-O.  (664) 

194.  To  find  the  equation  of  an  hyperlola  referred  to  two 
confugate  diameters. 

Let  CQ,  CR  be  two  conjugate  semidiameters  (see  fig.,  §  191), 
and  take  CQ^  CR  as  the  new  axes  of  x^  y.  Let  «,  y  be  the  old 
co-ordinates  of  any  point  P  of  the  hyperbola,  s^^  the  new ;  then 
denoting  the  angles  QCA^  RCA  by  a,  Py  respectiyely,  we  have 

a;  s  a/ cos  a  ^y' cos /3,    y^xf  ema  +  y'  emfi. 

Substitute  these  values  in  the  equation  i^a^  -  (^y* «  a*fi ;  then 

«^  (5»  cos'a  -  «»  sin»a)  -  y^  (a»  sin»)8  -  i»  cot^fi) 

+  a?'y'  (^  cos  a  cos^  -  0*  sin  a  sin  ^)  «■  d^  i* ; 

but,  since  (7Q,  CR  are  conjugate  semidiameters, 

tan  a  tan  B^^  — 
s2 
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(§  191y  Cor.  1).    Hence  the  coefficient  of  a^y*  vanishes,  and  the 
equation  may  be  written 

^/J»co8*a-a»Bin«a\       ^  f  a^  sm^B  -  H^  cos*B\     , 

Now,  when  y'  =  0,  we  have  a/  =  CQ.    Hence,  denoting  CQ  by 
a',  we  have 

b^  cos*a  -  a*  sin'a' 

Again,  if  jB  be  the  point  where  CR  meets  the  conjugate  hyper- 
bola (§  192),  we  get 


CIP' 


a*  Bin')8  -  J*  cos'/} 


2A>> 


and,  denoting  this  by  5",  we  see  thi^t  the  equation  can  be 
written 

or,  omitting  accents  on  ^,  y', 

i^  -  |j  -  1-  (6««) 

This  is  the  same  in  form  as  the  equation  referred  to  the  trans- 
verse and  conjugate  axes.    (Compare  §  155.) 

Cor.  1. — The  equation  of  the  tangent,  when  the  hyperbola  is 
referred  to  a  pair  of  conjugate  dia- 
meters as  axes,  is 

for,  taking  two  points  «y ,  a/'y"  on 
the  hyperbola,  the  curve 

(^-a/X^r-O    (y-y'Xy-y'O    . 
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evidently  passes  through  both  points.    Hence  the  chord  joining 
both  points  is 


«• 


)(y-5^0    (^   y*   iVo. 


and,  if  the  points  become  consecntiye,  this  reduces  to 

-  -  ?g  -  1.  (666) 

Cbr.  2.— If  the  tangent  at  R  meet  CP  in  T,  CN.CT=  CF^. 

Cw.  3. — The  tangents  at  the  extremities  of  any  chord  meet 
on  the  diameter  conjugate  to  that  chord. 

Cor.  4. — The  line  joining  the  intersection  of  two  tangents  to 
the  centre  bisects  the  chord  of  contact. 


1.  If  a  chord  of  a  circle  be  parallel  to  a  line  given  in  poflitiooi  the  locus 
of  a  point  which  divides  it  into  parts,  the  sum  of  whose  squares  is  constant, 
is  an  equilateral  hyperbola. 

2.  If  C!P,  CL  be  any  two  semidiameters  of  a  hyperbola,  PjY,  DM  tan- 
gentB  meeting  CD,  (TPin  iVand  if,  respectively  ;  triangle  CTN^  CDM, 

8.  In  the  same  case,  if  FT,  LE  be  parallels  to  the  tangents  meeting  CD, 
CF  produced  in  Tand  ^ ;  the  triangle  CDE  »  CFT, 

4.  If  a  quadrilateral  be  circumscribed  to  a  hyperbola,  the  join  of  the 
middle  points  of  its  diagonals  passes  through  the  centre. 

5.  If  AB  be  any  diameter  of  a  hyperbola,  AE,  BD  tangents  at  its  extre- 
mities meeting  any  third  tangent  in  E  and  D,  the  rectangle  A^ .  ED  is 
equal  to  the  square  of  the  semidiameter  conjugate  to  AB, 

6.  If  in  the  fig.  of  Ex.  6,  CD,  CE  be  drawn  meeting  the  hyperbola  and 
its  conjugate  in  D'  and  E';  CD',  CE'  are  conjugate  semidiameters. 

7.  Diameters  parallel  to  a  pair  of  supplemental  chords  are  conjugate. 

8.  Find  the  condition  that  the  line  ?^ -\-  fiy  •\-  p  >=  0  shall  touch  the 

hyperbola. 

Ans,  a«\»  -  5V  -  y^  =  0, 

which  is  the  tangential  equation  of  the  hyperbola. 
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9.  If  AA*  be  any  diameter  of  an  ellipse,  FP'  a  double  ordinate  to  it ;  if 
APf  A'P'  be  produced  to  meet,  the  locus  of  their  point  of  intezaection  is  a 
hyperbola. 

10.  Tangents  to  a  hyperbola  are  drawn  from  any  point  in  one  of  the 
branches  of  the  conjugate  hyperbola ;  proye  that  the  envelope  of  the  chord 
of  contact  is  the  other  branch  of  the  conjugate  hyperbola. 

195.  To  find  the  equation  of  the  normal  to  the  hyperbola  at  the 
point  siy'. 

The  equation  of  the 
tangent  at  siy*  is 

Hence  the  equation  of 
the  perpendicular  to 
this  at  x*if  is 


d^x 


Vy 


_+^.^,     (667) 

which  is  the  equation  of  the  required  normal. 

Cor.  1. — ^In  equation  (667)  put  y  «  0,  aud  we  get 

CQ  =  ^te. 

Hence  MQ^^^-V^af. 


(668) 
(669) 


Cor.  2.—PCP  =  PM^  +  M€P  «  y^  +  («» -  1)»-f^  ,  (after  an 

easy  reduction)  to 

b^ 

-(.»^-a»). 


Hence 


^^"--/^a/'-fl*. 


In  like  manner,  O'P  =  -  ^^^  _  ^^ 

Hence  Q'P.  PQ^^af^ -•  a\ 


(670) 
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Cor.  3. — If  p,  p'  be  the  focal  vectors  to  P, 

O'P.PQmpp'.  (671) 

(hr.  4. — In  an  equilateral  hyperbola 

PG  =  G'P.  (672) 

Car,  5. — ^If  CIt  be  the  semidiameter  conjugate  to  CP, 

O'P  .PQ^Cmr.h'^^  pp'.  (673) 

Cor.  6. — ^If  CL  be  perpendicular  to  the  tangent  at  P, 

CL.PO^H',     OL.&P^t^. 


1.  Tb  points  (y,  P,  T*  and  the  two  foci  are  ooncyoHo. 

2.  A  ight  line  parallel  to  the  conjugate  axis  of  a  hyperbola  meets  it  and 
its  oonjuiate  in  the  points  M,  JV;  show  that  normals  to  these  curves  at  the 
points  irvZ^T  intersect  on  the  transTerse  axis. 

3.  If  tb  hyperbola  be  equilateral,  and  if  CL  produced  meet  the  curye  in 
X',  prove7Z  .  CL*  =  a». 

4.  If  though  the  points  O,  O*  parallels  be  drawn  to  the  axes,  the  locus 
of  thair  intrseotion  is  a  hyperbola. 

6.  In  anequilateral  hyperbola  half  the  difference  of  the  base  angles  of 
the  triangle  i9P^  is  equal  to  one  of  the  angles  which  CP  makes  with  88  \ 

6.  If  froi  any  point  in  a  hyperbola  perpendiculars  be  drawn  to  the  axes, 
the  join  of  leir  feet  is  always  normal  to  a  hyperbola. 

7.  If  thrugh  the  point  7,  where  the  tangent  at  P  meets  the  transyerse 
axis,  a  panlel  to  the  conjugate  axis  be  drawn  meeting  the  join  of  the 
points  Ay  Pjn  /,  the  locus  of  /  is  an  ellipse,  haying  the  same  axes  as  the 
hyperbola. 

8.  If  the  o-ordinates  of  a  point  on  the  hyperbola 

be  denoted  b  0  see  ^,  ( tan  ^,  prove  that  the  co-ordinates  of  the  intersec- 
tion of  noxmis  at  the  points  (a  +  /3),  (a  -  /3)  axe 

-• —i: — ; — ;::i     -  ?tana.tan(tt+/3).tan(a-/5).    (674) 

a    cosacos|  +  /S)cos(a-/S)'  b  \       "i         \         /     \      i 
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9.  The  co-ordinates  of  the  point  of  intenection  of  two  conBeentiYe  nor- 
BudBare 

-  aec'a,    -  r-  tan'a.  (6761 

0  0 

10.  The  loctiB  of  the  centre  of  cmratare  of  the  hyperhola  is 

(<w)l  -  (Jy)»  =  <it.  (6'6) 

196.  The  feet  of  the  normals  that  ean  be  draum  from  any  point 
to  an  hyperbola  lie  on  an  equilateral  hyperbola. 

If  A^  be  the  points  whence  normals  are  drawn  to  aj'/o'-  y"^*«=  1 , 
the  feet  of  normals  lie  on  the  hyperbola 

a^hjx  +  b'k/y  =  c».  (eTf) 

See  Demonstration  of  §  179. 

Cor,  1. — Four  normals  can  be  drawn  from  any  points  an 
hyperbola. 

Cor.  2.  The  equation  of  the  normals  from  hk  to  the  lyper- 

bolais 

aV  -  by  (ib  -  hyy  =  <?*«»y».  ^78) 

Cor,  3. — The  product  of  the  abscissce  of  each  pair  of  pposite 
vertices  of  the  complete  quadrilateral  formed  by  tangei^s  to  an 
hyperbola  at  the  feet  of  normals  from  any  point  hk  is  qual  to 
-  a*  and  the  product  of  the  ordinates  »  ^. 

Cor.  4.  If  the  foot  of  one  of  the  four  normals  be  te  point 
^y'  the  triangle  formed  by  the  tangents  at  the  feet  of  tie  three 
others  is  inscribed  in  the  hyperbola 

x^lz  +  y'ly  +1=0.  (679) 

197.  Joachihsthal's  Cibcle. 

^from  any  point  hk  in  the  normal  at  the  point  afyf  of\n  hyper ^ 
hola  three  other  normals  be  drawny  the  feet  lie  on  the  eira 

«»  +  y»  +  a»'  +  yy'-«(a»'/a»-yy'/J»+l)-0,    (680) 
where  n  sa  a*  -  b^k/y'  =  t^h/xf  -  b*. 
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This  is  called  Joachucsthal's  Cibcle  of  the  hyperbola.     The 
proof  may  be  inferred  from  §  180  by  changing  the  sign  of  3'. 

Cor.  1. — Joachimsthal's  Circle    passes    through   the  point 
—  a;'  -  y'  on  the  hyperbola. 


Cor,  2. — Joachimsthal's  Circle  passes  through  the 
perpendicular  from  the  centre  on  the  tangent  at  -  a/ 


foot  of  the 


198.  To  find  tie  Imgtha  of  the  perpendtculara  from  the  foot  on 
the  tangent  at  any  point  of  the  hyperbola. 

If  the  co-ordinates  of  the  point  P  be  a  sec  ^,  I  tan  ^,  the 
equation  of  the  tangent 


18 


d?  sec  ^     y  tan  ^ 


-1  =  0, 


a  b 

and  the  co-ordinates  of 
the  focus  8  are  ae,  0. 
Hence  the  perpendicu- 
lar 


SZ 


\*  sec  ^-t-  ly  * 


sec  ^ 
or  denoting  the  focal  vectors  by  p,  p\ 


Similarly, 
Cor.  1.— 


-J- 


8 


8Z.8'Z'=l^. 


*         h 
Cor.  2.—8Z  i-pm  —=  «  =r.    (§  195,  Cor.  6.) 

VPP      ^ 


(681) 

(682) 
(683) 

(684) 


Cor.  3. — ^The  tangent  at  P  bisects  the  internal  angle  at  P  of 
the  triangle  8P8'^  and  the  normal  bisects  the  external  angle. 
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Car.  4. — Since  the  angle  SPH  is  bisected  by  PX,  we  have 
8L  «  LH^  and  8C^  CS\  because  (7  is  the  centre.    Hence 

therefore  the  locns  of  Z  is  the  anziliary  circle. 

Cor.  5. — ^If  a  line  moye  so  that  the  rectangle  contained  by 
perpendiculars  on  it  from  two  fixed  points  on  opposite  sides  is 
constant,  its  enyelope  is  a  hyperbola. 

Car.  6. — The  first  positive  pedal  of  a  hyperbola,  with  respect 
to  either  focus,  is  a  circle. 

Car.  7. — ^The  first  negative  pedal  of  a  circle,  with  respect  to 
any  external  point,  is  a  hyperbola. 

Car.  8. — ^The  reciprocal  of  a  hyperbola,  with  respect  to  either 
focus,  is  a  circle. 

199.  The  rectangle  eantained  hy  the  segments  of  any  chord  pass- 
ing thraugh  a  fixed  paint  in  the  plane  of  the  hyperhala  is  to  the 
square  of  the  parallel  semidiameter  in  a  constant  ratio. 

The  proof  is  the  same  as  that  of  the  corresponding  propo- 
sition (§  184)  for  the  ellipse,  and  similar  inferences  may  be 
drawn. 


1.  If  an  equHateial  hyperbola  pass  through  the  angular  points  of  a  tri- 
angle, it  passes  through  the  orthoeentre. 

2.  The  locus  of  the  centres  of  all  equilateral  hyperbolas  described  about 
a  given  triangle  is  the  '  nine-points  circle '  of  the  triangle. 

8.  If  P  be  any  point  in  an  equilateral  hyperbola  whose  yertices  are  A,  A\ 
prove  that  the  normal  at  P  and  the  line  CF  make  equal  angles  with  the 
transYerse  axis. 
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200.  To  find  the  polar  equation  of  the  hyperbola^  the  centre  being 
pole. 

Let  JET  be  the  hyperbola, 
A' A  itstransYerse  azis^  and 
BfB  its  conjugate  axis,  P 
any  point  in  the  curve  ; 
then,  if  0?,  y  be  the  rect- 
angular co-ordinates  of  P, 
p,  $j  its  polar  co-ordinates, 
we  have 

and,  substituting  these  in  the  equation  of  the  hyperbola,  we  get 

1      cos»d     sin'fl 


^' 


Hence 


b^ 


a»co8»^-l' 


(685) 


which  the  polar  equation  required. 

Cor.  1.— The  polar  equation  of  the  conjugate  hyperbola  JGT'  is 


^  ^  l-e^ao^ff 


(686) 


Cor.  2. — If  the  hyperbola  be  equilateral,  i* »  a\  and  the  polar 

equation  is 

p2  cos  20  «  t^.  (687) 

Cor,  8. — If  in  equation  (685)  the  denominator,  ^  cos*tf  -  1, 

vanish,  we  get  p*  =  infinity ;  therefore  p  =  ±  infinity ;  but  if 

&'  b 

^  cos*  fl  -  1  «  0,  we  get  tan*  0^-l  and  tan  =  ±  -.     Hence,  if 

Liy  be  erected  at  right  angles  to  CA^  and  if  AB  and  I/A  be 
made  each  equal  to  by  and  CjZ>,  CJy  joined,  these  lines  produced 
both  ways  will  each  meet  the  curve  at  infinity. 
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Cor,  4. — ^The  equations  of  the  line  (7i>,  Ciy  are  zespectively 

?-y     0,      -  +  ?  =  0.  (688) 

ah  ah  ^      ' 

Each  of  these  lines  tenches  the  cmre  at  infinity,  or,  in  other 
words,  is  an  as3rmptote.    (§  153.) 

For  the  tangent  at  a^y'  may  be  written 

X       ft 

Now,  if  d/y'  be  the  point  where  the  line  —  ^  s  0  meets  the 

a      0 

v'      h 
curve,  we  have  ^  =  -.    Hence  the  tangent  may  be  written 

V      a 

—  T  =  -},    or  —  T  =  0,  since  ar  is  innnite. 
a      0     X  ah 

Car.  5. — Since  the  product  of  the  equations  of  the  two  asymp- 
totes  (688)  is  —  -  -^  =  0,  we  see  that  the  equation  of  the  hyper- 
bola differs  from  the  equation  of  its  asymptotes  only  by  the 
absolute  term.    (§  153,  Car.  1.) 

Cor.  6. — The  asymptotes  of  an  equilateral  hyperbola  are  at 
right  angles  to  each  other.  On  this  account  the  equilateral 
hyperbola  is  also  called  the  rectangular  hyperbola. 

Cor,  7. — The  secant  of  half  the  angle  between  the  asymptotes 
is  equal  to  the  eccentricity. 

Car.  8. — The  lines  joining  an  extremity  of  any  diameter  to 
the  extremities  of  its  conjugate  are  parallel  to  the  asymptotes. 

201.  To  find  the  equation  of  the  hyperbola  referred  to  the  aeymp- 
iotes  as  axes. 

Let  JSr  be  the  hyperbola,  CX'y  CT'  (see  last  fig.)  the  asymp- 
totes, P  any  point  in  the  curve ;  draw  FM'  parallel  to  CY' ; 
then,  denoting  CIT^  M*P^  the  co-ordinates  of  P  with  respect  to 
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the  new  axes,  J)y  a^y'f  and  half  the  angle  between  the  asymptoteB 
by  a,  we  have,  since  CM=  CO  +  ITN',  and  FM^PIT  -  M'lT, 

x=  (y  ■¥  y')  COBOL,    y  »  (y'  -  a/)  sina; 

and  sabstituting  in  the  equation 


we  get 

(jxf  +  y')*  co8»  a     (y'  -  ^)»  sin'  a     , 

But 

sec  a  =  tf.                (§  200,  Cin".  7,) 

Tfenoe 

^tf\fl*  IV    ri                                    niTI'A  a=t                            ■ 

"*"•     «*»  +  4»    """•  V  +  i*' 

therefore 

(«'  +  »')»-(/-«')»-«•  +  *», 

or 

4«'y'  =  «?  +  J»; 

and  omitting  accents,  as  being  no  longer  necessary, 

«y  =  (a»  +  ^)/4,  (689) 

which  is  the  required  equation. 

Cor.  1. — ^The  area  of  the  parallelogram  formed  by  the  asymp- 
totes, and  by  parallels  to  them  through  any  point  in  the  curve, 
is  constant. 

Cor.  2. — Since  the  product  xy  is  constant,  the  larger  x  is,  the 
smaller  y  will  be,  and  conversely ;  hence  the  hyperbola  con- 
tinually approaches  its  asymptotes,  but  never  meets  them,  until 
it  goes  to  infinity,  where  it  touches  them. 


1.  Jl  yariable  line  has  its  extremities  on  two  lines  given  in  position  and 
passes  through  a  given  point ;  prove  that  the  locus  of  the  point  in  which  it 
is  divided  in  a  given  ratio  is  a  hyperbola. 
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2.  From  a  point  Ppeipendioulazs  are  let  fall  on  two  fixed  lines ;  if  the 
area  of  the  quadrilatenl  thus  foimed  be  given,  prore  that  the  locus  of  P  is 
a  hyperbola. 

3.  If  any  line  ctita  a  hyperbola  and  its  asymptotes,  proTe  that  the  interoepts 
on  the  line  between  the  carre  and  its  asymptotes  are  equal. 

4.  If  a  Tsiiable  line  form  with  two  fixed  lines  a  triangle  of  constant  arsa, 
the  locus  of  the  point  which  divides  the  intercept  made  on  the  Tariable  line 
in  a  given  ratio  is  a  hyperbola. 

6.  If  two  sides  of  a  triangle  be  given  in  position,  and  its  perimeter  given 
in  magnitude,  the  locus  of  the  point  which  divides  the  bsse  in  a  given  ratio 
is  a  hyperbola. 

6.  The  equation  of  a  hyperbola  passing  through  three  given  points,  and 
having  its  asymptotes  parallel  to  two  lines  given  in  position,  is 


Xtff 


y* 
y\ 


1, 
1, 


a:, 


0. 


(690) 


the  axes  being  the  lines  given  in  position. 

If  the  lines  given  in  position  be  denoted  by  ^  b  ««>  +  2Acy  +  ^  «  0,*the 
equation  will  be 


a. 

*. 

v, 

1, 

s. 

*', 

v-. 

1, 

8", 

*". 

y". 

1, 

ST", 

«"'. 

y"* 

1, 

=  0. 


(691) 


7.  The  equation  xy^J^^  being  a  special  case  of  the  equation  XJfa  JEP 
({  160),  the  co-ordinates  of  a  point  on  the  hyperbola  can  be  expressed  by 
a  single  variable.  Thus  «  s  ;t  tan  ^,  y  =  it  cot  ^.  This  wiU  be  caUtd  ths 
point  ^. 

8.  Prove  that  the  equation  of  the  join  of  the  points  ^',  ^"  on  the  hyper- 
bola is 

X  y 


or 


tan^'+tan^"      cot  ^'  + cot  ^ 


T»  ^  ^  T.  —  t. 


tr 


-*, 


9.  The  intercepts  on  the  axes  are  c'  +  x",    y'  +  y". 


(692) 
(69S) 
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10.  The  tangent  at  the  point  ^  is 

ipoot^  +  y  tan^  =  2A,    or -,  +  ^  =  2.  (694) 

11.  The  area  of  the  triangle  formed  by  the  aBymptotee  and  any  tangent 
to  the  hyperbola  s  2^:*. 

12.  If  a  Tariable  point  xy  on  the  hyperbola  be  joined  to  two  fixed  points, 
the  intercept  on  the  asymptotes  made  by  the  joining  lines  is  constant. 

13.  The  co-ordinates  of  the  point  of  intersection  of  tangents  at  ^\  ^'\ 
are 


2k  2k 


cot^'  +  oot^"  tan^'  +  tan^' 


(696) 


*14.  The  area  of  the  triangle  formed  by  tangents  at  the  points  ^',  ^'S 
<'i8 

2ife»{ain»y^(gm2^"-sin2»'n+8inV^^(8in2f'^-6in2<>^)-f8in»^^''(ain2»'-Bin2»")} 

sin  (^'  +  ^")  sin  (f  +  ^"')  sin  (<^"'  +  ^') 

(696) 

16.  The  normal  at  the  point  ^isxtan^-ycot^B^  (tan*^  -  oot*^). 

16.  The  four  normals  from  the  point  afi  to  the  hyperbola  xy  b  A*,  hare 
tbS  tangents  of  the  parametric  angles  of  their  points  of  meeting  the  hyper- 
bola connected  by  the  relation  k  (tan^  ^  —  1)  «  a  tan'  ^  —  iS  tan  ^. 


17.  The  intersection  of  normals  at  the  points  xY,  ^y  are 
»'»  +  x'x"  +  x"*  +  yV '  y^  +  yy '  +  y"*  +  x'x' 


tf  +  af'  '  y'  +  y" 

18.  The  co-ordinates  of  the  centre  of  curvature  at  the  point  xV  "^ 

8a?'*  +  y^  3y^  +  «'• 


(697) 


2x'     '  2/ 


(698) 


19.  The  circle  of  curvature  at  a^  y'  meets  the  curve  again  in  the  point 

whose  co-ordinates  are 

a/*       y** 

20.  The  radius  of  curvature  at  a;y  is  {»'*  +  y^)%  -r  23lt^,  (700) 

21.  Given  any  two  conjugate  semidiameters  OP,  OQ  of  an  hyperbola  to 
find  its  axes  in  direction  and  magnitude. 

The  asymptotes  will  be  the  median  of  the  triangle  OJPQ  which  bisects  JPQ, 
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and  the  parallel  tluongli  0  to  PQ,  then  the  axes  are  the  biaeeton  OX,  OT 
of  the  angles  between  the  asymptotec.    Through  Q  draw  QMy  (^parallel 


to  the  asymptotes  meeting  02  in  if  and  N,  and  take  OA  a  mean  propor- 
tional between  OJf,  ON.    Then  A  is  one  of  the  summits  of  the  hyperbola. 

Bbk. — ^Join  AQ  and  produce  to  meet  the  asymptotes  in  H^  JT.    Since 
QMf  ON  are  parallel  to  the  asymptotes 

AKiQKwOAiON,  9sASQ\HAii0M\0A,  hniOMiOAiiOAiOir. 

Hence  AK:  QK: :  SQ  :  HA  .-.  AK*^  HQ^ 

and  since  Q  is  a  point  on  the  hyperbola,  ^  is  a  point  on  it.    Hence  ^  is  a 
summit. 

The  foregoing  conatruction  is,  with  slight  alteration,  taken  from  Long- 
champ's  Oiomitri$  Analytique,  tome  2,  p.  470. 

202.  Tofind  the  polar  equation  of  the  hyperbola^  the  foeue  being 
pole. 

8F  «  p,  the  angle  ASP  «  0.    (See  fig.,  §  188.) 

SF':'e FIThj  definitioii ; 

p^e{OS-^  8Q)  -  ef-^  ep  cos  (w  -  fi), 
p  a  a  (a^  -  1)  ~  dp  COB  tf. 

,      f(^.  (701) 


Let 
Then 

that  ie, 
or 

Therefore 


Cor.  1. — ^If  we  put  ^  -  -5,  we  get  p  =  a  (^  -  1) ;  but  in  this 
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case  p  is  half  the  latns  rectum.    Hence,  denoting  it  by  l^  we 
haye 

'^      1  +  *  cos  ^  ^       ' 

Cor.  2 — ^The  polar  equation  of  the  tangent  at  the  point  a  is 

p  =  — z — ^ 2-  (703) 

•^     cos(a-^)+tfCOS^ 

Cor.  3. — The  polar  co-ordinates  of  the  intersection  of  tangents 

o  +  ^,  a- ^,  are  ^  =  a,  p  =  l/{e  cos  a  +  cos/3).     (704) 
Cor.  4. — The  equation  of  the  normal  at  a  is 

-tf  8inaB(l  +cosa)  (tf  sin^  +  Bin(^-  a)}.      (705) 


at 


1.  The  equation  of  the  chord  joining  the  points  {a-¥  $),  (a  -  6),  is 


A  ^  ■     ■  , 

'^       0  008  0  +  860  iS  COS  (a  ~  9) 


(706) 


2,  If  a  be  oonstant,  and  $  variable,  the  chord  joining  the  points  (a  +  0) 
(a  -  0),  passes  through  a  fixed  point. 

203.  To  find  the  area  of  an  equilateral  hyberbolfi,  between  an 
asymptote  and  two  ordinatee.  y 

Let  FQZ  be  the  hyperbola  : 
OXf  OF  the  asymptotes.  Bisect 
the  angle  XOY  by  OP ;  draw 
the  ordinate  FF'  and  ZZ' ;  then 
denoting  OF*  by  unity,  and  F'Z^ 
by  X  the  area  enclosed  by  FF' 
ZZ\  P'Z'y  and  the  hyperbola, 
«=  log,  (1  +  x). 


fws 


ZTX 


Bern. — ^Divide  FZ'  into  any  number  of  parts  n,  in  the 

T 
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points  Q,  R,  &o. ;  so  that  OF,  OQ!,  OX,  &c.,  are  in  geome- 
trical progression,  and  draw  the  ordinates  QQ,  jB'-B,  &c.  Join 
PQ,  QR,  &o.;  also  join  OQ,  OR.  Now,  denoting  the  co-ordi- 
nates  of  the  points  P,  Q,  R  by  scf^,  a/'y",  «"'/"»  ^o  ^^^^  a™* 
of  the  triangle  OQR 

rince  y"'  -  ^-7  and  «"'  =  -^  • 

Hence  area  of  triangle  0Q£ 

or  equal  area  of  triangle  OPQ.  But  it  is  easy  to  see  that  the 
triangle  OPQ  is  equal  to  the  trapezium  FFQfQ,  and  OQR  equal 
to  the  trapezium  QQfRfR.  Hence  the  trapeziums  are  equal; 
and  therefore  the  whole  rectilineal  figure  PFZ'Z  is  equal  to 
n  times  the  trapezium  PFQQ.  Again,  we  have  027  =  OF 
+  FZ'  =  1  +  a? ;  and  OQ'  «  OP'  +  FQ!  =  1  +  FQ ;  and  since 
OP'  0Q\  .  . .  OZ'  are  in  geometrical  progression,  and  there  are 
n  terms,  we  have  (1  +  FQlf  =  1  +  «;  therefore 

FQ'  =  (1  +  «)*  -  1,  and  PF^  1. 

Hence,  when  n  is  indefinitely  large,  the  area  of  the  trapezium 
PFQQ  =  (1  +  a?)i  -  1.  Therefore  the  hyperbolic  area  PFZ'Z 
is  equal  to  the  limit  of 

n{(l+ir)*-l)  =  log.(l+^)-    (See  rrt>.,  p.  90.)      (707) 
(7^,  1.— The  hyperbolic  sector  OPZ=  log,  (1  +  x).         (708) 
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Cor.  2. — If  J^  be  an  equilateral  hyperbola,  vhose  eqaation 
i«  «*  -  y»  =  1,  and  if  the  co-ordinates 
OM,  MZ  of  a  point  Z  be  xy,  the  oeo- 
toiial  area 

Dem. — In  the  foregoing  proof  OP* 
is  taken  to  be  the  linear  unit ;  but  in 
the  general  case  it  is  evident  that  the 
proposition  proyed  is  that  the  sectorial 
area  -  01^  x  log.  {OZ  ^  OI");  but 
it  is  easy  to  see  that  02'  ^  OP" 
~{OM--tMZ)^OA,  and  0i«  =  J0-4'. 
Hence  the  area  of  the  hyperbolic 
sector    0^^=iVlog/-^^. 

Hence,  'when  a  is  onity,  sectorial  area 

=  ilog.(«  +  y)-  (709) 

Cor.  8. — ^If  »  denote  twice  the  sectorial  area  OAZ,  then 
*"  +  <-"  *"  -  «- 

«--^.   y-~^-  (710) 

For  log,  (x  -)■  y)  ■!  « ;  therefore  »"  ■  »  +  y  ;  and 

Dep. — nr,  y  «■»  ecMti,  rasptetivghf,  tht  htpbbbouo  oosiitk  and 
HTPBKSOLic  BOE  c/m,  Ottil  art  dmoiad  hy  tht  notation  Chu,  Shu. 
(See  Trigonomttry,  Chap,  vnr.,  sect,  ii.) 

Cor.  4. — If  ^/- 1  be  denoted  by  t,  Ch«  -  cos  (wt),   8h« 

-  — \—  .     These  follow  from  the  values  of  x,  y,  and  the  tri- 

gouometric  expansions  of  cos  (W),  sin  (ut). 
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204.  The  other  hyperbolic  faiictions  are  defined  as  follows, 
thus : — OD  8  hyperbolic  secant  u  b  Sec  hu,  AT=  hyperbolic 
tangent  u  a  Thu,  BT'  »  hyperbolic  Cotangent  u  ■  Cot  hu,  OE 
■>  hyperbolic  Cosecant  u  a  Cosechti. 

From  the  known  properties  of  the  hyperbola  we  have  imme- 
diately the  following  relations : — 

Sec Af*  =  7=r->     Thi*  =  7=-  >     Cot hu  =  ^r--,  Cosec Aus 


Ch»'  Chtt*  Sh«'  ^""""'•"■"Shtt* 

coiiesponding  to  the  known  relations  of  circular  functions ;  and 
from  them  can  be  constructed  a  theory  of  these  functions.  (See 
Author's  IVigonometry^  Chap.  Tin.,  sect,  ii.) 

From  the  values  Ch«  =  cos  («•),   Shi*  =  — -. — -,  we  see 

sin  <h 
that  if  we  put  ui  =  ^,  we  have  a?  =  cos  ^,  y  =  — r-^ ;  so  that 

the  co-ordinates  of  any  point  on  the  equilateral  hyperbola  can  be 
demoted  by  the  circular  functions  of  an  imaginary  angle  ^.  In 
like  manner,  the  co-ordinates  of  a  point  on  the  hyperbola 

can  be  expressed  in  a  manner  analogous  to  the  method  of  the 
eccentric  angle  for  the  ellipse.    Thus  we  can  put 

X  V     sin^ 

--COS^,      1=?^;  (711) 

and  by  these  substitutions  we  could  give  proofs  analogous  to 
those  of  the  ellipse  for  the  corresponding  propositions  of  the 
hyperbola. 

The  following  exercises  can  be  solved  by  using  the  imagi- 
nary eccentric  angle : — 


Car.  1.- 
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1.  If  the  chord  joining  the  points  (a  +  /3),  (a  -  fi)  pass  through  the  focus ; 

pzoye 

0  COS  a  s  cos  fi,  (712) 

2.  The  tangents  at  the  extremities  of  a  focal  chord  meet  on  the  direo- 
triz. 

8.  In  the  same  case,  the  line  joining  their  intersection  to  the  focus  is  per- 
pendicular to  the  chord. 

4.  Prove  that  the  eccentric  angles  of  two  points  which  are  the  extre- 

mities  of  a  pair  of  conjugate  aemi diameters  differ  by  -. 

6.  Apply  the  method  of  the  eccentric  angle  to  the  proof  of  the  proposi- 
tion that  the  locus  of  the  middle  points  of  a  system  of  parallel  chords  is  a 
right  line. 

6.  Find  the  equation  of  the  hyperbolai  referred  to  a  pair  of  conjugate 
diameters  hy  means  of  the  eccentric  angle. 

7.  The  co-ordinates  of  the  point  of  intersection  of  tangents  at  the  pcnnts 
(a  +  i8),  (o  -  i8),  are 

a  cos  a      ^i  sin  a 


costs'      cosiS 


(713) 


8.  If  a  be  yariable  and  /3  constant,  the  chord  joining  the  points  (a  +  iS)> 
(a  —  3)  is  a  tangent  to  the  hyperbola 

S  -  ^  ■=  «»'^-  ("*) 

9.  In  the  same  case,  the  locus  of  the  intersection  of  tangents  at  the  ez- 
tramitieB  of  the  chord  is 

5- §  =  ««,«/..  (716) 

10.  If  ^  be  the  angle  between  the  tangents  at  (a  +  iS),  (a  -  fi), 

^ahi  sin  jS .^ 

^  '^  («»  +  b')  cos  2a  -  (a*  -  ^)  cos  2/3*  ^ '     ' 

11.  Find  the  locus  of  the  pole  of  a  chord  which  subtends  a  right  angle 
at  a  fixed  point  hk. 
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Let  (a  +  j9),  (a  —  /3)  be  the  eccentric  angles  at  the  extremities  of  the 
chord ;  then  the  equation  of  the  circle  which  has  the  chord  for  diameter  is 

(j?  -acoso  cos  /5)'  +  (y  +  W  sin  o  cosi9)»= (<;?  sin'o  -  *'  cos*a)  sin'iB, 

and  evidently  A^  is  a  point  on  this  circle ;  hence 

(A  -  a  cos  a  cos  jS)'  +  (A+  hi  sin  a  cos  i3)'s  (a'  sinV-  ^  oos'a)  8in*/3| 
or 

A*  + A>-2(a  oosa  C08/3)  A+  2  (M  sin  a  cos iS]  A;  +  a* (cos'iS  -  sin'a) 

+  *»(cO8«a-cos«^)  =  0. 

Now,  if  «,  y  be  the  co-ordinates  of  the  pole  of  the  chord  joimng  (a  +  jS), 
(a  -  /S),  we  have 

acosa  =  4;oos/3,    MsLaassycos^; 
therefore 

A*  +  ii^-(2AA;+2Ay-aS  +  3S)cos*i8-a>8ia>a  +  ^oO8*a»0; 

or,  eliminating  a, 

A»  +  *»  -  (2A»  +  2Ay  -  «»  +  i»)  -  -^  +  -y-  co8»/3  =  0. 

But  (^  -  ^')  cos»i5  =  !•        (Ex.  9.) 

Hence,  eliminating  fi,  we  get 

\-^ j*^"V ^ jy»--2(Ai;  +  Ay)  +  ««-5«=0,    (717) 

which  represents  a  hyperbola,  a  parabola,  or  an  ellipse,  according  as  the 
point  hk  is  outside  the  auxiliary  circle,  on  it,  or  inside  it. 

12.  The  discriminant  of  this  equation  (717)  is  the  product  of  the  two 

factors 

i»A»-a»*«-a«4t  and  A«+ A»- (««- *«). 

Hence  we  infer  that  the  locus  will  break  up  into  two  lines  if  the  co-ordi- 
nates hk  satisfy  the  equation  of  the  hyperbola.  In  other  words,  if  a  chord 
of  a  hyperbola  subtend  a  right  angle  at  any  fixed  point  on  the  curre,  the 
locus  of  its  pole  consists  of  two  right  lines. 

From  the  factor  A*  +  A:*  -  (a'  -  *')  =  0  we  infer  that,  if  the  chord  sub- 
tend a  right  angle  at  any  point  on  the  orthoptic  circle,  its  pole  will  be  the 
same  point. 
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Exercises  on  the  Hyperbola. 

L  The  perpendicular  fxtnn  the  f oena  on  either  asymptote  i^  equal  to  the 
•emaconjugate  diameter. 

2.  If  «,  0*  he  the  eccentricities  of  a  hyperhola  and  its  conjugate,  prove 

^  +  ^-1.  ("8) 

3.  The  equations  of  the  asymptotes,  with  the  focus  as  origin,  are 

i±J-«.  (710) 

4.  If  AP  he  parallel  to  an  asymptote,  P  heing  a  point  on  £he  curve ; 
prove 

«P-i.  (720) 

&  If  from  a  point  K  in  the  transverse  axis  a  perpendicular  KL  he  drawn 
to  an  asymptote,  and  a  normal  JTJf  to  the  curve,  prove  that  LM  is  perpen- 
dhnlar  to  the  transverse  axis. 

t  An  ellipse  referred  to  the  equal  conjugate  diameters  heing 

**+!/*  =  — 2-; 

prove  tiat  it  is  oonf ocal  with  the  hyperhola 

zy  =  -— — .  (Cbofton.)    (721) 

7.  Also,  this  hyperbola  cuts  orthogonally  all  conies  passbg  through  the 
ends  of  themajor  and  minor  axes  of  the  ellipse  in  Ex.  6.  The  general 
equation  of  tese  conies  is 

«»008»o  +  jr»sin»a-^i^'.  {Bid.)         (722) 

8.  The  chordif  contact  of  two  tangents  to  a  hyperbola  is  parallel  to,  and 
half  way  betwee,  the  lines  joining  the  intersections  of  tangents  with  the 
asymptotes. 

9.  The  locus  afbe  centre  of  a  variable  circle  which  makes  given  inter- 
cepts on  two  givenines  is  a  hyperbola. 
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10.  If  from  any  point  P  on  a  given  line  tangents  be  diawn  to  th5 
ellipaes 

the  locuB  of  the  inteisection  of  their  chords  of  contact  is  an  equilaleral 
hyperbola. 

11.  If  ^,  ^',  0",  ^"'  be  the  parametric  angles  of  four  conoydic  pointf  on 
the  hyperbola  xy  =  Ifi^  prove 

tan  ^  .  tan  ^'.  tan  ^".  tan  ^"'  -  1.  (72S) 

12.  The  product  of  the  perpendiculars  from  four  concyclic  points  of  a 
hyperbola  on  one  asymptote  is  equal  to  the  product  of  the  perpendiculars  »n 
the  other  asymptote. 

13.  If  the  extremities  of  a  chord  of  an  ellipse  which  is  parallel  to  the 
transverse  axis  be  joined  to  the  centre  and  to  one  extremity  of  that  axis,  tb» 
locus  of  the  intersection  of  the  joining  lines  is  a  hyperbola. 

14.  Parallels  drawn  from  any  system  of  points  on  a  hyperbola  to  h» 
asymptotes  divide  the  asymptotes  homographically ;  prove  this,  and  theace 
infer  the  following  theorem : — 

If  a?',  0?",  »'";  y\  y'\  y"\  denote  the  distances  of  two  triads  of  points  >n 
two  lines  given  in  position  from  two  fixed  points  0,  (/  on  these  lines,  pr«ve, 
if  jF,  y  be  the  distances  of  two  variable  points  on  the  same  lines  from  C  ^» 
that «,  y  will  divide  the  lines  homographically  if  the  determinant 


*v> 

*. 

y> 

1, 

»^V. 

«-, 

y", 

1, 

ar-y", 

*", 

y", 

1, 

*"/". 

*"', 

y"'. 

1, 

»0. 


(724) 


16.  Prove  that  the  sum  of  the  eccentric  angles  of  four  concy^c  points  on 
a  hyperbola  is  2T. 

16.  If  p,  p\  »  be  the  perpendiculars  from  the  points  (o  +  iflf  («  -  iS),  and 
the  point  of  intersection  of  their  tangents  on  any  third  uigent  to  the 

hyperbola,  prove 

fip' =  *»  cos^iS.  (725) 

17.  If  a  circle  osculates  the  hyperbola  ty^^tX  the  po^  ^i  the  oommon 
ohord  of  the  oirde  and  the  hyperbola  is 

«;  tan^  +  S^  cot ^«^^  (tanV  +  ootV)  ^-  (726) 
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18.  ^,  3  are  two  fixed  points ;  if  from  A  a  perpendicular  AP  be  drawn 
to  the  polar  of  B  with  respect  to  an  equilateral  hyperbola,  and  from  B  a 
perpendicular  ^Q  to  the  polar  of  A  ;  then,  if  (7  be  the  centre, 

CAiAP\:CB:BQ, 

19.  An  ellipse  circumscribes  a  fixed  triangle  so  that  two  of  the  yertices  are 
at  the  extremities  of  a  pair  of  conjugate  diameters  ;  prove  that  the  locus  of 
its  centre  is  a  hyperbola. 

20.  The  polar  of  any  point  on  an  asymptote  is  parallel  to  that  asymptote.  . 

21.  The  points  where  any  tangent  meets  the  asymptotes,  and  the  points 
where  the  corresponding  normal  meets  the  axes,  are  concyclic. 

22.  The  two  foci  and  the  points  of  intersection  of  any  tangent  with  the 
asymptotes  are  concyclic. 

23.  The  angles  which  the  intercept,  made  by  the  asymptotes  on  any  tan- 
gent, subtends  at  the  foci  are  constant. 

24.  If  P,  P'  be  the  extremities  of  two  conjugate  semidiameters  of  a  hyper- 
bola ;  and  if  S,  S'  be  the  interior  foci  of  the  branches  of  the  hyperbola  and 
its  conjugate,  on  which  are  the  points  P,  P",  prove  that 

8P^  S'r  ^BC-AC.  (727) 

25.  If  an  ellipse  and  a  confocal  hyperbola  intersect  in  any  point  P,  the 
intercepts  on  the  asymptotes  between  the  tangent  at  P  to  the  hyperbola  and 
the  centre  are,  respectively,  equal  to  half  the  sum  and  half  the  difiference  of 
the  semiaxes  of  the  ellipse. 

26.  A  hyperbola,  whose  eccentricity  is  e,  has  a  focus  at  the  centre  of  the 
circle  a^  -\-  t/^=sa^;  prove  that  the  envelope  of  the  tangents  to  the  hyperbola 
at  the  points  where  it  meets  the  circle  is  the  hyperbola. 

27.  If  the  chord  of  contact  of  two  tangents  to  a  parabola  subtends  a  con- 
stant angle  at  the  vertex,  show  that  the  locus  of  their  intersection  is  a 
hyperbola. 

28.  If  two  hyperbolas  have  the  same  asymptotes,  and  if  from  any  point 
in  one  tangents  be  drawn  to  the  other,  the  envelope  of  their  chord  of  con- 
tact is  a  hyperbola,  having  the  same  asymptotes. 

29.  If  a  variable  circle  touch  each  branch  of  a  hyperbola  it  subtends  a 
constant  angle  at  either  focus,  and  mokes  intercepts  of  constant  lengths  on 
the  asymptotes. 

30.  The  centre  of  mean  position  of  the  points  of  intersection  of  a  circle 
and  an  equilateral  hyperbola  bisects  the  distance  between  their  centres. 


282  The  Hyperbola. 

81.  If  PQ  be  the  ohord  of  an  equilateral  hyperbola  which  is  normal  at  P, 

prove 

3CPa  +  CQ2  =  FQ\  (728) 

82.  The  area  of  the  triangle  formed  with  the  asymptoteB  by  the  normal 
of  the  hyperbola  «>  .  y2  —  a\  at  the  point  ^V,  is 

itx^^y'^la^,  (729) 

33.  The  locus  of  the  pole  of  any  tang^t  to  the  circle  whose  dia- 

meter  is  the  distance  between  the  foci  of  —  -  7;.  &=  i    with  respect  to 

a*      ^ 

-^  -  -rr  as  1,  is  the  ellipse 

34.  Two  circles  described  through  two  points  on  the  same  branch  of  an 
equilateral  hyperbola,  and  through  the  extremities  of  any  diameter,  are 
equaL 

35.  If  ^,  ^'y  ^"f  <p"'  be  the  parametric  angles  of  four  points  on  an  equi- 
lateral hyperbola,  such  that  either  is  the  orthocentre  of  the  remaining  three, 

tan  ^  tan  ^'  tan^*"  tan  <[>'"  +  1  «  0.  (731) 

Hence  the  product  of  the  four  abscisssB  is  oonstant. 

86.  If  the  normal  at  the  point  ^  of  the  hyperbola  «y  *s  k^  meet  it  again 
at  the  point  ^',  prove 

tan'^  .tan^'  +1  =  0.  (732) 

87.  If  four  poiuts  on  an  equilateral  hyperbola  be  concydic,  prove  that 
the  parametric  angle  of  any  point  and  of  the  orthocentre  of  the  remaining 
points  are  supplemental. 

88.  If  the  osculating  circle  of  an  equilateral  hyperbola,  at  the  point 
whose  parametric  angle  is  ^,  meet  it  again  at  the  point  ^',  prove 

tan*^.tan^'»  1.  (783) 

89.  If  the  eccentric  angle  of  the  point  {k  tan  ^,  fc  cot  ^)  be  $,  prove 

cot  ^  =  cos  6  +  i  sin  $. 

40.  If  two  sides  AB,  AC  of  sl  fixed  triangle  be  chords  of  two  equal 
circles,  show  that  the  locus  of  the  second  intersection  of  the  circles  is  an 
equilateral  hyperbola. 
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41 .  U  Pi,  Psy  Pa  be  tiuee  points  of  the  equilateral  hyperbola  xy  =  \,  then — 

(1)  Area  of  triangle        P,PaP,  «  *  (^' "  *^)  (^»  "  ^»)  (^»  -  ^i),    (734) 

(2)  The  tangents  at  Pi,  Pa,  Ps  fonn  a  triangle  Q\Q%(h  whose  area  is 

2  (jCi  -  x%)  (x%  -  jr>)  (ga  -  a?i) 
(*i  +  «»)  (x»  +  xs)  (dPk  +  xi)  ' 

(3)  If  the  oentroid  of  PiPaPs  be  on  an  asymptote,  QiQaQs  «  iPiPaPa. 

(4)  If  the  oentroid  of  Pi  PaPs  be  on  the  hyperbola,  QiQaQs  »  -  PiPaPa* 

(LvcAB,  NouveVea  AnnaUt,  1876.) 

42.  If  through  the  summits  of  PiPaPs  be  drawn  parallels  to  the  opposite 
sides  meeting  the  hyperbola  again  in  J^i,  Bt,  i^s,  then 

(1)  j,.^,„_t(f±:£j(fdz^f!!z^r  (736) 

*i' .  *a  •  *> 

(2)  If  the  oentroid  of  PiPaPa  be  on  an  asymptote,  J^iiSa-Ss  «  -  PiPtPs- 

(8)  If  the  centroid  of  PiPaPsbe  on  the  curre,  i?i J2a£s  =  *  SPiPaPs. 

{Ibid,) 

43.  If  through  any  point  8  of  the  hyperbola  be  drawn  parallels  to  the 
sides  of  PiPaPs  meeting  the  hyperbola  again  in  ^^i,  ^a,  Si,  then 

(1)  ^i5a^»«-JPiJRiP8.  (736) 

(2)  If  the  centroid  of  PiPaPs  be  on  the  curre  or  on  an  asymptote  so  is 

the  centroid  of  Si  82  8z.     ( Ibid, ) 

44.  Show  that  the  polar  circle  of  the  triangle  formed  by  three  tangents 
to  an  equilateral  hyperbola  touches  the  '  Nine-points  Circle '  of  the  triangle 
formed  by  the  points  of  contact,  at  the  centre  of  the  curve. 

(R.  A.  ROBIRTS.) 

46.  If  two  Tertices  of  a  triangle  circumscribed  about  an  ellipse  move 
along  confocal  hyperbolsd,  prove  that  the  locus  of  the  centre  of  the  inscribed 
circle  is  a  concentric  ellipse.  (Ibid.) 

46.  Two  circles,  whose  centres  ^,  ^  are  points  on  the  transverse  axis  of 
a  given  ellipse,  have  each  double  contact  with  the  ellipse,  and  interseot  in 
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a  point  P;  if  the  difference  of  the  angles  ABF,  BAF  be  given,  the  looua  of 
PiB  an  equilateral  hyperbola.  (Ibid,) 

47.  The  circle  inscribed  in  the  triangle  formed  by  the  asymptotes  and 
any  tangent  to  the  auxiliary  circle  of  a  hyperbola  intersects  the  hyperbola 
in  the  point  where  it  touches  the  tangent  to  the  auxiliary  circle. 

48.  The  circle  on  00'  as  diameter  (see  fig.,  §  195)  passes  through  the 
points  where  the  tangent  PP  meets  the  asymptotes. 

49.  If  a,  a  be  the  eccentric  angles  of  two  points  P,  Q  on  a  hyperbola, 
such  that  the  normal  at  P  passes  through  the  pole  of  the  normal  at  Q,  prove 

4a*  sin  a  sin  a/  +  4^  cos  a  cos  a'  «  ^  sin  2a  sin  2a'. 

50.  If  three  points  on  an  equilateral  hyperbola  be  concyclic  with  the 
centre,  the  angular  points  of  the  triangle  formed  by  tangents  at  these  points 
are  concyclic  with  the  centre. 

61.  The  summits  of  a  self -con  jugate  triangle  of  an  equilateral  hyper^ 
bola  are  concyclic  with  the  centre. 

52.  P,  Q  are  points  on  an  equilateral  hyperbola,  such  that  the  osculating 
circle  at  P  passes  through  Q ;  the  locus  of  the  pole  of  PQ  is 

(«»  +  y»)a  ^  4*»«y. 

63.  In  the  same  case  the  enyelope  of  FQ  is 

4  (4;t«  -  ay)^  =  27*»  (r»  +  y»)«.  (787) 

64.  The  hyperbola  -r  -  ^  »  -, — r;  cuts  orthogonally  all  the  conies 

a"       Ir       a*  -\-  tr 

passing  through  the  extremities  of  the  axes  of  the  ellipse 

p-  +  ^  -  1.  (Cboptok.) 


55.  If  from  any  point  in  the  hyperbola  j^  -  y*  =  a*  +  5>  a  pair  of  tan- 

gents  be  drawn  to  the  hyperbola  -,  —  i;  =  1|  prove  that  the  four  points 

or       or 

where  they  cut  the  axes  are  concyclic. 

66.  If  through  the  point  a  on  an  ellipse  a  line  be  drawn  bisecting  the 
angle  formed  by  the  joins  of  a  to  the  point  (a  +  /3),  (a  —  i9),  prove,  if  a  be 
constant  and  $  variable,  that  the  locus  of  its  intersection  with  the  join  of 
the  points  (a  +  /3),  (a  —  /i)  is  a  hyperbola. 


CHAPTER  VIII. 

MISCELLANEOUS     INVESTIGATIONS. 
Sectiok  I. — ^FiOTJBBs  Intebsslt  Similab. 

205.  Def. — If  upon  two  ffiv&n  lines  AB,  A'JB*  he  eonstruetsd 
pairs  of  similar  triangles  {ABC,  A'B'C),  {ABD,  A'B!iy\  ^e., 
such  that  the  directions  of  rotation  ABC  and  A'B'C'y  ^e,,  are  in- 
verse. The  two  figures  ABCD ....  A'ffOB^  . . .  thus  obtained 
are  said  to  be  inversely  similar. 

206.  DoxTBLB  Point  and  Dottble  Lives. 

There  exists  a  point  S  which  is  its  own  homologue.  This  is  called 
the  double  pointy  or  the  centre  of  similitude.  There  exist  also  two 
Unes  8X,  8  Y  which  are  their  own  homologues.  They  are  called 
the  double  lines. 

If  the  triangles  SABy  SA'B*  are  inversely  similar,  and  if  8X 
bisect  the  augle  ASA\  it  also  bisects  the  angle  BSB\  Hence 
the  line  8X  is  constructed  by  dividing  AA^,  BB'  in  parts  pro- 
portional to  8A,  8A\  or  to  ABy  A'B*.  Let  then  -4",  ^'  be 
points  such  that  AA^jA'^A'  =  BB'\B'B!  =  ABjA'B'y  8ib  on 
the  line  -4"-&". 

Similarly,  iSFthe  bisector  of  the  exterior  angle  A  8 A'  passes 
through  points  A"\  B'\  such  that  AA'"\A'"A*  =  BB"\B"B' 
^AB\A!B. 

It  can  be  proved  directly  that  8Xy  8Yy  are  parallel  to  the 
bisectors  of  the  angle  AG  A'.  In  fact,  if  the  parallelograms 
A"ABKy  A"AB'L  be  constructed,  we  have  BKjB'L  =  AA"IA"A' 


\ 
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=  BB^'IB^B".    Hence  the  points  JT,  J9",  Z  are  collinear  and  we 
have  KWIB"L  -  A"KIA"L.    Hence  -4"^'  is  the  bisector  of  the 


angle  KA"Ly  and,  therefore,  parallel  to  the  bisector  of  A  0A\ 

207.  Since  AA!  is  divided  in^"  and  A"'  in  the  ratio  AB :  A'S, 
the  circle  on  A" A"'  as  diameter  is  the  locus  of  points  whose 
distances  from  A^  A*  are  in  the  ratio  ASiA'S^  that  is  in  the 
ratio  of  similitude.  Similarly  the  circle  on  B"B'"  is  the  locus 
of  points  whose  distances  from  i?,  B'  are  in  the  ratio  B8 :  B'S , 
or  oi  AS  I  A' 8.  Now,  these  circles  intersect  in  8^  let  8'  be  their 
second  intersection,  then  8'  is  the  double  point  of  figures  directly 
similar  described  on  AB,  A*B^. 

Cor.  1. — 8*  is  the  focus  of  the  parabola  which  touches  the 
four  lines  AB,  A'B!,  AA',  BB'. 
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For,  since  SX,  87,  divide  AA'.BB'  proportionaUy,  SX,  ST 
are  two  rectaogular  tangents.  Hence  the  sides  of  the  triangles 
A"A'"S,  B"B"'8  each  touch  the  parabola,  and  therefore  their 
circnmcircles  pass  through  the  focus. 

Cor.  2. — 8  is  on  the  directrix. 

Cor.  3.— If  the  figures  on  AB,  A'B*  be  denoted  by  -Pi,  jP,,  it 
is  easy  to  see  that  any  point  P  of  Fi  on  8X  will  have  its  homo- 
logue  of  jPa  on  /SX,  and  these  points  will  be  on  the  same  sides  of 
8 J  and  similar  properties  hold  for  points  on  8Y. 

Cor.  4. — The  lines  08,  08'  are  harmonic  conjugates  with 
respect  to  the  angle  A  OA'.  For  the  distances  of  8,  8>  to  ABy 
A'B!  are  in  the  ratio  AB :  A'ff. 

Cor.  5. — If  two  figures  inversely  similar  be  constructed  on 
AA'j  BB'y  and  8"  be  their  double  point,  then  88"  passes 
through  the  orthocentres  of  the  triangles  OAAf,  OBB',  CAB, 
ffA'B\ 

Cor.  6. — ^If  the  figure  ABB' A'  is  cyclic  8'  is  the  projection 
of  its  circumcentre  on  the  diagonal  OO'f 


1.  If  ^,  A' ;  B,  B' ',  (7,  (The  three  conples  of  homologous  pointB,  the 
points  which  divide  the  lines  AJ',  BB*,  CC  both  xntemallj  and  exteznaUy 
in  the  ratio  of  similitude  are  situated  on  the  double  lines. 

2.  In  two  figures  inversely  similar,  if  the  line  joining  corresponding 
points  pass  throiigh  a  given  point  the  locus  of  each  is  an  equilateral  hyper- 
bola. 

8.  In  two  figures  inversely  similar,  if  the  line  joining  corresponding  points 
be  parallel  to  a  given  line,  the  locus  of  each  is  a  right  line. 

4.  In  two  figures  inyersely  similar,  if  the  distance  between  correspond- 
ing points  be  given,  the  locus  of  each  is  an  ellipse. 

6.  If  the  segment  A'ff  slide  along  the  line  OA'Jff,  prove  that  8  describes 
a  right  line. 

6.  If  the  points  A'B'  remain  fixed  on  the  line  OA'B^,  and  if  OA'B^  turn 
TOund  the  point  0,  prove  that  the  point  8  describes  a  circle,  and  that  each 
double  line  passes  through  a  fixed  point. 


288 


Miscellaneous  Investigations. 


7.  If  ASC,  A'B'C  be  two  triangles  inversely  similar  they  are  orthologiquey 
that  is,   the  perpendiculars  let   fall  ^ 
from  the  summits  of  one  on  the  sides 
of  the  other  are  concurrent. 

Let  BIf,  CM  be  two  of  these  lines,  . 
then  the  anglej9if(7iB  the  supplement 
of  the  angle  B*A'C'f  and  therefore  the 
supplement  of  BA  C.  Hence  the  point 
JT  is  on  the  circumcircle  of  the  tri-  B' 
angle  ABC.  The  perpendicular  from 
A  on  B*C  meets  the  perpendicular 
from  C  on  A'B'  in  the  ciroumferenoe. 
Hence  it  passes  through  M.  ^ 

8.  In  the  same  manner  parallelB  through  A,  B,  C  to  B^C,  C'A\  A'B' 
«re  concurrent. 

Section  II. — ^Prkcils  IirrERSELT  Eqital. 


208.  Two  pencils  {ahcd)^  {aU'dil .  .  .)  are  said  to  be  inversely 
sqttal  when  they  are  superpoaahle  after  one  of  them  has  been  reversed 
in  the  plane. 


d       c 


2\po  homologous  rays  are  symmetrical  with  respect  to  the  fixed 
direction  x,  y  ;  thene  are  called  the  double  directions  of  the  two 
pencils. 

In  fact,  transferring  the  pencil  S'  parallel  to  itself  until  tlie 
point  S'  coincides  with  Sy  then  let  x,  y  be  the  bisectors  internal 
and  external  of  the  angle  aa' ;  it  is  plain  that  b  and  b\  c  and  ^  •  •  • 
will  be  symmetric  with  respect  to  x  and  with  respect  to  y. 
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Hence,  when  two  pencils  inversely  equal  are  superposed  with 
respect  to  their  vertices  they  form  a  pencil  in  involution,  having 
for  double  rays  the  bisectors  of  the  angle  between  any  two  pairs 
of  homologous  rays. 

Oenxbatiok  of  the  EaxTiL^TSBiL  Htpebbola. 

209.  If  two  pencils  be  inversely  equal,  and  have  different  sum* 
mits  8^  8';  the  locus  of  the  intersection  of  homologous  rays  is  an 
equilateral  hyperbola  whose  centre  is  the  middle  point  of  88^,  and 
whose  asymptotes  are  parallel  to  the  double  rays  of  the  pencils. 

If  ^  be  the  intersection  of  two  homologous  rays  it  is  evident 
that  the  difference  of  the  base  angles  of  the  triangle  88^^  is 
given,  hence  the  locus  of  ^  is  an  equilateral  hyperbola. 


Again,  if  we  construct  the  parallelogram  8A8'A\  8 A'  and 
8' A'  are  still  two  homologous  rays  of  the  pencils,  then  the 
point  A'  is  on  the  hyperbola,  but  A^  A*  are  symmetrical  with 
respect  to  0  the  middle  point  of  88\ 

Lastly,  if  through  8,  8'  we  draw  parallels  to  the  double  direc- 
tion, we  have  two  pairs  of  homologous  rays  which  meet  at 
infinity.  Hence,  the  parallels  to  these  directions  through  the 
centre  0  are  the  asymptotes. 

V 
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Conversely,  beisg  given  an  equilateral  hyperbola  :  if  from 
the  extremities  of  any  fixed  diameter  lines  be  drawn  to  any 
yaiiable  point,  we  obtain  two  pencils  inversely  equal. 

Cor. — Any  chord  8A  and  its  conjugate  diameter  are  equally 
inclined  to  an  asymptote.  In  fact,  if  Jf  be  the  middle  point  of 
SA,  OMia  parallel  to  i^A. 

210.  The  locus  of  the  centre  of  an  equilateral  hyperbola  cir- 
oumsciibed  to  a  triangle  ABC  is  the  nine-points  circle  of  ABC 

A 


For,  if  A',  By  CP  be  the  middle  points  of  the  sides,  and  0  the 
centre  of  the  hyperbola  ;  then  the  lines  OA*  and  BC,  0B> 
and  C*A'  are  equally  inclined  to  the  asymptotes.  Then  the 
angle  B>OA*  is  either  equal  or  supplemental  to  A!  CBf.  Hence 
0  is  on  the  circumference  A'B'C. 

Cor, — ^Every  equilateral  hyperbola  circumscribed  to  a  triangle 
AJBC  passes  through  the  orthocentre  JET. 

Let  Whe  the  middle  of  AH,  0  the  centre  of  the  hyperbola, 
the  asymptotes  are  parallel  to  the  bisectors  of  the  angle  OA'Ai, 
If  P  be  the  middle  point  of  the  arc  Ai  0,  A!F  is  one  of  the 
bisectors,  and  the  bisector  of  the  angle  OWAi  passes  through  P, 
and  is  perpendicular  to  A' P.  Then  WO  and  WAi  are  equally 
inclined  to  A'P  or  WP,  therefore  AH  is  the  chord  conjugate  to 
the  diameter  OW.    Hence  jETIs  on  the  hyperbola. 
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1.  If  a  right-angled  triangle  be  inscribed  in  an  equilateral  hyperbola,  the 
perpendicular  from  the  right  angle  on  the  hypotenuse  is  a  tangent  to  the 
hyperbola. 

2.  li  Af  JB,  Cf  D  he  any  four  points,  the  nine-points  circles  of  the 
triangles  ABC,  ABB,  BCD,  CD  A  pass  through  a  common  point,  the  centre 
of  the  equilateral  hyperbola  through  A,  B,  C,  D, 

3.  An  equilateral  hyperbola  circumscribed  to  a  triangle  ABC  cuts  the 
circumcircle  ABC  in  a  fourth  point  D,  which  is  diametrically  opposite  to 
the  orthooentre. 

In  fact,  the  centre  0  of  the  hyperbola  being  on  the  nine-points  circle, 
and  the  orthocentre  S  being  on  the  hyperbola,  the  point  on  the  hyperbola 
diametrically  opposite  to  JT  is  on  the  circumcircle,  since  S  is  the  centre  of 
similitude  of  the  two  circles,  and  the  ratio  of  similitude  is  \. 

4.  The  diameter  of  the  circle  of  curvature  at  any  point  of  an  equilateral 
hyperbola  is  equal  to  the  portion  of  the  normal  at  the  same  point  inter- 
cepted by  the  hyperbola. 

6.  A  circle  cuts  an  equilateral  hyperbola  in  four  points,  A,  B,  CyD\  each 
of  these  points  is  diametrically  opposite  on  the  hyperbola  to  the  orthocentre 
of  the  triangle  of  the  remaining  points  (Ex.  3).  Hence  if  ABCD  be  con- 
cyclic  points,  the  quadrilateral  formed  by  the  four  orthocentres  of  the  four 
triangles  is  the  sym^trique  of  ABCD  with  respect  to  the  centre  of  the 
equilateral  hyperbola  ABCD, 

6.  Eyery  circle  which  passes  through  the  extremities  of  a  diameter  AB 
of  an  equilateral  hyperbola  cuts  the  curve  at  the  extremities  of  a  diameter 
CD  of  the  circle.  For  the  orthocentre  of  the  triangle  ABC  has  for  sym6- 
trique  the  extremity  of  the  diameter  of  the  circle  passing  through  C. 

7.  Every  circle 'having  for  diameter  a  chord  of  an  equilateral  hyperbola 
cuts  it  at  the  extremities  of  one  of  its  diameters. 

8.  The  asymptotes  of  an  equilateral  hyperbola  circumscribed  to  a  triangle 
ABCtae  the  Simpson's  lines  of  points  diametrically  opposite  on  the  cir- 
cumcircle ABC  with  respect  to  the  triangle  ABC. 


V2 
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SBcnoir  III. — Twin  Points  (German  Zwhungspunkts). 

211.  Two  points,  P,  jP,  are  called  Twins  with  respect  to  a 
triangle  ABC  when  the  two  pencils  of  rays  P{ABC\  F'^ABC) 
are  inversely  equal. 

Twin  points  were  first  considered  by  Artzt,  ''  Frogramm  dss 
Gymnoiiums  zu  JRecklinghausm.     Schuljahr,  1885,  1886. 

212.  To  eonstruet  the  point  F*  when  F  is  given. 

If  circles  be  described  aronnd  the  triangle  AFC,  BFC,  and  if 


their  symetrique  with  respect  to  the  sides  -4(7,  ^(7  intersect  in 
JP,  F*  is  the  point  required. 

I>em.-^oin  AF\  BF,  OF*  and  produce  BF"  to  Bi.  Then, 
from  the  construction  we  have,  evidently,  the  angles  AF'Bu 
BiF'C,  CFA,  respectively,  equal  to  AFB,  BFC,  CFA,  and 
the  pencils  F{ABC),  F'^ABC).    Hence,  &c. 
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Or,  thus : — Let  P.)  P»>  Pc  lt)e  the  Bym^triques  of  P  with  respect 
to  the  sides  JBC,  CA,  AB,  then  P  ia  the  point  common  to  the 
circles  BCP„  CAP^,  ABP^ 

Or,  again : — The  perpendiculars  erected  at  the  middle  points 
of  the  lines  PA,  PB,  PC  intersect  two-hy-two  in  three  points, 
Q«f  Qh^  Qc ;  iet  Q^,  Q!i,  Q!^  he  the  87m6triques  of  these  with 
respect  to  BC,  CA,  AB,  then  the  perpendiculars  from  A,  B,  C 
on  the  sides  of  the  triangle  QaQhO!*  intersect  in  P*. 

213.  If  two  points,  V,  V  hs  inverse  with  respect  to  the  eireum- 

circle  of  the  triangle  ABO,  their  isogonal  conjugates  are  twin  points 

of  the  triangle. 

A 


Dem. — By  constmction  the  angle 

CAr^TAB,    and   ACF^TCB. 
Hence 

CAr^ACF^TAB^  TCB^ABC-ATC^AWC-ATC. 
Similarly, 

PCA^^CAP^AVC'AWO,  .\  CAF^ACP^PCA^^OAP. 
Hence  AP'C  ^  OP  A.  Therefore  the  circumcircle  of  the  tri- 
angle APC  is  the  sym6trique  of  the  circumcircle  of  APO  with 
respect  to  AO,  Similarly,  the  circumcircles  of  BPO and  BPC 
are  symetriques  with  respect  to  ^C7.  Hence  the  proposition  is 
proved. 

214.  Twin  points,  P,  F  are  at  the  extremities  of  a  diameter 
of  an  equilateral  hyperhola  circumscribed  to  the  triangle  ABO, 
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For  the  intersection'  of  homologons  rays  of  the  inverse  pencils 
P{ABC.  . .),  P'f^ABG .  .  .)  generate  an  equilateral  hyperbola. 

Cor, — The  locus  of  the  middle  point  of  twin  points  of  a  tri- 
angle is  the  nine-points  circle  of  the  triangle. 

For  the  middle  point  is  the  centre  of  an  equilateral  hyperbola 
circumscribed  about  the  triangle. 

215.  If  V^  V  he  the  isogonal  eanfugatee  of  the  twin  points  PP' 
{see  fig,,  §  213),  and  if  the  join  of  V,  V  intersect  the  dreumcirek 
m  JFj  W,  the  Simpson^s  lines  of  JF,  V,  with  respect  to  the 
triangle  ABC  are  parallel  to  the  double  direction  of  the  pencils 
I\ABC .  .  .),  P(ABC  .  .  .).  Theg  are  also  the  asymptotes  of 
the  equilateral  hyperbola  ABCPP'. 

Bern. — The  isogonal  transformation  of  the  diameter  W  is 
the  equilateral  hyperbola  ABCPP*,  The  asymptotic  directions 
are  the  isogonal  conjugates  of  the  points F^,  7P,  but  the  Simpson's 
line  of  W  is  perpendicular  to  the  isogonal  line  A  Wy  and  there- 
fore has  the  direction  of  an  asymptote^  and  the  Simpson's  lines 
intersect  on  the  nine-points  circle.  Hence  they  are  the  asymp- 
totes. 

Cot, — The  fourth  point  common  to  the  hyperbola  and  circle 
is  the  isogonal  conjugate  of  the  point  at  infinity  on  VV, 

216.  If  a,  )9y  y  be  the  angles  of  a  triangle  whose  sides  are 
parallel  to  the  rays  of  the  pencil  P{ABC\  the  barycentrie  co- 
ordinates of  P  are 

l/(cot  a  +  cot  A\   l/(cot /?  +  cot  B\   l/(cot  y  +  cot  C), 

Dem. — Let  AP  meet  the  circumcircle  of  BPC  in  Q,  then  the 
angles  of  the  triangle  Q,BC  are  a,  j8,  y  respectively.  Hence 
the  perpendiculars  from  Q  on  AB,  AC  are  BQ  sin  (j9  +  -ff), 
CQ  sin  (y  +  C);  therefore  ii  x,  y,  z  be  the  normal  co-ordinates 
of  P,  we  have 

y      CQ  sin  (y  +  C)  ^  sin  fi  sin  (y  +  C)     sin  C  (cot  y  +  cot  C) 
%  '  BQanlfi-^B)~  sin  y  sin  (^8  +  ^)  "*  sin  ^  (cot  p  +  cot  B)' 

Hence  if  a,  /3,  y  denote  the  barycentric  co-ordinates  of  P, 

aifiiy::  l/(cota+cot-4)  :  l/(cot j8  +  cot j5)  :  l/(coty  +  cot  C). 

(738) 
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For  the  point  P'  we  have 

a' :  ^ :  y : :  l/(cot  a  -  cot  ^)  :  l/(cot  j9  -  cot  J9) :  l/(cot  y  -  cot  0). 

(739) 

A 


Cor. — The  barycentric  co-ordinates  F,  V.  are 
1^  (cot  u4  ±  cot  a),  h^  (cot  B  ±  cot  fi),  <^  (cot  C  ±  cot  y).     (740) 


1.  To  find  the  lociu  of  P  if  the  Brocard  angle  of  the  triangle  BQG  is 
Odnatant. 
Let  V  be  the  Brocard  angle  of  BQC.    Then  we  have 

cot^  +  cota  =  X/a,    cot3  +  coti8=aA/i3,    cotC+cotysX/y. 

Hence  cot  w  +  cot  F»  X2  -  ; 

a 

we  have  also     2  cot  a  oot  /3  =  :2  (A/a  -  cot  A)  (x/jS  -  cot  ^)  =  1, 


or 


or 


A*2  -T  -  A2  {cotAI$  +  cot  5/a)  =  0  ; 
op 

.•.    X  2  —  -  2  (Goi  Alfi  +  cot  J/a)  s=  0, 
op 

X  2  (l/oiS)  -  OOtw  2  (1/a)  +  2  oot^/a  =  0. 
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Eliminatizig  \,  we  haye 

2  (cot«  +  cot  F)lafi  -  oot  w  :S^(l/a)  +  :S (1/a) . :B (cot ^/a)  «  0), 
or 

2  (^  (cot  A  -  oot«)|  -  2  f-^M  ^-  cot  F)|  =  0.  (741) 

Hence  the  locus  is  the  isotomic  tranaformation  of  a  conic. 
<^  Got. — ^The  locus  of  F  is  a  conic. 

Sbcttoit  IY. — Tbiangles  Desited  fbou  the  same  Tbiaitole. 

Pedal  Tbianoles. 
217.  The  prqfeetions  of  a  paint  P  on  the  sides  of  a  triangle 


I 


ABC  are  the  summits  of  a  triangle  AiBiCi,  called  the  pedal  tri- 
angle of  F. 

The  sides  of  the  pedal  triangle  of  P  are  perpendicular  to  the 
lines  joining  the  summits  of  ABC  to  F*  the  isogonal  conjugate 
of  P,    {Sequelf  page  165.) 

The  pedal  triangles  of  the  isogonal  conjugates  P,  P  have  the 
same  circumcircle,  which  is  a  principal  circle  of  a  conic  inscribed 
in  the  triangle  ABC,  and  having  P,  P'  as  foci. 

218.  The  harycmtrio  co-ordinates  ofP,  with  respect  to  its  pedal 
triangle,  are  equal  to  those  of  P*  with  respect  to  ABC. 

In  fact,  if  [x,  y,  %),  (.Ti,  y^,  »i)  be  the  normal  co-ordinates  of 
P,  P*  with  respect  to  ABC,  we  have 

AiPBi :  BiPCi :  C^PA^ : :  xy  sin  C :  ya  sin  -4  :  &t  sin  B 

: :  sin  Cf^x^yi) :  sin  A/{yi%i)  :  sin  P/(«ia?i)  ::%ie:  Xia  :  y^h. 

219.  The  sides  of  the  pedal  triangle  of  P  are  proportional  to  the 
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products  of  the  opposite  sides  of  the  quadrangle  PABC,  In  fact, 
AP  is  the  diameter  of  the  circumcircle  of  the  triangle  PB^  (7i« 
Hence  B^Ci  -  AP  sin  A,    Therefore 

B^Ci  :  C^Ai  :  A^B^  ii  a.  AP  ih  .  BP  :  e.CP. 

Cor. — The  pedal  triangles  of  each  of  the  points  A,B,C,P  with 
respect  to  the  triangle  formed  hy  the  three  others  are  similar. 
220.  To  find  the  area  of  the  pedal  triangle  of  P, 
Let  01,  ^1,  Ox  denote  the  distances  AP^  BP,  CP,  R  the  radius 
of  the  circle  ABC,  we  have  BiCi  =  ai  sin  ^  s  aail2B,  &c. 
Hence,  area 

(742) 
Cor, — The  areas  of  the  pedal  triangles  of  four  points  with 
respect  to  the  triangles  formed  hy  the  three  others  are  inversely 
proportional  to  the  squares  of  the  radii  of  the  circumoircles  of 
the  triangles. 


1.  If  A  denote  the  area  of  the  triangle  ABC,  B  its  circumradias,  and  w  the 
power  of  P  with  respect  to  the  drcumcirclei  the  area  of  the  pedal  triangle  of 
Pis 

»A/(4i2»).  (743) 

2.  The  locus  of  points  whose  pedal  triangles  have  a  giyen  area  is  a  circle. 

3.  The  pedal  triangles  of  two  points  inverse  with  respect  to  the  circum- 
circle are  inyersely  similar.  (Eibhl.) 

ANTiPsnAL  Triakoles. 
221.  If  through  A,  B,  C  we  draw  perpendiculars  to  PA, 
PBy  PC  we  form  a  triangle  A^B'  C  called  the  antipodal  of  P  with 
respect  to  ABC, 


1.  The  antipodal  triangles  of  twin  points  are  inyersely  similar. 

2.  If  Q  be  the  sym^trique  of  P  with  respect  to  the  circumcentre  of  the 
triangle  ABC,  Pand  Q  are  isogonal  conjugates  with  respect  to  the  antipodal 
triangle  of  P. 

3.  There  exists  an  infinite  number  of  triangles  circumscribed  to  ABC 
similar  to  one  another  and  having  Pas  their  centre  of  similitude,  the  maximum 
is  the  antipodal  of  P,  and  the  minimum  the  summit  of  the  pencil  F{ABC). 
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Hajelxonio  Traksforxatioit  of  a  Triangle. 

«22.  If  the  lines  Pu4,  FB,  PC  meet  the  circle  ABC  again  in 
A'y^Wy  C^  the  triangle  A'B'C  is  called  the  harmonic  transfor- 
mation of  ABC. 

cf 

A 


The  polar  of  P  with  respect  to  the  circle  ^P  67  divides  the 
lines  AA'^  BJff,  CO  harmonically.  Hence  the  triangles  ABC^ 
A'B'C  Bie  in  perspective.  P  is  their  centre,  and  p  its  polar 
with  respect  to  the  circle  their  axis  of  perspective.  Hence,  in 
starting  from  ABC  we  can  construct  A'B'Cy  and  establish  a 
correspondence  between  the  triangles  by  joining  P  to  any 
remarkable  point  Q  of  the  figure  ABC^  and  take  Q!  the  homo- 
logue  of  Q  such  that  QQ'  is  divided  harmonically  by  P  and  p. 

223.  The  harmonic  transformation  A'RG  of  ABC  with  re- 
spect to  P  is  similar  to  the  pedal  of  P  with  respect  to  ABC,  and 
the  homologne  of  P  in  A'B'C  is  the  isogondl  conjugate  of  P  in  the 
pedal  AiBiCi. 

In  fact,  the  angle  PA^B^  =  PC  A  =  AA'C,  and  PAiCx 
=  PBA  =  AA'B'.    Hence  B^.C^  =  B'A'C,  &c. 
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224.  To  calculate  the  sides  and  area  of  the  harmonic  transfer^ 
motion  of  the  triangle  ABC. 

If  a,  y5,  y  be  the  angles  of  the  pencil  P{ABC)  we  have 

B'C  =  2R  sin  B'A'a  =  2R  sin  {A  +  a). 
Similarly, 

aA'=2R^{B^p),  A'B'=2Baii{C+y).        (744) 
Again, 

A'B'C  =  B'A' .  A' a  sin  -5'-4'(?' 

=  2i2»  sin  (^  +  a)  sin  ( J?  +  )8)  sin  ( C  +  y).     (745) 


H  nc      •^'^'^'  -  sin  {A  +  a)  sin  (^  +  p)  sin  (  C-p y) 
^i?C7  sin^  .  sin^  .  sin  C 


(746) 


225.  The  lines  drawn  throngh  A\  B',  C,  perpendicnlar  to 
AA\  BB',  Ca,  respectively,  form  a  triangle  A"B"€r'  caUed  the 
polar  reciprocal  of  ABC  with  respect  to  P.  It  is  the  antipedal 
of  A'B'  C.    Its  angles  are  equal  to  those  of  the  pencil  P  {AB  C), 


1.  The  area  of  the  triangle  A"3"C"  polar  reciprocal  of  ABC  with  respect 

toPifi 

2JS^  2  sin  a  sin  (B  i-  ;3)  8U1  ((7  +  y)/8in  a  sin  3  sin  7.  (747) 

2.  If  S  be  the  circumdiameter  of  A"B"Cr', 

Smnadnfiany^ 2R  V^sin^  .  sin  a .  sin  (^  + /3)  sin ((7+ 7] .      (748) 

8.  If  we  take  the  polar  reciprocal  A*'B'*(T*  of  ABC  with  respect  to  the 
symmedian  point  JTof  ABC^  JTis  the  focus  of  an  ellipse  touching  the  sides 
of  A"Bf'C"  at  the  middle  points.  (Hadamard.) 

4.  The  centroid  O  of  ABC  is  the  focus  of  an  ellipse  touching  the  sides  of 
the  pedal  triangle  of  O  at  their  middle  points  and  also  the  focus  of  an  ellipse 
touching  the  sides  of  the  harmonic  transformed  of  O  at  their  middle  points. 

5-8.  If  through  a  fixed  point  we  draw  a  variable  line  cutting  the  sides  of 
a  given  angle  XOYm  the  points  Ay  B,  then — (1)  The  locus  of  the  circum- 
centre  of  the  triangle  AOBisA  hyperbola.      (2)  The  locus  of  the  orthocentxe 
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IB  a  hyperbola.  (3)  The  Iocub  of  the  double  point  of  two  figuree  directly 
Bunilar  described  on  OA,  OB  is  a  circle.  (4)  The  locus  of  the  symmedian 
point  of  OAB  is  a  conic.  (Nsubb&o.) 

9.  If  two  sides  AB^  ACoi  a  triangle  be  given  in  position,  and  the  third  side 
BC  move  in  any  manner,  the  orthocentxe  and  circumcentre  describe  figures 
inversely  similar.  (Nbubbko.) 

10.  If  two  vertices  B,  C  of  a  triangle  be  fixed,  prove  that  the  two  vertices 
A,  A'  of  the  triangles  BCA,  BCA'  which  have  a  common  symmedian  point 
X,  describe  when  K  TnnTnri*Tw?y^iicin  iriTOincily  similnr 

(Neubbro  and  Schoutb.) 

11.  If  the  sums  of  the  squares  of  the  sides  of  the  pedal  triangle  of  P  be 
given,  the  locus  of  P  is  a  circle. 

Let  X,  y,  z  be  the  normal  co-ordinates  of  P,  and  S*  the  sum  of  squares. 

Then 

fi*- 2 («'  +  y»+ ««+rcy  cos  C+y«  cos -4 +«»  cos P), 

,  „     _ ,     .     ^.  _  /    »    \  /sin  A     sin  B  J\ 

or  i^»=2(--^)3(-2)-^(ri^+s-iir2-««^) 

=  2(«Bin-4)5  (^^)-cot«2(«ysin(7),    (749) 

where  «  is  the  Brocard  angle  of  the  triangle  ABC. 

12.  The  locus  of  points  whose  pedal  triangles  have  a  constant  Brocard 
angle  F  is  a  circle.  (Schovtb.) 

In  fact  the  equation  is 

(ai»  +  *i*  +  <»i»)/4A'  =  cot  r, 


or 


2{xajiA):i  (  '-. — -j\  —  cot«2(ys  8in^)s  2(y2  sin^)  cot  V, 


Hence        (cot  m  +  cot  F)  2  (ys  sin  ul)  =  2  («  sin  ^)  2  (or/sin  A).       (760) 

13.  In  a  given  triangle  ABC  can  be  inscribed  an  infinity  of  triangles 
similar  to  a  given  triangle  AiBiCi.  These  have  the  same  centre  of  simili- 
tude S;  the  minimum  is  the,  pedal  of  S.  The  envelopes  of  their  sides  are 
parabolsB  having  j5  as  a  common  focus. 

If  S'  be  the  isogonal  conjugate  of  S,  the  angles  of  the  pencil  S'  {ABC)  are 
equal  to  those  of  the  triangle  A\B\C\  (see  Twin  points).  Hence  the  bary- 
centric  co-ordinates  of  S  are 

«'(cot-4±cot-4i),  A*(cotP±cotPi),   ^  (cot  C  ±  cot  (?i).    (761) 


=  0. 
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SEcnoK  V. — Tbipolas  Co-obbinates. 

226.  ITie  iripolar  co-ordinates  o/P  are  its  powers  PJ}^  FB*,  PC*, 
with  respect  to  the  three  summits  Ay  B,  C^  of  the  triangle  of  refer- 
ence, 

Tripolar  co-ordinates  are  a  limiting  case  of  Tricylic  co-ordi- 
nates in  which  the  position  of  a  point  is  denoted  by  its  powers 
with  respect  to  three  given  circles,  namely  when  the  circles  re- 
duce to  points.  Tricyclic  co-ordinates  were  first  employed  by 
the  anthor.     See  ^'  Bicircular  Quartics,"  1869. 

227.  Being  given  the  mutual  ratios  \  :  fi  :  v  of  the  tripolar 
co-ordinates  of  a  point  P  to  construct  it. 

Let  the  tripolar  co-ordinates  be  X,  F,  Z,  then  we  have  the 
systems  of  determinants 

X,     F,    Z 

Hence  the  two  points  common  to  the  coaxal  circles  X/X  =  F//x  e 
Zlv  satisfy  the  conditions.  !Now,  the  points  X=  0,  F=  0,  and 
the  circle  X/X  -  T/fi  form  a  coaxal  system  of  which  X = 0,  F  =  0, 
that  is,  the  points  A  and  B  are  the  limiting  points. 

Hence  the  circumcircle  of  the  triangle  ABC,  since  it  passes 
through  A  and  B  cuts  the  circle  X/X  -  T/fjt.  =  0  orthogonally. 
Similarly  it  cuts  the  circles  T/fi  -  Z/v  =  0,  and  Z/v  -  X/X  =  0 
orthogonally.  Therefore  the  two  points  common  to  the  circles 
X/X  =  Y/fi  =  Z/y,  that  is,  the  two  points  whose  tiipolar  co-ordi- 
nates are  X,  ft,  v  are  inverse  points  with  respect  to  the  circum- 
circle of  the  triangle  ABC. 

A  pair  of  points  having  the  same  tripolar  co-ordinates  X/tv 
are  said  by  Neubebg  to  be  tripolarly  associated.  For  shortness 
we  shall  call  them  a  tripolar  pair. 

Cor.  I. — If  P,  Q,  be  a  tripolar  pair,  and  F,  F'  the  points  in 
which  the  circumcircle  ABC  intersects  PQ,  then  PQ  are  har- 
monic conjugates  to  F,  P. 
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Cor.  2. — ^The  bisectors  of  the  angles  PAQ,  PBQ^  PCQ  concur 
in  the  points  F",  V, 

228.  The  pedal  triangles  of  a  tripolar  pair  P,  Q  are  inversely 
similar  (Kiehl).  The  double  lines  are  the  Simpson^s  lines  of  the 
points  Vy  V*  in  which  FQ  intersects  the  cireumcircle  and  the 
double  point  is  on  the  nine-point  circle  of  AB  C,    (Netjbebg.) 


Bern. — Let  the  tripolar  co-ordinates  of  P,  Q  be  (Xfiv),  and 
their  pedal  triangles  A'B'C,  A''B'a\  then  the  sides  of  A'B^C 
are  AP  sin  -4,  BP  sin  ^,  CP  sin  C7 ;  hence  they  are  pro- 
portional to  X^  sin  Ay  liS  sin  P,  v^  sin  C,  and  similarly  the  sides 
of  A"B"  C  are  proportional  to  X*  sin  -4,  /Lt*  sin  P,  v*  sin  C.  Hence 
A!B!(jy  A"B"(y'  are  similar,  and  they  have  different  aspects, 
that  is,  they  are  inversely  similar. 

Again  the  ratio  of  similitude  is  APjAQ^PVIVQ,  Hence 
the  perpendiculars  from  Von  BC,  CAy  AB,  divide  A'A",  B'W\ 
C  C*  in  the  ratio  of  similitude.  Hence  the  Simpson's  line  of  F  is 
an  axis  of  similitude.    Similarly  the  Simpson's  line  Pis  an  axis  of 
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sunilitude,  but  these  intersect  on  the  nine-points  circle.    Hence 
the  double  point  is  on  the  nine-points  circle. 

This  point  is  the  middle  of  the  distance  between  the  isogonal 
conjugates  of  P  and  Q. 

Special  Case — If  X :  fi :  v : :  l/«* :  llH^il/e^.  The  quadrangles 
ABCF,  AJBCQ,  are  such  that  the  rectangles  contained  by  the 
pairs  of  opposite  sides,  are  equal,  viz.,  AB  .  CF  ^  BC .  AP 
=  CA  .  £P.  Hence  it  follows  : — 1°.  that  if  upon  any  side  AB 
be  constructed  a  triangle  ABR  directly  similar  to  CBP^  the  tri- 
angle APR  is  equilateral.  2°.  The  pedal  triangle  of  any  of  the 
four  points  A^B^  C,P  with  respect  to  the  triangle  formed  by  the 
remaining  points  is  equilateral.  3^.  The  points  P,  Q  are 
centres  from  which  ABC  can  be  inverted  into  an  equilateral 
triangle. 

BsF. — The  points  P,  Q  have  been  called  hy  Nevherg  isodynamie 
points. 

229.  Relation  between  tripolar  and  normal  co-ordinates. 

Let  Xj  g^  »  he  the  normal  co-ordinates  X,  F,  Zthe  tripolar 


co-ordinates  of  P,  then  we  have 

B'C  «APan  CPB, 
or     Jsin*^  =  y*  +  «»+2y«cos-4,     r8in*J5  =  «*+«»  +  2iiPC08-&, 

^sin'C  «  a»  +  y»  +  2ay  cos  C7.  (762) 
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Cor.  Since  IX  +  mF  +  nZ=  0  is  the  general  equation  of  a 
circle  cutting  the  circle  ABC  orthogonally,  it  follows  that 

/(«* +y*  +  2xy  cos  C)  +  i»(y*  +  g*  +  2yz  cos  A) 

+  n(»'+«*+ 2m?cos^)  =  0 

denotes  a  circle  cntting^^^C  orthogonally.  (753) 

230.  Lucases  Theorem. — If  A  denotes  the  area  of  the  triangle 
ABC, 

hcoaC .  F+  6  cos  ^ .  Z-  aX  +  abc  cos  A  =  4Ar,  (1) 
ccobA  .Z-^a  cos  C .  X -hT+ahe cob B  =  4Ay,  (2) 
acos^.X+^cos^.  F- c^+o^tf  cos  C=  4A«.  (3)       (754) 

To  prove  (1),  let  fall  the  perpendicular  AJ);  join  PBy  and 
draw  PJE  perpendicular  to  AJD.  Then,  by  Stewart's  theorem 
{Sequel,  5th  edition,  Prop,  ix.,  p.  24). 

CB.BP^+BI).  CB^^BC.BIf^CB.BIf^BL.CIF, 

or  icosC.  Y+ccobB  .Z^a.PIf'^a.BD.BC. 

Hence 

*cosC7.  r+ccoBB.Z-aX=a.BB.BC^a{AI^-PB^) 

=  a.BL. BC-a  {AE^-^ED') ^a.BB. BC-a{AB^2x)  AB 

=  4Aj?  +  a  (^-D .  BC-AIf)  =  4Ad;  -  ohe  cos  ^. 

Hence      &  cos  C .  F+  c  cos  ^ .  ^-  aX+abe  cos  ^  «  4A^. 

These  equations  enable  us  to  transform  formulsB  from  trilinear 
co-ordinates  into  tripolar  co-ordinates.  Thus,  if  S^  denote  the 
distance  between  two  points  we  have  equation  (184) 

8»*  » { («i  -  «0'  ^  2u4  +  (y I  -  yi)*  sin  2B  +  (2i  -  2a)'  sin  2  (7) 

/  (2  sin  ^  sin  ^  sin  C). 
Hence  we  have  in  tripolar  co-ordinates 
1 6A*  V  =  Sa» (Xi  -  Xa)» + 5  { 2*(j  ( Fj  -  F,)(-^i  -  Z,)  cos  ^ } .  (755) 
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231.  In  equation  (274),  if  we  suppose  the  second  system  of 
circles  to  coincide  with  the  first,  and  then  each  to  become  points, 
we  get  for  the  four  points  A^  B^  C,  P  the  following  relations 
where  X  =  AP^,  &c. : 


0, 

1, 

1, 

1, 

1 

1, 

0, 

<^, 

J', 

X 

1, 

<?, 

0, 

< 

T 

1, 

V, 

«•, 

0, 

Z 

1, 

i, 

r, 

z, 

0 

»0. 


(756) 


If  this  be  expanded  and  reduced  by  the  relations 

a»  +  ^  -  tf»  =  2ai  cos  (7,  &c., 
we  get 

Sa»X»- 2S  ah  cosC.  XF-  2ahc Sa  cos^  .X+  a^l^i^  =  0.    (767) 


1.  If  the  circles  XJK  =  F/ai  »  Z/y  of  {  227  intersect  the  sides  AB,  BO^ 
CAf  of  the  tdangle  of  reference,  reepectiyely,  in  the  pairs  of  points  CT,  (/'; 
A\  A"\  B'f  B'\  then  the  lines  AA\  BB^,  CC  intersect  in  the  same  point 
S,  and  the  points  A",  B",  C"  are  upon  the  same  right  line  (T,  the  trilinear 
polar  of  8,  the  harycentiio  co-ordinates  of  /9  are  l/\,  l//u,  Ijp ;  and  the  line 
co-ordinates  of  a-,  A,  /a,  r. 

2.  The  centres  of  the  circles  X/\  =  7//i «  Z/k  are  in  a  right  line  whose 
co-ordinates  are  \',  /i',  A 

8.  If  ^  m,  11, 1?  be  any  constants,  the  tripolar  equation 

represents  a  cirde  when  2  +  m  4  »^  0,  and  a  line  when  /  +  m  +  m  «  0. 
4.  The  tripolar  equation  of  a  circle  passing  through  three  given  points  is 


X, 

r. 

z. 

1 

X, 

r, 

2r, 

1 

x; 

r; 

Z". 

1 

T", 

T"; 

z 

1 

=  0. 


(768) 
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=  0. 


(769) 


6.  The  tripolar  equation  of  a  line  through  two  giyen  points  is 

X,       r,       Z,       1 

X,     r,     r,    1 

Z",       F",      Z",      1 
1,         1,         1,        0 

6.  If /  +  m  +  fi  =  0,  prove  that  IX -^ mT  +  nZ  =  0  isadiameter  of  the 

ciroumoircle. 

7.  The  equation  of  the  ciroumoircle  is 

X,      r,      z, 

0,  c«,         i», 


0, 


a' 


0, 


1 
1 
1 
1 


=  1, 


or  aco8-4.Z+5co8J5.r+flCOsC.Z-aAff  =  0. 

The  modulus  of  this  equation  is    -  i2/2A. 

8.  The  equation  of  the  circle  on  BG  as  diameter  is 

X,      r,      z,      1 

*«,         a«,        0,        1      "    ' 

1,  1,         1,        0 

or  aX-boofiC.T-ecoaB.Z-abecoBAsiO, 

The  modulus  of  this  equation  is    -  4A. 
Compare  }  230. 

9.  The  area  of  the  triangle  formed  by  three  points  is 


(760) 


(761) 
(762) 


(763) 

(764) 
(766) 


X\ 
X'\ 

1, 


r, 


Y" 


z\ 

F",     Z"\ 
1,         1, 


1 
1 
1 
0 


-M6A. 


(766) 


s:0 


(767) 


10.  The  radical  axis  of  the  three  circles  X\K  =  F//t  =  Z/r  is 

X,      r,      z 
1,       1,       1 

Exercises  4-10  have  been  taken  from  Lucas's  Memoir  <*  Sur  les  Cooi^ 
ionndes  TripoUires,"  Mathesis,  tome  9,  page  129. 


CHAPTER    IX. 

SPECIAL  RELATIONS  OP  CONIC  SECTIONS. 

232.  If  S  ^  Oy  8'  =  0  he  the  equations  of  two  eurves^  then 
8  -  kS'  =  0  represents  a  curve  passing  through  every  point  of 
intersection  of  the  curves  8  and  8', 

This  proposition  is  a  simple  case  of  the  evident  principle  that 
the  points  of  intersection  of  two  carves  8  and  8'  must  satisfy 
the  equations  8  =  0  and  8'  =  0,  and,  therefore,  must  satisfy  the 
equation  8^h8'  =  0.     (Compare  §  30,  Cor.  2.) 

233.  The  following  are  special  cases  of  this  general 
theorem : — 

1°.  If  iS  =  0  be  any  conic,  and  8'  =  0  the  product  of  two 
lines,  8  -  1^8'  =  0  denotes  a  conic  section  through  the  four 
points,  where  8  is  intersected  by  the  two  lines  denoted  by  & ; 
for  example,  8  -  J^ap  =  0  denotes  a  conic  passing  through  the 
points  where  8  is  intersected  by  the  lines  a  =  0,  )9  =  0.  Hence, 
if  a,  P  are  tangents,  8  -  J^afi  s  0  denotes  a  conic  having  double 
contact  with  8, 

2°.  If  the  lines  denoted  by  8'  become  indefinitely  near,  8' 
may  be  denoted  by  Z',  where  Z  =  0  represents  a  line;  then 
8  -  1^1?  «  0  denotes  a  conic,  touching  8  in  each  point  where 
L  intersects  8  \  in  other  words,  having  double  contact  with  8, 
By  giving  different  values  to  ^,  we  get  different  conies,  each 
having  double  contact  with  8^  and  having  a  common  chord  of 
contact,  namely  Z  »  0.  If  the  line  Z  =»  0  intersect  8  in  two  real 
points,  8  -  }^I?  =  0  wiU  have  real  double  contact  with  8.  If 
the  line  Z  meet  8  in  two  imaginary  points — ^in  other  words,  if 

z2 
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it  doe  snot  meet  it  in  real  points — 8  -  J^L^  =  0  will  have  imaginary 
doable  contact  with.  8.  This  form  of  equation  may  also  be 
written  iS*  -  ^Z  =  0,  or  8^  +  kZ^O;  for  either  equation  cleared  of 
radicals  gives  8  -  k*Z*  =  0.  In  conic  sections  there  are  many 
instances  of  imaginary  double  contact. 

8°.  If  iS  =  0  denote  the  product  of  two  lines,  say  JCV; 
then  IfJV  -  1^1?  =  0  will  denote  a  conic,  touching  the  lines 
If  B  0,  iV  =  Oy  and  having  the  line  Z  «  0  as  the  chord  of 
contact. 

AP.  By  supposing  one  of  the  three  lines  Z,  if,  i\r  to  be  at 
infinity,  we  get  three  different  cases.  Thus  :  1^.  Let  L  be  at 
infinity,  then  L  becomes  a  constant ;  and  if  if,  i\r  be  real,  the 
equation  MN=  1^1?  will  denote  a  hyperbola,  of  which  My  iVare 
the  asymptotes.  2^.  Let  Z  be  at  infinity,  and  let  M^  i\r  denote 
the  two  conjugate  imaginary  factors  ic  +  yv^-l,  a?-y^-l, 
the  equation  MN  =  1^1?  will  represent  a  circle.  From  this  it 
follows  that  all  cirelespass  through  the  same  two  imaginary  points 
on  the  line  at  infinity.  For  the  circle  a^  ■\-y^  -t*  passes  through 
the  points  where  the  line  at  infinity  meets  the  lines  x  +  y  -^/-l 
=  0,  a?-yy^-l=0,  and  the  circle  (a:  -  a)*  +  (y  -  5)'  =  r* 
passes  through  the  points  where  infinity  meets  the  lines  {x  -  a) 
+  (y  -  ^)  v^  -  1  =  0,  («  -  a)  -  (y  -  *)  V'  -  1  =  0,  which,  since 
parallel  lines  meet  at  infinity,  will  be  the  same  points.  3^.  Let 
one  of  the  factors  if,  iV  be  a  constant,  and  let  Z  »  0  denote  a 
finite  line,  the  equation  will  be  of  the  form  px  =  y\  and  the 
curve  denotes  a  parabola.  Hence  we  have  the  important  theorem 
that  every  parabola  touches  the  line  at  infinity. 

6°.  If  i8^  =  0  be  the  product  of  two  lines,  viz.  ay  =  0,  and  8* 
the  product  of  two  others,  namely  pS  =  0,  then  8  -  k8'  be- 
comes ay  -  kpS  =  0.  Hence  ay  -  k/3S  «  0  denotes  a  conic 
passing  through  the  four  points  ap,  aS,  py,  yh  ;  in  other  words, 
it  denotes  a  circumconic  of  the  quadrilateral  formed  by  the 
lines  a,  Py  y,  8,  taken  in  order. 
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284.  In  the  equation  8  -  *»a)3  =  0  (§  283,  1°),  tf  the 
lines  a  8  0,  fi^O,  intersect  on  8,  the 
curve  8  -  k^afi  =  0  touches  8  in  the 
point  a^,  and  will  intersect  it  in  the 
points  where  the  lines  a  =  0,  /9  »  0 
meet  8  again.  For  evidently  the 
curves  have  two  consecutive  points 
common  at  the  intersection  of  the  lines 
a,  fi.  This  is  called  contact  ofthejlrst 
order.  ^^^ 

This  conic  is  represented  also  hy  [the  equation  8  -  k^yS  »  0, 
if  y  »  0  be  the  tangent  to  jS  at  the  point  afi,  and  8  =  0  the 
chord  joining  the  points  where  a,  P  meet  8  again. 

Again,  if  one  of  the  lines  a  =  0,  p  ^  0 — say  a  =  0 — touch  8 
at  the  intersection  of  a,  )3,  the  second 
point  in  which  a  meets  8  coincides 
with  the  point  a)3,  and  the  curve 
8  -  J^aP  will  have  at  the  point  aft 
three  consecutive  points  common  with 
8y  and  will  intersect  it  in  the  second 
point,  in  which  p  meets  8,  The  con- 
tact of  8  and  8  -  J^afi  in  this  case  is 
called  contact  of  the  second  order ,  and  8  -  Ii^ap  is  said  to  oscu- 
late  8. 

EZBBOISBS. 


denotes  a  conic  OBCulating  the  ellipse  —%'^js^—^^^  ^^  the  point  sf^, 
we  make  the  coefficient  of  xy  vanish,  we  get 


If 


and  if  we  determine  h  so  that  the  coefficient  of  i^  s  coefficient  of  y\  we.get 
the  oecnlating  circle  at  «V-    ^^  9upra  (783). 
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2.  The  cireiimconicy)?^  +  ffya  +  hafi  is  osculated  at  the  point  a$  by  the 
®^°  f0y\-ffya-\'hafi-{ffi+ga){la  +  mfi)=^O.  (768) 

3.  Thia  result  holds  for  tangential  equations. 
Thus,  if  2  sffAP  -^  ffr\  +  h\fi, 

then  2  -  (^X  +/ai)  {l\  +  m/t)  =  0,  (769) 

represent  a  conic  osculating  2  on  the  side  opposite  the  summit  r. 

Lastly — Let  the  lines  a  =»  0,  p  =  0  coincide  with  each  other, 
and  with  the  tangent  to  8 ;  then 
the  product  afi  becomes  a',  and 
the  two  conies  will  have  four  con- 
secutiye  points  common,  which 
is  the  highest  order  of  contact 
that  two  conies  can  have.  This 
is  called    contact    of  the  third 

order ;  and  the  equations  of  two  conies  which  have  this  species 
of  contact  will  be  of  the  forms  S  =  0,  8  -  J^a?  =  0,  where  a  is  a 
tangent  to  8,  It  is  evident,  from  §  233,  2^,  that  the  equations 
of  conies  having  double  contact,  are  the  same  in  form,  and  that 
one  changes  into  the  other,  when  the  chord  of  contact  becomes 
a  tangent. 

235.  The  following  examples  will  illustrate  the  foregoing 
principles  : — If  8  ^  ax^  ■{■  2hxy  +  hy*  +  2gx  =  0,  8  -  ^afi  b  aV 
+  2h'xif  +  hy  +  2y'a?  =  0,  the  lines  a  =  0,  /8  =  0  will  be  the  two 
factors  of  the  expression  (o^'-  a'^)  «*  +  2  (^'-  h'g)  xy  +  (i/-  h'g)  y* 
»  0,  got  by  eliminating  the  terms  of  the  first  degree.  Now, 
if  one  of  these  lines  coincide  with  the  tangent  at  the  origin,  we 
must  have  :r  as  a  factor,  which  requires  that  the  coefficient  of  y* 
vanish.  Hence,  if  the  conies  oaF  +  2hxy  4  ^^  +  2gx  -  0, 
«'«*  +  2h'xy  +  5'y'  +  2g*x  =  0  osculate  at  the  origin,  h^  =  Vy. 
Thus,  if  the  circle  a;*  +  y'  +  2xy  cos  u»  -  2rx  sin  cd  =  0  osculate 

g 

tu^  +  2hxy  +  hy'^  +  2gx  =  0,  we  must  have  r  =  -  r- ^ — »  and  this 
^       '        ^  dsincu 

is  the  value  of  the  radius  of  curvature  of  8  at  the  origin.  If  the 
condition  hg*  e  Vg  be  fulfilled,  the  fourth  point  common  to  the 
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two  conies  will  be  the  point  distinct  from  the  origin,  in  wMch 
the  line  {af  -  «»  a:  +  2  W''h'g)y^  0  meets  8.^  This  will  also 
coincide  with  the  tangent  at  the  origin  if,  in  addition  to  the 
condition  h^  =  h'g,  the  coefficients  of  8^  8'  fulfil  the  condition 
A/  =  A'y,  and  the  conies  will  have  at  the  origin,  contact  of  the 
third  order.  Thus  the  parabola  h?a^  +  2lhxy  +  ^^  +  2hgx  ^  0 
has  contact  of  the  third  order  at  the  origin  with  8, 

Cor. — The  radius  of  curvature  at  the  origin  is  the  same 
for  the  conic  aa^  +  2hxy  +  3^^  +  2gx  =  0  as  for  the  parabola 
hy^  +  2gx  =  0. 

236.  If  in  the  equation  8  -  J^I?  =  0  (§  283,  2°)  8  denote  a 
circle,  we  get  the  following  theorem  : — The  locus  of  a  point,  such 
that  the  tangent  from  it  to  a  fixed  eirele  is  in  a  constant  ratio  to  its 
distance  from  a  fixed  line,  is  a  conic  having  double  contact  with  the 
circle  ;  the  contact  will  be  real  when  the  line  L  cuts  8  \  imaginary 
when  it  does  not.  In  this  case,  if  we  suppose  8  to  reduce  to  a 
point,  we  get,  evidently,  the  focus  and  directrix.  Hence  we 
have  the  following  definition : — The  focus  of  a  conic  is  an  infinitely 
small  circle,  having  imaginary  double  contact  with  the  conic,  the 
directrix  being  the  chord  of  contact. 

Def. — A  circle  8  having  double  contact  with  a  conic  is  called 
by  Obaves,  a  focal  circle,    (HsBiciiTHZNA,  vol.  vi.,  1888.) 

237.  If  the  focus  be  made  the  origin,  the  equation  (§§  173, 

188)  is  of  the  form  x^  +  y»t=  ^A  or  («  +  y  \/^^  («  -  y  \/-^) 

SB  (kZy,  showing  that  the  imaginary  lines  x  +  y  y/-  1  =  0, 

x-y  v^-  1  =  0  are  tangents  to  the  curve.    But  a?  +  y  y/-  1 

=  0,  «  -  y  y/~  1  ■=  0,  are  (§  233,  4°)  the  lines  from  the  origin 
to  the  cyclic  points.  If  we  denote  these  points  by  /  and  J,  we 
see  that  the  joins  of  either  focus  to  /  and  J  are  tangents  to 
the  curve.  Hence,  all  confocal  conies  are  inscribed  in  the  same 
imaginary  quadrilateral,  the  six  summits  of  which  are  the  two 
cyclic  points,  the  two  real  foci,  and  two  imaginary  points  on  the 
conjugate  axis,  called  aktifoci. 
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238.  If  ]Sy  S'  be  the  tangential  equations  of  any  two  conies, 
then  2  -^2' =0  is  the  tangential  equation  of  any  conic  touching 
the  four  common  tangents  of  2  and  2'. 

In  particular,  if  for  2'  we  substitute 

X*  +  /A»  +  i^ -2/*v  cos^  - 2v\  cos  j5- 2X/A cos  Ca  O  =  0, 
which  denotes  the  cyclic  points,  then 

2  -  itO  =  0  (770) 

is  the  tangential  equation  (§  237)  of  all  conies  confocal  with  2. 

239.  CmcLE  OF  Cubtatube. — To  construct  the  dreU  ofowroa- 
ture  at  any  point  P  {afy')on  a  central  conic. 

Let  QR  be  the  polar  of  P  with  respect  to  the  orthoptic  circb 
of  the  conic,  and  let  the  normal  at  P  meet  QR  in  R ;  then  B^ 


the  Bym6trique  of  R  with  respect  to  P  is  the  centre  of  curva- 
ture. 

Bern. — Let  the  conic  be  an  ellipse  referred  to  CP,  and  the 
tangent  at  P  as  axes ;  then  if  a',  h'  denote  the  semidiameter  CP 
and  its  semiconjugate  the  equation  of  the  ellipse  is  a^ja^-k-y^j!^ 
+  2a?/a'  =  0.  Hence,  §  235,  if  p  denote  the  radius  of  curva- 
ture at  P,  we  have  p  «  h'^ja'  sin  w ;  .-.  a'*  +  pa'  sin  «  «=  a"  +  i** 
=  a«  +  J*  =  C7P  .  CQ,  since  QR  is  the  polar  of  P  with  respect  to 
the  orthoptic  circle.    Hence  p  sin  co  =>  PQ ;  ,\  p  =  PR. 
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Cor.  1. — If  p  be  the  perpendicular  from  the  centre  on  the 

tangent  at  P, 

p  =  h^/p  for  p'^af  em  ©.  (771) 

Cor.  2.—P  =  J^/o*.  (772) 

Observation. — In  the  case  of  the  parabola,  the  orthoptic  circle 
becomes  a  line  (the  directrix),  and  the  polar  of  a  point  P  with 
respect  to  it  is  a  parallel  line  twice  as  far  from  P.  Hence  the 
intercept  on  the  normal  at  P  between  the  parabola  and  the 
directrix  is  equal  to  half  the  radius  of  curvature  at  P.  Com- 
pare §  167. 

240.  To  eonstruet  the  chord  of  osculation  at  P. 

Let  CiT,  NP  be  the  co-ordinates  of  P;  make  (7if  =  -  2(7JV; 


CL^"  2NP.    Join  LM^  intersecting  the  ellipse  in.Q ;  then  PQ 
is  the  chord  of  osculation  at  P, 

Dem. — ^If  a,  jS,  y,  8  be  the  eccentric  angles  of  four  concyclic 
points  on  an  ellipse  a  +  )8  +  y+8  =  0or  2»»^.  Hence,  if  a,  )3,  y 
be  the  points  where  the  circle  osculating  at  P  meet  the  ellipse 
a  =  /8  «  y ;  therefore  8  =  -  3a.  Hence,  if  X,  F  be  the  co-ordinates 
of  the  point  where  the  chord  of  osculation  meet  the  ellipse  again, 

Hence  X/«'  +  Yjy'  +  2  =  0;  (773) 

and  this  is  eyidently  the  equation  of  ZiV,  if  we  suppose  XF  to 
be  current  co-ordinates.    Hence  the  proposition  is  proved. 
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Cor.  1. — Since  the  circle  of  carvature  at  P  passes  tbrouglx  P 
and  Q  and  has  its  centre  in  the  normal  at  P,  we  have  the  fol- 
lowing construction.  Let  the  line  which  hisects  PQ  perpendi- 
cularly meet  the  normal  in  R ;  then  the  circle  whose  centre  is 
R  and  radius  RP  is  the  circle  of  curvature. 

Cor,  2. — The  chord  PQ  is  the  sym6trique  of  the  tangent  at  P 
with  respect  to  the  ellipse. 

Cor,  3. — ^The  equation  of  iPQ  is 

X  cos  aja  -  y  sin  ajh  =  cos  2a.  (774) 

241.  Through  any  point  ap  in  the  plane  ofaeonie  eon  he  drawn 
four  chords  of  osculation,  and  the  points  of  osculation  on  the  conic 
are  coney  die.  (NstTBEBG.) 

Dem. — ^Writing  the  equation  (774)  in  the  form 

a»       *»       a>      h^       ' 
we  get  by  substituting  afi  for  xy  and  removing  accentS; 

which  represents  a  hyperbola  through  the  points  of  osculation. 
Now,  if 

8  +  kH=  0  is  the  general  equation  of  a  conic  passing  through 
the  points.  If  we  put  X  =  <^/(a*  +  3'),  we  get  after  an  easy 
reduction  the  circle 

««+y«-<u?-)3y  +  i(a«  +  J»)f5+^-  A-0.   (776) 

Cor.  1. — If  the  circle  whose  diameter  is  the  join  of  the  point 
aP  to  the  centre,  be  denoted  by  (7,  and  the  polar  of  the  point 
aft  by  P,  then  (776)  may  be  written 

C7+i(fl»  +  i»)P=0.  (777) 

Hence,  the  radical  axis  of  the  circle  through  the  points  of 
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osculation  and  the  circle  whose  diameter  is  the  join  of  the  point 
aP  to  the  centre  is  the  polar  of  the  point  aj3  with  respect  to  the 
ellipse. 

Cor.  2. — If  the  point  a^  coincide  with  P{x'y')  (see  fig. 
§  240),  the  equation  (776)  becomes 

«2+  y»-  a^  -  yy''ti{a^-\-V'){xsifla^+yy'IV  -  1)  =  0.    (778) 

Hence,  since  this  circle  passes  through  oify'  it  meets  the  conic 
in  three  other  points,  and  we  have  Steinbr's  Theohev. 

Through  any  point  P  on  a  conic  can  he  described  three  circles  to 
osculate  the  conic  elsewhere,  and  the  points  of  osculation  and  P  are 
eoncyclic. 

Cor.  3. — The  circle  (778)  may  be  written 

^^^^a'^ic'i^^^-  1^  =  0.  (779) 

Hence,  it  passes  through  the  points  of  intersection  of  the  circle 
jj^  +  y*  -  a'  =  0,  that  is  the  circle  on  the  transverse  axis  with 
xa^/a*  -  yy^/h*  -1  =  0,  or  the  symetrique  of  the  tangent  at  the 
given  point  with  respect  to  the  transverse  axis.  I  have  called 
(778)  Steiner's  Circle.  The  proof  in  §  241  is  due  to  Professor 
Neuberg,  and  the  form  in  (779)  to  F.  Pubseb,  f.t.c.d. 

Cor,  4. — If  the  eccentric  angle  of  Q  be  a,  the  eccentric  angle 
of  P  will  be  either  -  ia,  -  ia  +  120*=*  or  - ia  +  240°.  Hence,  if 
Q  be  given,  P  has  three  positions  whose  mean  centre  coincides 
with  the  centre  of  the  ellipse. 

242.  If  we  compare  the  equation  of  Steiner's  Circle  (778) 
with  Joachimsthal's  Circle 

x^+  y'-^  xx'  +  yi/ -  u{xx'la'+  yy'/*'  + 1)  =  0,      (549) 

where  «  s  a*  +  i'^/y'  ^h^+  a^h/x^, 

we  find  they  will  be  identical  if  we  change  the  signs  of  a/,  y' 
and  make  h  ^  e^x'j^a^,  it  =  -  c^y'l2li^.  Hence,  we  have  the  fol- 
lowing theorem : — If  from  any  point  P  of  an  ellipse  or  hyperbola 
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he  described  three  oireles  osculating  the  curvCy  the  point  diametriealfy 
opposite  to  P  and  the  three  points  of  osculation  are  the  feet  of  four 
concurrent  normals  to  the  curve. 

Cor,  1. — If  through  the  point  a/f/  on  an  ellipse  be  described 
three  osculating  circles,  the  normals  at  the  points  of  osculation 
meet  in  the  point 

a?  =  -c2^/2a?,    y  =  «»y'/2^.  (780) 

Cor.  2. — If  a?iyi,  a?,^,,  x^y^  be  the  points  of  osculation  of 
circles  through  a/i/, 

a?i  +  a?»  +  «8«0,    yi+y,  +  yi  =  0,  (781) 

aV «  4aria:a4       ^V  =  ^yiy.y,.  (782) 


1.  ProTO  the  following  constniction  for  the  centre  of  ouryatuie  at  a 
point  Pof  a  conic.  Let  S  be  tbe  focus,  G  the  foot  of  the  normal.  Erec^ 
OK  at  right  angles  to  FQ,  meeting  SP  in  K,  then  KL,  perpendicular  to  8P, 
meets  FO  produced  in  the  centre  of  curvature. 

2.  Find  the  equation  of  the  circle  of  curvature  at  the  point  ^  of  «*/a^ 
+  y»/«»-l=0. 

The  co-ordinates  of  the  centre  are  (640)  ^  cofiV/<i)  ~  ^sin'^/d,  and  the 
radius  is  (769)  V^jab.    Hence,  the  circle  is 

{X  -  f^co^^la)^  +  (y  +  c»sin»^/*)»=  (*'»/«*)'. 
or 

»«  +  jr*  -  2<j»«'a?/tf*  +  2cyM**  +  «'*  -  2*'*  =  0.  (788) 

3.  Six  oscuiating  dreUs  of  a  ffivm  eonie  can  he  deteribed  to  cut  a  given  circle 
orthogonally. 

For  the  condition  that  the  circle  (783)  cuts  the  circle  x>  +  y*  +  2i:3;  +  2my  +  if 
orthogonally  is  (254) 

-  2fo»af'V«*  +  2mcy^lb^  -  [a^  -  2b'^)  -  n  =  0, 

and  this,  by  an  easy  reduction,  and  by  omitting  accents,  gives  the  cubic 

2fc»«»/«*  -  2ii«J»y»/A*  +  3x»  +  3y»  -  (2a»  +  2A»  -  n)  «  0,      (784) 

which  cuts  the  conic  in  six  points. 

A  particular  case  of  this  theorem  is  that — Through  any  point  in  thepUme 
of  a  eonie  eon  be  deteribed  eix  osculating  eirelee  of  the  eonie,  A  theorem  first 
given  in  the  Author's  Bieireular  Quarties,  1869. 
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4.  The  centres  of  the  six  circles  of  Ex.  3  lie  on  a  conic. 
Expressing  that  the  osculating  circle  whose  centre  is  afi  and  radius  r  cuts 
:c'  +  y^  +  22a;  +  2my  +  »  »  0  orthogonally,  we  get 

2/a  +  2mj8  +  «  +  a*  +  i3»  -  r»  =  0.  (1) 

But  from  Ex.  2  we  have  a  =  ^^cosV/^^i    /3  «  -  ^  an^<plb, 

a»  +  ^»  -  r*  =  (a«  -  2ft»)  cos*4»  +  (ft»  -  2a«)  sin«^.  (2) 

Hence, 

aV  +  b^fi^  =  <?*  (1  -  3  8in»^  cos»4>). 

Hence  from  (1)  and  (2)  we  ohtain 

{2fc  +  2ffii3  +  n)»  -  («»  +  «*) (2;o  +  2fni8  +  n)  -  3  (flV -I- **i3«)  +  «*+ 4*  -  <^*»  =  0, 

(786) 
which  proves  the  theorem. 

6.  II  in  (786)  we  put  /=-«',  ma-/,  n=  x^  +  y**,  we  get  Malbt's 
Thbobjbm,  that  the  centres  of  the  six  osculating  circles  which  pass  through  a 
giyen  point  x'y'  lie  on  a  conic. 

6.  The  general  equation  of  a  conic  osculating  the  ellipse  at  the  point  ^, 
and  passing  through  the  point  of  intersection  of  the  ellipse,  and  osculating 
circle  is 

js»x»  +  aV  -  a*i*  +  X  («» + y«  -  2c2a^ap/a*  +  2(j2y' V/**  +  «**  -  2*'»)  =  0. 

(786) 

7.  If  A  =  2a*^/(a*  +  i*)  in  (786),  we  get  a  hyperbola  whose  asymptotes  are 
parallel  to  the  equiconjugate  diameters  of  the  ellipse.  The  locus  of  the 
centre  of  this  hyperbola  is 

(2*«)»  +  (2ay)*  =  (4a*)i.  (787) 

8.  The  locus  of  the  centre  of  the  conic  (786)  is  the  hyperbola 

xy  ~h  sin'  ^,x~a  cos'  <^  .p  =  0,  (788) 

9.  The  locus  of  the  centre  oi  xy  —  h  sin'  ^  .x  —  a  cos*  ^ .  y  is 

{hx)^  +  (ay)\  =  {ab)i,  (798) 

10.  The  chord  of  intersection  of  the  ellipse  and  the  hyperbola 

xy  -h  sin' p,x-a  cos'^ . y  =  0    is    xjs^  +  yjy'  +  1  =  0.      (790) 

11.  Prove  that  the  envelope  of  (790)  is  the  curve  (789),  and  that  its  point 
of  contact  with  its  envelope  is  the  sym^trique  of  the  centre  oixy  —  b  sin'^ .  x 
—  a  cos'  ^ .  y  s=  0  with  respect  to  the  centre  of  the  ellipse. 
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12.  Prove  that  the  focal  chord  of  curyature  at  any  point  of  a  conic  is  equal 
to  the  focal  chord  of  the  conic  parallel  to  the  tangent  at  the  point. 

13.  The  power  of  the  point  9  on  af»/a«  +  y*/*'  -1  =  0,  with  reepect  to  the 
circle  osculating  it,  at  the  point  ^  is 

40*  sin}  (0  +  34»)  sin3}  (0  -  4»).  (791) 

For,  substituting  a  cos  9,  6  sin  0  in  equation  (783),  which  may  be  written 

«'  +  y*  -  2<j'  cos»^ . aj/a  +  2«"  sin*^ . y/&  -  } (fl*  +**)+  -r-  cos 2^, 
we  easily  get 

-  {cos  20  +  8  cos  2^  -  4  cos'^  co60  +  4  sin*^  sin  0} 
=  ^  {cos'0  -  COS*  ^  +  2  cos'^  (oos^  —  COS0)  -  2  sin'^  (sin^  -sin0)} 

=  40^  sini(0  +  3^)  sin'}  (0  -  9). 

14.  If  8u  ^t>  8%  be  the  osculating  circles  at  a,  jS,  y  (Ex.  18),  then  the 
equation  of  the  conic  may  be  written 

5i*+^l  +  ^8l=o.    (R.  A.  E0BBRT8.)    (792) 
Make  use  of  equation  (791). 

Double  Contact. 

243.  We  haye  seen,  in  §  233,  2^,  that  conies  whose  equa- 
tions are  of  the  forms  ^  =  0,  ^  -  Z'  »  0  have  doable  contact, 
and  that  Z  =  0  is  the  chord  of  contact.  Now,  Z  may  meet 
8  in  real  coincident  or  imaginary  points.  Hence,  there  are 
three  species  of  double  contact,  viz. :  (1)  real  and  distinct  points 
of  contact;  (2)  coincident  points  of  contact,  called /our-^^atn^tio 
eontaet  or  hyperosctUation ;  (3)  where  the  points  of  contact  are 
imaginary. 

244.  To  find  the  equation  of  a  eonie  having  double  eontaet  with 
two  given  coniee  S,  iS'. 

Let  a,  )3  be  a  pair  of  common  chords  of  S,  S',  such  that 
8  -  S'  -  ap.    Then  h  being  any  constant, 

ife*a»  -  2*  (iS  +  ^')  +  iS*  =  0  (793) 
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represents  a  conic  having  double  contact  with  8  and  8\  Tor  it 
may  be  written  in  either  of  the  forms 

{hi  +  py  -  4k8  =  0,   (;feo  -  fiy  -  4k8'  =  o. 

Since  £  is  of  the  second  degree,  through  any  point  can  be  drawn 
two  conies  having  double  contact  with  8  and  8',  for,  substitut- 
ing the  co-ordinates  of  the  point  in  (793),  we  have  a  quadratic 
in  k,  and  since  8,  8'  have  three  pairs  of  common  chords,  there 
are  three  such  systems.  If  one  of  the  conies  8,  8'  be  a  line 
pair,  there  are  only  two  systems  of  touching  conies,  and  if  8,  8' 
both  denote  line  pairs,  there  is  only  one  system. 

Cor.  1. — If  the  conic  (793)  be  denoted  by  (7,  we  infer  that 
ka  +  fi,  ka  -  fi  are  its  chords  of  contact  with  8,  8' ;  but  these 
form  a  harmonic  pencil  with  a,  fi.  JSimce,  if  two  conies  8,  8' 
have  each  double  oontaet  with  a  third  conie  (7,  their  chords  of  con^ 
tact  form  a  hcmnonie  pencil  with  a  pair  of  their  common  chords. 

Cor.  2. — If  8,  8^  each  denote  a  line  pair,  they  form  a  qua- 
drilateral circumscribed  to  C ;  the  lines  a,  fi  will  be  its  diagonals, 
and  the  chords  of  contact  the  diagonals  of  any  inscribed  quadri- 
lateral. JBence  the  diagonals  of  amy  qttadrilateral  eireumscrihed  to 
a  conie,  and  of  the  corresponding^  inscribed  one^  form  a  harmonic 
pencil. 

245.  If  three  conies  have  each  double  contact  with  afourthy  their 
six  common  chor deform  the  sides  of  a  quadrangle. 

For,  let -the  conies  be  8  -  L^,  8-I^y  8-1^-,  then  their 
common  chords  are  three  line  pairs,  L^-L^^O,  L^  -  L^  =  0^ 
Li^  -  L^  =s  0,  which  form  the  four  triads  of  concurrent  lines 

1j\  =  L^  =s  Jjz  \    —  Xi  =  Ij%  =  X3 ;    —  X]  «s  Ij\  =  Xg ;    —  L^  =  Ii\  =  L%. 

(794) 

Cor, — If  8  -  Zi*,  8  -  Za*,  8  -  L^^  each  denote  a  line  pair, 
they  form  a  circumhezagon  to  8.  The  chords  of  intersection 
will  be  its  diagonals,  and  we  have  Bbianchon's  Thsobeh. 

The  diagonals  connecting  opposite  summits  of  a  cireumhexagon 
of  a  conic  are  concurrent. 
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246.  If  three  eonics  have  each  double  contact  with  a  fourth^ 
their  twelve  points  of  intersection  lie  six-by-six  on  four  conies. 

Dem. — ^From  the  identities 

S+LiL2  +  ZiL^  +  i)»Xi  s  iS-Zi*  +  (Zi  +  Z3)  (Xj  +  Z^) 
=  6'-Z,«+(A  +  Z3)(Z,  +  Z0-iS-Z3»  +  (Z3  +  Xi)(Zs  +  Z») 

we  infer  that  the  conic  8  +  ZiZ,  +  Z2ZS  +  Z3Z1  passes  through 
the  points  of  intersection  oi  8  -  Li\  8  -  Zj',  with  the  chord 
Zi  +  Z, ;  also  through  the  points  common  to  iS  -  Zj,  8-Z^  with 
Z3  +  Zs,  and  the  points  where  8  -  Zs*,  8  -  Li*  meet  the  chord 
Zs  +  Z],  and  hy  obyious  changes  of  sign  we  get  three  other 
conies. 


1.  The  general  equation  of  a  conic  haTing  double  contact  with 

i^+2;*  +  lP  =  0    is    iS+(icose  +  ifsma)«  =  0.        (796) 

2.  The  equation  of  a  conic  toudiing  the  sides  of  a  standaid  quadrilateral  is 

A«o«  -  ;fe  (a«  +  /5»  -  72)  +  /8«  =  0.  (796) 

For  the  discriminant  is  the  product  of  the  four  factois,  a  ±  $  ±  y. 

3.  If  S,  S*  denote  circles,  and  k  any  constant,  S^  ±  8^^  =  *y  h  denotes  a 
conic  haying  double  contact  with  each.  If  8,  8'  denote  point  circles,  this 
gives  the  yector  property  of  the  foci. 

4.  If  two  conies  have  double  contact,  any  arbitrary  conic  through  the 
points  of  contact  will  meet  them  again  in  poiDts  whose  joining  chords  inter- 
sect on  the  chord  of  contact. 

The  conies  being  written  in  the  forms,  /9  »  0,  8—  L^  =  0,  8  —  LiL%  =  0, 
the  proposition  is  evident. 

6.  If  an  ellipse  touch  the  asymptotes  of  a  hyperbola,  two  of  its  common 
chords  with  the  hyperbola  are  parallel  to  the  chord  of  contact,  and  equidis- 
tant from  it. 

6.  If  a  variable  conic  having  double  contact  with  a  fixed  conic  pass 
through  two  fixed  points,  the  chord  of  contact  passes  through  one  or  other 
of  two  fixed  points. 
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HTPEEOSCULlTIOir. 

247.  If  the  Une  L  in  the  equation  8  -  Z^  touch  8,  then 
8-  J?  =  0  denotes  a  eonio  having  four  pointic  eontaet  with  8,  or 
as  it  may  he  said,  hyperosculates  it.  Fiedler's  Tbaitslatiok  of 
Salmoit,  bth  edition,  page  441. 

Through  every  point  of  a  eonie  may  be  described  a  parabola 
whieh  hyperoseulates  it  at  the  point. 

For,  since  through  any  four  points  may  be  described  two 
parabolse,  if  the  points  be  consecutiye,  the  proposition  is  evident. 
One  of  the  paraboke  will,  iu  this  case,  be  the  square  of  the  tan- 
gent jT*,  the  other  will  he  8  -  kl^  =  0.  The  condition  that  this 
denotes  a  parabola  will  determine  the  value  of  k.  Thus,  for  the 
conic  (fl,  b,  c,  /,  g,  h)  (x,  y,  1)'  the  tangent  at  a/y'  is 

{ax^  +  ^  +  y)  «  +  {ha/  +  by"  +/)  y  +  gxf  +fy'  +  tf  «  0, 

or,  say  b?  +  my  -f  n.  Then,  if  i8^  ~  k!P  =  0  be  a  parabola,  we  get 

k^{ab-  h^)l(am'  +  bP^  2Mm). 

More  generally,  through  every  point  on  a  conic  may  be  described 
a  conic  hyperosculating  it,  and  touching  a  given  line.  Similarly, 
through  every  point  on  a  conic  may  be  described  an  equilateral 
hyperbola  hyperosculating  it. 


1.  Find  the  equationB  of  the  parabola,  and  of  the  equilateral  hyperbola 
which  hyperosculateB  aa^  +  2hxy  +  ^  +  2ffx  =  0  at  the  origin. 

2.  Through  any  two  pointa  in  the  plane  of  a  conic  can  be  described  four 
conies  to  hyperosculate  it. 

3.  If  a  variable  ellipse  hyperosculate  a  fixed  ellipse  at  the  extremity  of 
the  minor  axis  the  locus  of  the  foci  is^  circle  whoee^diameter  is  equal  to  the 
radius  of  curvature. 

4.  If  ^1,  8%,  Si  have  contact  of  the  first  order  with  each  other  two-by-two, 
and  if  each  hyperosculate  S,  the  triangle  formed  by  their  points  of  contact 
with  each  other  is  inscribed  in  the  triangle  formed  by  the  points  of  hyper- 

T 
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oeculation,  and  in  penpectiye  with  it,  and  also  in  perspectiTe  with  Hia 
triangle  f  oimed  by  the  tangents  at  the  points  of  hyperosculation .  (Cboftoit .) 

Let  8siPt?+  m^0*  +  nV  -  2/»ia/3  -  2mnfiy  -  2nlya  =  0 

inscribed  in  the  triangle  of  reference  be  written  in  the  three  f  onna 

{la  +  m)3  -  ny)*  -  iltnafi  =  0,     (mjS  -\-ny-  /a)'  -  4mn^7  as  0, 

(«7  +  /a  -  w/3)*  -  inlya, 

then  the  conies  8i,  82,  S3  will  be    S-\-Al*a?f   8  +  4m*/3*,   8 + in^y  respeo- 
dvely,  and  the  proposition  is  evident. 

Foci. 

248.  We  have  seen  (§  236)  that  a  focus  of  a  conic  is  an 
infinitely  small  circle  having  imaginary  double  contact  with 
it.  Hence,  if  afy'  be  a  focus,  the  circle  {x  -  a?')'  +  (y  -  /)*  «  0 
has  double  contact  with  it,  hut  {x  -  xfy  +  (y  -  y')*  is  the  product 
of  the  isotropic  lines  (a:  -  «')  ±  »  (y  -  y')  =  0.  Therefore  each 
of  these  lines  touches  the  conic.  Hence,  to  find  the  foci  of 
(a,  J,  <?, /,  ^,  h)  (a?,  y,  1)'  we  are  to  find  the  condition  that 
{x  +  iy)  -  (a/  +  ty )  e  0  touches  it ;  in  other  words,  to  substitute 
1,  f  and  -  (a/  +  f/)  for  X,  /x,  v  in  the  tangential  equation 
{A,  B,  Cy  Fy  G,  H)  (X,  ft,  v)"  =  0,  we  get,  after  omitting  accents, 
equating  real  and  imaginary  parts  to  zero,  equations  which, 
after  a  slight  reduction,  become 

((7a?  -  G)*  -  {Cy  -  i?*)*  =  A  (a  -  h),  (797) 

(C7a?-(?)(Cy-i?0  =  AA.  (798) 

when  A  denotes  the  discriminant  of  (a,  5,  c,/,  y.  A)  (a?,  y,  1)'. 

Since  the  conies  (797),  (798)  intersect  in  four  points  we  see 
that  every  conic  has  four  foci ;  only  two,  however,  are  real : 
these,  as  we  know,  are  on  the  transverse  axis.  The  imaginary 
foci,  called  also  antifoci,  are  on  the  conjugate  axis. 

GBA.VE8'  ThBORBM. 

249.  If  two  tangents  he  drawn  to  an  ellipse  from  any  point  of  a 
oonfocal  ellipse^  the  excess  of  the  sum  of  the  tangents  over  the 
intercepted  wrc  of  the  inner  ellipse  is  constant. 
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I>em.~Let  PS,  PS' ;  QT,  QT  be  tangents  to  the  inner 
ellipse  from  two  consecutive  points  PQ  on  the  outer  ellipse, 
and  let  PR^  Q  T  be  perpendiculars  on  QT,  PS\    Then,  since 


TR  may  be  regarded  as  the  continuation  of  ST,  PES  may  be 
considered  as  an  isosceles  triangle.      Hence  PS=  ST-h  TRj 

but  QT=TR  +  RQ,     ..  PS-QT^JST^RQ; 

similarly,       PS  -  QT'  «  PF-  Sr  ^RQ^  ST' 

(since  the  infinitesimal  triangles  PRQ,  QFP  are  equal  in  eyery 
respect).     Hence,  by  addition, 

{PS  +  PS')  -  {QT+  QT')  =  ST-  S'T  «  SS'  -  TT, 
.-.    SP^^PS'-'SS'^TQ-^QT^TT, 

and  the  proposition  is  proved. 

Cor.  1.— If  a  string  of  given  length,  PSWS'P,  held  tight  at 
P,  be  partly  in  contact  with  a  given  ellipse,  and  enclosing  it,  the 
locus  of  P  is  a  conf  ocal  ellipse. 

Cor.  2. — If  two  eonfooal  paraboke  have  their  axes  in  the  same 
direetfony  and  if  from  any  point  of  the  outer  tangents  he  draum  to 
the  inner,  the  excess  of  the  sum  of  the  tangents  over  the  intercepted 
arc  is  constant. 

Cor.  3. — If  from  any  point  of  the  outer  of  two  oonfocal  hyper- 
hola  tangents  he  drawn  to  the  inner,  the  excess  of  the  sum  of  the 
tangents  over  the  intersected  arc  is  constant. 

t2 
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M'Cullagh's  A2n>  Ghasles'  Thbobeic. 

250.  If  two  tangmti  PT,  PT  he  drawn  to  an  ellipse  from  any 
point  P  of  a  confoeal  hyperbola,  the  difference  of  the  ares  TK,  KT' 
into  which  the  hyperhola  divides  the  arc  of  the  ellipse  between  the 
points  of  contact  is  equal  to  the  difference  between  the  tangents  PT, 
PT. 

The  proof  is  an  obyious  modification  of  the  demonstration  of 
Graves'  Theorem. 

Cor.  1. — In  the  same  manner  it  follows  that  if  from  any  point 
Pofan  eUipsSy  tangents  PT,  PT'  be  drawn  to  the  same  branch  of 
a  confoeal  hyperbola,  the  difference  of  the  arcs  TK,  KT  into  which 
the  ellipse  divides  the  hyperbola  between  the  points  of  contact  is 
equal  to  the  difference  between  the  tangents  PT,  PT'. 

Cor.  2. — If  two  parabola  have  a  common  focus  and  axes  in  oppo- 
site direction,  that  is,  if  they  cut  orthogonally,  and  if  from  any 
point  P  of  either  tangents  be  drawn  to  the  other,  then,  as  before,  the 
difference  of  the  arcs  is  equal  to  the  difference  of  the  tangents. 

251 .  Fagk ant's  Thbobeic. — An  elliptic  quadrant  may  be  divided 
into  parts  whose  difference  is  equal  to  the  difference  of  the  semi- 
axes. 

Draw  tangents  AD,  BD  at  the  extremities  of  the  axes,  and 
through  their  intersection  L  describe  a  confoeal  hyperbola,  cut- 
ting the  elliptic  quadrant  AB  in  K  such  that 

AK"  KB^AD-'BB^a-b. 

Cor.  The  co-ordinates  of  JTare 

{<!»/(«  + a)  j»,     {«•/(«  +  >))».  (799) 

252.  If  a  polygon  circumscribe  a  conic,  and  if  all  the  summits 
but  one  move  on  confoeal  conies,  the  locus  of  that  summit  will  be 
a  confoeal  conic. 

It  will  be  sufficient  to  prove  this  proposition  in  the  case  of  a 
triangle,  as  the  proof  for  the  triangle  can  be  extended  to  the 
polygon. 
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Let  AB  Che  a  triangle  inscribed  in  a  circle  X ;  then  {Sequel  ti., 
sect,  y.,  Prop.  12),  if  the  envelopes  of  two  sides  of  ABC  be 
coaxal  circles,  the  enyelope  of  the  third  side  is  a  coaxal  circle. 
Now,  let  0  be  one  of  the  limiting  points,  and  describe  circles  about 
the  triangles  CAB,  OBC,  OCA ;  let  their  centres  be  a,A',B\ 
then  {Sequel  yi.,  sect,  v.,  Prop.  8,  Cor.  4)  the  envelopes  of  these 
circles  are  circles  concentric  with  X,  and  the  loci  of  their  centres 
C*f  A\  B'  are  conies  whose  foci  are  0  and  the  centre  of  X ;  that 


is,  they  are  confocal  conies.  Also  since  the  lines  OA^  OB^  OC 
are  bisected  perpendicularly  by  the  sides  of  the  triangle  A'B'C, 
that  triangle  is  circumscribed  to  a  conic  whose  foci  are  0  and 
the  centre  of  X.    Hence  the  proposition  is  proved. 

The  foregoing  demonstration,  without  reciprocation  or  infini- 
tesimals, was  first  given  by  the  author  in  a  letter  to  the  late 
Bev.  Professor  Townsend,  f.b.s.,  in  the  year  1858. 

EZSB0ISB8. 

1.  If  a  conic  have  double  contact  with  two  others  which  have  the  same 
focus  and  directrix,  the  chords  of  contact  pass  through  the  focus  and  are 
perpendicular  to  each  other. 

2.  From  any  point  P  on  an  outer  confocal  tangents  are  drawn  to  an 
inner ;  prove  that  the  conic  through  P,  having  the  points  of  contact  as  foci, 
either  hyperosculates  the  outer  confocal  or  cuts  it  orthogonally. 
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8.  In  the  case  of  hyperosoulation,  Ex.  2,  proye  that  the  latus  rectum  is 
oonstant. 

4.  A  conio  is  described  touching  a  fixed  conic  at  any  point  F  and  passing 
through  its  foci,  Fy  F*;  proye  that  the  pole  of  FF'  with  respect  to  this  conic 
will  he  on  the  normal  at  P,  and  will  he  the  centre  of  cunrature  if  the  conies 
osculate. 

6.  If  a  parabola  haye  double  contact  with  a  giyen  ellipse,  and  haye  its 
axis  parallel  to  a  giyen  line,  the  locus  of  its  focus  is  a  hyperbola,  confocal 
with  the  ellipse,  and  haying  one  asymptote  in  the  giyen  direction. 

6.  If  an  ellipse  haye  double  contact  with  each  of  two  confocals,  the  tan- 
gents at  the  points  of  contact  form  a  rectangle. 

7.  If  an  equilateral  hyperbola  hyperosculate  a  giyen  parabola,  the  locus 
of  its  centre  is  an  equal  parabola. 

8.  The  centre  of  curvature  at  any  point  of  a  conic  is  the  pole  of  the  tan- 
gent at  the  same  point  with  respect  to  a  confocal  passing  through  it. 

9.  Two  paraboleB  osculate  a  circle  at  the  same  point  and  meet  it  again  in 
the  points  P,  F* ;  proye  that  the  angle  between  their  axes  is  one-fourth  of 
that  subtended  by  FF*  at  the  centre  of  the  circle. 

SlMILAB  CONICS. 

253.  Def. — Two  figwTM  Fi,  Ft  are  said  to  he  homothetie  when 
radii  vectors  from  any  point  of  Fi  are  proportional  to  the  parallel 
vectors  from  the  homologous  point  of  F^. 

Two  conies  being  given  by  their  general  equations  it  is  re- 
quired to  find  the  conditions  of  being  homothetie. 

The  equations  of  both  conies  being  referred  to  their  centres  as 
origin,  they  will  be  of  the  forms 

aa^  +  2Ary  +  If  =  Cy    aV  +  %h'xy  +  jy  =  d, 
or  in  polar  co-ordinates 

p*  =  e\{a  cos*tf  +  2A  sin  0  cos  ^  +  5  sin'^), 
p'»=  if\{al  coB^tf  +  2A'  sin  e  cos  »  +  5'  sin»tf), 

and  in  order  that  the  ratio  p :  p'  may  be  independent  of  0  it  is 
eyident  that  we  must  have 

ajaf'^hlh'^hlh'.  (800) 
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Car.  1. — If  two  conies  liaye  their  highest  terms  the  same 
they  are  homothetic. 

Cor.  2. — If  one  of  the  common  chords  of  two  conies  he  at 
infinity  they  are  homothetic. 

Cor.  h. — Homothetic  conies  cannot  intersect  in  more  than  two 
finite  points. 

Cor.  4. — If  iS  B  0  he  the  equation  of  a  conic,  8-kL=Q  where 
Z  is  a  lint,  denotes  a  homothetic  conic. 

254.  If  'he  conies  he  similar  hut  not  homothetic  it  is  plain 
that  if  the  ixes  of  co-ordinates  for  one  he  tnmed  round  through 
a  certain  aigle,  the  new  coefficients  a,  A,  h  will  he  proportional 
to  the  old  coefficients  a!j  A',  V.  Suppose  this  done,  and  that 
they  heoone  kaf^  hh\  kh';  then  from  the  property  of  inyariants, 
we  have  for  rectangular  axes 

Hence,  eliminating  k  the  required  condition  is 

(a  +  byiiah  -  A»)  ^{af  +  hJHalV  -  h!^).        (801) 

Sinilarly,  if  the  axes  he  ohlique, 

(r+  3  -  2A  cos  o))V  {ah  -  A«)  =  (a'  +  J'  -  2h!  cos  o)')"/  {a'V  -  h!^). 

(802) 
(or.  1. — Similar  conies  have  equal  eccentricities. 

tr.  2. — ^All  paraholsd  are  similar. 

br.  3. — If  two  hyperholaB  he  similar,  their  asymptotes  make 
equL  angles. 


]  If  three  conies  have  two  points  common  their  three  common  chords 
^dth  do  not  pass  through  either  of  these  points  are  concuirent. 

.  If  three  conies  be  homothetic  their  finite  common  chords  are  con- 
corent. 

\.  If  three  conies  be  homothetic  their  six  centres  of  simiUtade  are  the 
oposite  Tertices  of  a  complete  quadrilateral. 
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4.  If  any  line  cut  two  conoentrio  and  homothetic  conios  the  interoept 
made  on  it  between  the  oonica  are  equal. 

5.  If  a  tangent  at  any  point  P  of  the  inner  of  two  concentric  and 
homothetic  conies  meet  the  outer  in  the  points  T,  T^  then  anj  chord 
of  the  inner  through  P  is  half  sum  of  the  parallel  chords  of  tie  outer 
through  r,  T. 

6.  If  A,  A'  be  the  discriminants  of  the  equations  of  two  simlar  conies, 
then  a/a'  is  equal  to  the  square  of  the  ratio  of  similitude. 

7.  If  two  equal  parabols  have  different  yertices  but  coincident  axes  they 
hyperosculate  at  infinity. 

8.  If  the  equations  of  two  conies  differ  only  by  a  constant  they  hare 
double  contact  at  infinity.  Hence,  concentric  circles,  and  alo  concentric 
and  homothetic  conios  haye  double  contact  at  infinity. 

Pascal's  Theobsic. 

255.  The  intersections  of  three  pairs  of  opposite  sides  ofi  hexagon 
inscribed  in  a  conic  lie  on  a  line.   {The  FascaPs  line  of  the  ^xagonJ) 

Dem. — ^Let  tlie  Bummits  of  the  hexagon  be  denoted  b}  1, 2,  3, 
4,  5y  6,  and  their  lines  of  connexion  by  Zia,  Z^,  '&c.,  then,  ance 
the  conic  circumscribes  the  quadrilaterals  1234,  4561  its  eoia- 
tion,  §  233,  5^,  may  be  written  in  the  forms  Li%L^  -  ZnLiA  '  0, 
Ztf  Xei  -  Zs^Lii  s  0.  Hence  the  expressions  ZuLti  -  Zi^L^u  tid 
Zii  (Zn  -  Zse)  are  identical.  Hence  Zi%L^  -  If^Zn  »  0  deuces 
two  lines,  but  it  also  denotes  a  conic  circumscribed  to  the  qa.- 
drilateral  whose  summits  are  the  points  1,  4 ;  Z12 .  £4^ ;  Z34 .  2^  ; 
but  Zi4  is  the  diagonal  through  the  summits  1,  4.  Hete 
Ln  -  Zm  must  pass  through  the  summits  L^.L^n]  Z94 . ^j. 
Now,  Zs3  -  Zw  =  0  denotes  a  line  through  the  intersection  >f 
L^  and  Zm,  and  we  have  shown  that  this  passes  through  te 
intersection  of  Zi,  with  Z45,  and  of  L^  with  Z^i.  Hence  t^ 
proposition  is  proved. 

Cor.  1. — The  Pascal's  line  is  Zas  -  Zm  =  0. 

Cor.  2. — ^Pascal's  Theorem  holds  for  each  of  the  sixty  hexagon, 
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which  can  be  fonned  by  taking  the  points  123456  in  different 
orders  of  sequence. 

Cor,  3. — Since  the  conic  circumscribes  the  quadrilateral  2366 
its  equation  may  be  written  in  the  form  Lul*»  -  I*nL^  =  0, 
and  its  identity  with  LitL^  -  L^Li^  gives  Xi,Zm  -  L^^  =  Zj, 
(Xi4  -  Zse).  Hence  we  infer  that  the  intersections  of  opposite 
sides  of  the  hexagon  143652  lie  on  the  line  X^  -  X^  »  0,  and  by 
comparing  the  identities  X^k  •  Xj,  -  X^Xge  =  0,  and  X^ftX^i  -  Xg^X^ 
a  0,  we  infer  that  the  opposite  sides  of  163254  lie  on  X14  -  X^ 
=  0,  but  the  lines  X14 «  Xa  =  Xse  are  concurrent.  Hence  we  have 
Steiksb's  Theobbh.  The  PaseaPs  lines  of  the  three  hexagons, 
123456, 143652,  I63254y  formed  by  interchanging  the  even  numbers 
2,  4,  6,  are  concurrent. 

Cor.  4. — ^a  hexagon  123456  he  inscribed  in  a  come,  the  three 
triangles,  each  formed  by  a  pair  of  opposite  sides ,  such  as  LuLm, 
and  the  diagonal  Xm  through  the  remaining  points  are  in  porspee^ 
tive  and  have  a  common  centre  of  perspective.  It  is  easy  to  see  that 
this  is  another  statement  of  Steikeb's  Theorem. 

M'Cat's  EzTEzrsioir  of  Fexhsbbaob's  Theobem. 

256.  If  a  conic  whose  foci  are  colUnear  with  the  circumeentre  be 
inscribed  in  a  triangle,  the  auxiliary  circle  of  the  conic  touches  the 
nine-points  circle  of  the  triangle. 

Let  FF'  be  the  foci,  0  the  circumeentre,  A',  W,  C  the  middle 
points  of  the  sides,  and  let  the  line  FF*  make  angles  Ai,  Bi,  C^ 
with  the  sides  of  ABC.  Now,  if  iS  be  any  circle,  the  condition 
that  it  touch  the  nine-points  circle,  that  is,  the  circumcircle  of 
A'WC,  is  by  my  extension  of  Ptolemy*s  Theorem, 

where  8^  denotes  the  power  of  the  point  A*  with  respect  to  8 ; 
but  if  iS  be  the  auxiliary  circle  it  is  the  pedal  circle  of  the 
points  FF*,  and  it  is  easy  to  see  that  8^^-  OF.  OF'  cot^Ai,  &c. 
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Hence,  by  substitution  the  condition  of  contact  becomes 
a  COB  Ai  +  h  cobBj  +  c  cos  Ci  =  0,  or  the  sum  of  the  projections  of 
the  sides  of  the  triangle  on  the  line  FF'  =  zero,  which  is  true. 
Hence,  &c. 

If  we  suppose  FF'  to  be  the  antif  oci  the  proposition  becomes 
the  following: — ^  the  minor  axis  of  a  eonie  inserihed  in  a 
triangle  pass  through  the  eircumcentre,  the  circle  described  on 
the  minor  axis  as  diameter  touches  the  nine-points  circle  of  the 
triangle. 

This  remarkable  proposition  is  given  by  Mr.  M'Cay,  in  a 
Memoir  on  '*  Three  Similar  Figures,"  Transactions  of  the  Royal 
Irish  Academy,  vol.  xxiz.,  1889. 


KI80EI.LA2!rBOXrS  EXBB0I8BS  OV  OHAPTBB  IZ. 

1.  The  cbord  of  curvature  through  the  centre  of  an  ellipse  is  equal  to 

2J'«/«'-  (803) 

2.  The  focal  chord  of  curvature  at  any  point  of  a  conic  is  equal  to  the 
focal  chord  of  the  conic  parallel  to  the  tangent  at  the  point. 

3.  The  focal  chord  of  curvature  at  any  point  of  a  conic  is  double  the  har- 
monic mean  between  the  focal  radii  of  the  point. 

4.  If  PF*  be  points  on  confocal  ellipses  having  the  same  eccentric  angle, 
prove  that  the  sum  of  the  tangents  drawn  to  the  inner  from  the  point  P  on 
the  outer  is  equal  to  the  chord  of  the  outer  which  touches  the  inner  at  P'. 

6.  If  a  circle  and  a  conic  osculate  at  P,  and  if  the  osculating  tangent  and 
their  common  tangent  intersect  in  Q,  then  a  conic  confocal  to  the  given  conic 
passes  through  the  points  P  and  Q. 

6.  Find  the  lengths  of  the  axes  of  the  conic  (a,  h^  e,  /,  ^,  h)  [z,  y,  1)'. 
Transferred  to  the  centre  as  origin  this  becomes 

ax*  +  2A«y  +  V  +  A/^=  0- 

Now,  if  the  auxiliary  circle  be  «'  +  y'  -  r'  «  0  it  has  double  contact  with 
the  conic.    Hence 

(ar»  +  A/C)««  +  2Af««y  +  (3r*  +  A/(?)  jr*  =  0, 


Special  Relations  of  Conic  Sections.  331 

irhioh  muBt  be  a  perfect  square.   Hence  tlie  squares  at  the  semiazes  are  the 
roots  of  the  quadratic  in  f^ 

^V*  +  («  +  b)  CAr^  +  A*  =  0.  (804) 

7.  If  {a,  b,  e,f,  fff  A]  («,  y,  1)^  =  0  be  an  ellipse,  its  area  is 

»A/(i.  (806) 

8.  The  locus  of  points  on  a  system  of  confocal  conies,  the  osculating 
circles  of  which  pass  through  a  focus  is  a  circle  of  which  the  foci  are  inverse 
points. 

9.  If  a  variable  conic  hyperosculate  a  fixed  conic,  and  touch  its  directrix, 
the  chord  of  contact  passes  through  the  focus  of  the  fixed  conic. 

10.  If  a  system  of  conies  have  a  common  focus  and  directrix,  the  locus  of 
points  whose  osculating  circles  i>ass  through  the  focus  is  a  parabola. 

(F.  PURSSR.) 

11.  If  from  a  fixed  point  0  a  tangent  OThe  drawn  to  one  of  a  system  of 
confocal  conies,  and  a  point  P  taken  on  it»  such  that  OF.  OTib  constant, 
the  locus  of  P  IB  an  equilateral  hyperbola.  (J.  Pubsbr.) 

12.  If  the  base  of  a  triangle  and  its  vertical  angle  be  given,  the  locus  of 
its  symmedian  point  is  an  ellipse  having  double  contact  with  the  circum- 
circle. 

13.  If  the  conic  a/3  =  ky*  touch  the  circumcircle  of  the  triangle  of  refe- 
rence, the  point  of  contact  is  on  one  of  the  symmedian  lines  of  the  triangle. 

14.  If  a  triangle  be  circumscribed  to  a  conic,  and  two  of  its  summits 
move  on  a  confocal  conic,  the  third  summit  and  the  point  of  contact  on  the 
oppoatd  side  lie  on  a  confocal. 

15.  A  circle  touching  an  ellipse  passes  through  its  centre ;  prove  that  the 
locus  of  the  foot  of  the  perpendicular  from  the  centre  on  the  chord  of  inter- 
section is  a  concentric  and  homothetic  ellipse. 

16.  If  a  variable  triangle  of  given  species  has  its  summits  on  three  lines 
given  in  position,  show  that  its  circumcircle  has  double  contact  with  a  given 
conic. 

17.  Given  five  tangents  to  a  conic,  show  how  to  find  their  points  of  oon- 
taot.    [Make  use  of  Brianchon's  Theorem.] 

18.  Given  five  points  on  a  conic,  show  how  to  construct  it  by  points. 
[Make  use  of  Pascal's  Theorem.] 

19.  Given  five  points  on  a  conic,  show  how  to  draw  the  tangents  at  these 
points. 
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20.  If  the  alternate  sides  of  a  Pascal's  hexagon  he  produoed  to  meet,  their 
points  of  intersection  form  the  summits  of  a  Brianchon's  hexagon,  and  if 
the  alternate  sides  of  a  Brianchon's  hexagon  he  produced  to  meet,  their  points 
of  intersection  form  the  summits  of  a  Pascal's  hexagon. 

21.  If  6^  =  0  he  the  equation  of  a  conic,  find  the  equation  of  a  homothetic 
conic  passing  through  three  giyen  points. 

22.  Pairs  of  tangents  are  drawn  to  a  conic  8  parallel  to  pairs  of  conjugate 
diameters  of  a  conic  8\  proTO  that  the  locus  of  their  points  of  intersection 
is  a  conic  homothetic  with  5'. 

23.  A  tziangle  is  descrihed  ahout  a  conic  S,  and  inscrihed  in  a  oonfocal 
conic  S' ;  prove  that  the  osculating  circles  at  the  points  of  contact  of  the  sides 
are  tangential  to  the  fourth  common  tangent  of  8  and  one  of  the  circles 
touching  the  sides.  (E.  A.  Robs&ts.) 

[Make  use  of  the  theorems  of  the  ExeroxBl^  6,  15.  The  method  of  proof 
thus  indicated  ia  due  to  Mr.  M'Cay.] 


CHAPTER    X. 

THE  GENEKAL  EQUATION— TKILINEAE  CO-ORDINATES. 

257.  Asofhold's  Notaiioit. — 1°.  In  this  notation,  a  point  is 
denoted  by  a  single  letter,  and  its  trilinear  co-ordinates  by  the 
same  letter,  with  suffixes.  Thus  the  point  x  is  the  point  whose 
co-ordinates  are  Xi,  x%y  x^, 

2^.  The  trilinear  equation  of  a  right  line,  viz.  OiXi  -k-OtXt 
+  Osd^s  B  0,  is  denoted  by  ^  =  0,  the  x  being  a  suffix  to  a. 

8^.  The  general  equation  of  the  n*^  degree  is  denoted  by 
tf,*  a  0  ;  that  is,  by  {oi^i  +  <h^  +  (H^zYy  where  after  the  invo- 
lution Ox^  is  replaced  by  the  coefficient  of  Xi^  in  the  given  equa- 
tion na^^  02  by  the  coefficient  of  Xi^^  ^,  &c.  Thus  the  conic 
OiiXi*  -¥  OnXj^  ■¥  <in^'+  ^^2^1^  +  ^^^i^t  +  ^(hi^^i  "  0  is 
denoted  by  {Oi^i  +  0%^  +  (h^Yy  ^^  ^»  =  0-  It  is  evident  that 
in  this  notation  the  symbols  01,  Os,  Og  have  no  meaning  of  them- 
selves for  curves  of  the  second  or  higher  degree,  until  the 
involution  is  performed. — Salhok's  Algebra^  4th  edition,  p.  314 ; 
Glebsch,  Th»ori$  der  Btndren  Algebraeseh&n  Form&n, 

4^.  Any  non-homogeneous  equation  in  two  co-ordinates  may 
be  transformed  into  a  homogeneous  equation  by  tlie  substitutions 
^1  -r  Xt,  Xi  -f  a?8  for  the  variables  and  the  clearing  of  fractions. 

258.  Several  well-known  results  assume  a  very  simple  form 
when  expressed  in  Ajronhold's  notation.  We  shall  merely 
state  them  here,  as  they  present  no  difficulty. 

1^.  Joachucsihal's  equation  (399),  which  gives  the  ratio 

in  which  the  join  of  the  points  ^,  s  is  divided  by  the  conic 

a^  «  0,  is 

a/  +  2*fly .  a.  +  ;t*a.»  =  0.  (806) 
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2°.  The  equation  of  the  polar  of  the  point  y,  with  respect  to 

a,»  =  0,  is 

a«.ay»0.  (807) 

3°.  The  condition  that  y  and  z  may  be  conjugate  points  with 

respect  to  a,*  =  0,  is 

fly .  a.  =  0.  (808) 

4?.  The  equation  of  the  pair  of  tangents,  from  the  point  y  to 
a*  es  0,  is 


DlSCBimNAllT. 

259.  To  find  the  eondttton  thai  a^ »  0  ma/y  represent  a  line 

pair, 

Jla,^  =  0  represent  a  line  pair,  the  polar  of  the  points  1,  0,  0; 
0,  1,  0 ;  0,  0,  ly  with  respect  to  it  will  pass  through  the  double 
point,  that  is  the  lines  8ij  82,  ^s,  or 

aiia?i+«uar,+  i»,s«8=0 ;  atiXy-^  aM«yf  flM«8=0 ;  «aiiri+  (i»«a+  OnXz^O 

are  concurrent,  and  eliminating  Xi^  x%y  x^  we  find  the  required 
discriminant 


<»11> 

^129 

tfis 

<»2l, 

(hh 

^ 

<»81> 

«»> 

(ha 

0.  (810) 


Def. — The  minors  of  this  determinant  are  denoted  hy  An,  A^, 
&c.  Hence,  Ai,  A^^  &c.,  have  no  meaning  by  themselves  until 
the  expressions  in  which  they  occur  are  expanded.  This  will 
be  plain  from  §  260. 

Cor.  By  solving  any  two  of  the  equations  Si^O,  8^  =  0^  /8s a  0, 
we  get  the  co-ordinates  of  the  double  points,  namely, 

Xi' :  a?/ :Xi'  ::  AaiAfgi  Aa  (1  =  1,  2,  3).        (811) 
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Tanoiential  EarATioKS.  ' 

260.  To  find  the  pole  of  the  line  \,-^  with  respect  to  a/  »  0. 
Let  y  be  the  pole,  then  the  polar  of  y,  that  is 

If, .  a^  «  0,  (807) 

must  be  identical  with  X.  «  0.    Hence,  comparing  coefficients^ 

(hi  Vi  +  «i»ya  +  ^isys  =  ^1, 

«2iyi  +  ««aya  +  «My3-A„    (i) 

Otiyi  +  a»ys  +  OnVt «  A,. 
Prom  which,  if  A  denote  the  discriminant,  we  get 

Similariy,  Ay,  =  -4aX^,     Ay8  =  -4,X^.  (812) 

If  the  line  \,  or  XiXx  +  A^a?,  +  XgiPs  =  0  touch  a^  =  0  the  point 
of  contact  will  be  its  pole,  and  will  therefore  be  on  the  line  and 

• 

substituting  in  X,  »  0  the  values  (812),  we  get  the  tangential 
equation,  viz.,  -4^*  =  0.  (813) 

Cer.  1.  The  tangential  equation  or  the  equation  in  line  co- 
ordinates is  obtained  from  that  in  point  co-ordinates  by  writing 
Aiy  At,  -4s  for  Oiy  a,,  a,,  and  Xj,  X,,  X^  for  x^  «i,  x^. 

Cor.  2. — Since  y  is  the  pole  X,,  =  0,  if  X,  =  0  touch  a,'  =  0  we 
have  Xiyi  +  X^y,  +  Xjyj  =  0 ;  hence,  eliminating  yi,  y,,  y,  be- 
tween this  and  the  equations  (1),  we  get  the  tangential  equations 
in  determinant  form,  viz., 


* 

«n> 

«»> 

Xx 

«8I) 

Ob, 

On, 

X, 

Ouf 

(hZf 

«38, 

X, 

K 

A., 

K 

0 

=  0. 


(814) 


This  determinant  expanded  or  A)?  <=  0  shall  be  denoted  by 
2  =  0.    Hence  2  »  0  is  the  tangential  equation  of  iS  =  0. 


336     The  General  Equation — Trilinear  Co-ordinates. 


Car.  3. — ^If  the  pole  of  the  A«  »  0  be  on  the.  line  fi»  a  0  we 
have  fti^i  +  f^y,  +  yi^y^  s  0,  and  eliminating  we  get 


<hi> 

«»» 

«1S| 

Ai 

^i> 

^) 

023, 

A. 

«81> 

^> 

(hAi 

A. 

/*!» 

/*«» 

fhf 

0 

=  0, 


(815) 


(816) 


which  expanded  is  equal  to  Ax^Af^^O. 

Hence  Ax .  Af^,  «=  0  is  the  condition  that  the  lines  A^,  fi^  may 
be  conjugate  with  respect  to  the  conic  aj  =  0. 

Cor.  4. — The  differentials  of  Aj^  with  respect  to  Ai,  As,  At  are 
the  point  co-ordinates  of  the  pole  of  A«  with  respect  to  a.*  »  0, 
just  as  the  difEerentialB  of  a«'^=  0  with  respect  to  Xi,  x%\  x%  are 
the  line  co-ordinates  of  the  polar  of  the  point  xf  with  respect 
to  a." «  0. 

261.  To  find  the  equation  of  the  point  pair  in  which  the  line 
\J=0  intersects  the  eonie  a/  =  0. 

Let  A»"  =  0  be  any  other  line,  then  if  A,'  +  h\J'  touch  aj  «=  0 
we  get  substituting  A/  +  ^i",  V  +  hkg',  X^'+kX^"  for  Xj,  X,,  A« 
in  the  tangential  equation  -4a'*  +  2ifeX'^ .  X"^  +  Ax''*  =  0.  Now, 
since  this  is  a  quadratic  in  k,  we  see  that  through  the  intersection 
of  the  lines  X^'^^O,  X."BOcanbe  drawn  two  tangents  to  a«'  «  0, 
but  if  X,'  ss  0,  XJ'  =  0  intersect  on  a^  =  0  the  two  tangents  coincide, 
and  the  equation  in  A  is  a  perfect  square.  Hence,  omitting  the 
double  accents,  the  equation  of  the  point  pair  is 

^/'.A»-(Ay.A^)»-0. 
Cor. — The  equation  (817)  in  determinant  form  is 


(817) 


*ll» 

All* 

Aui 

Al, 

A, 

««1 

Out 

Omi 

V, 

X, 

«M> 

«»> 

Oa» 

V, 

A. 

V, 

V, 

V 

K 

A.. 

A. 

-0. 


(818) 
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Observation. — The  bordered  determinants  (814),  (815),  (818) 
are  written  by  Clebsch 


(x)   U)   (x-  x) 


respectiyely.    See  Cubic  lyansformatioM,  page  4. 

262.  If  aj  B  0,  V  «  0  be  two  conies,  it  is  required  to  find  the 
loons  of  the  poles  with  respect  to  a«'  s  Q,  of  tangents  to  3«'  »  0. 

The  polar  of  the  point  y,  with  respect  to  ei«'  »  0,  is 

{aiXi  +  fljir,  +  «,«,)  (fliyi  +  fl,y,  +  Oiy.)  =  0 ; 
or  putting  Fi  «  fliiyi  +  tfuya  +  ^hsya,  &c. 

And  the  condition  that  this  should  be  tangential  tobj  ^0  is 
(^iFi  +  -»,r,  +  -5,F,)«  =  0,  or  B/  =  0.         (819) 

263.  In  the  general  trilinear  equation  aa*  •)■  2Aa)8  +  bfi^  +  2fPy 
■¥  2gya  +  ^  »  0,  to  explain  the  geometrical  signijication  of  the 
vanishing  of  a  coefficient. 

1°.  The  yanishing  of  the  coefficients  of  the  squares  of  the 
yariables  has  been  fully  explained  in  §  113. 

2^.   Wlien  the  coefficients  of  the  products  vanish. 

Suppose  the  coefficient  h,  for  example,  to  yanish,  then  the 
equation  becomes  aa?  +  bjS*  +  ^  +  2/^y  +  2gya  =  0.  Now,  this 
will  meet  the  line  y  s  0  in  the  two  points  where  the  lines 
aa?  +  b/i^  a  0  meet  y  »  0  ;  that  is,  in  two  points  which  are 
harmonic  conjugates  to  the  points  where  the  lines  a  a  0/  )9  •  0, 
meet  y.  Hence  we  haye  the  following  theorem : — J^  in  the 
general  equation  the  coefficient  of  the  product  of  ang  two  variables 
vanish,  the  third  side  of  the  triangle  of  reference  is  cut  harmonicallg 
by  the  other  sides  and  the  conic. 

Cor.  1. — 11  the  coefficients  of  all  the  products  yanish,  each 
side  of  the  triangle  of  reference  is  cut  harmonically  by  the  conic. 
In  other  words,  the  triangle  of  reference  is  autopolar  with 
respect  to  the  conic. 

z 
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then  we  have 


(820) 


This  may  be  shown  otherwise.    Let  the  conic  be 

W  +  m^p*  -  nV  =  0, 

(ny  +  la)  [ny  -  fc)  =  «i*j3*. 

Hence  ny  +  2a,  ny  -  /a  are  tangents,  and  P  is  the  chord  of  con- 
tcKjt,  which  proves  the  proposition. 

Cor.  2.— Any  point  on  the  conic  Pa?  +  m»j8»  -  nV  =  0  will  be 
common  to  the  lines  denoted  by  the  system  of  determinants 

loLy  mfij  ny, 

cos^,         sin  ^,         1, 

each  equated  to  zero,  which  may  be  called  the  point  ^  on  the 

conic. 

Car.  3.— The  equation  of  the  join  of  the  points  ^  +  ^,  ^  -  ^ 

is 

fa,  mp,  ny, 

cos  {^  +  \lf%      sin  (^  +  ^),       1,      =  0, 

cos  (i^  -  ^),       sin  {if/  -  ^),       1 

or  la  cos  iff  +  »»)S  sin  ^  -  ny  cos  i//  -  0.  (821) 

Hence  the  equation  of  the  tangent  at  the  point  ^  is 

la  cos^  +  mP  sin^  -  ny  »  0.  (822) 

^^.  4. — ^The  co-ordinates  of  the  point  of  intersection  of  tan- 
gents at  i^  +  i//,  ^-V^,  are 

cos  ^     sin  1^     cos  ij/ 


I 


m 


n 


(823) 


Cor.  5. — The  equation  of  a  conic  referred  to  a  focus  and 
directrix  is  «•  +  y*  -  {ey)\  where  y  =  0  denotes  the  directrix. 
Hence  it  is  a  special  case  of 

W  +  !»*/?  -  ny  «  0. 
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1.  Find  the  yalues  of  /,  m,  «,  in  order  tliat  Pa?  +  in*/3*  +  n^  s  0  maj 
represent  a  circle. 

Ant.  ^  s  rin  2A^    m'  «  sin  2J?,    «*  >■  sin  2(7. 

2.  If  the  conic  Pti?  +  m'iB'  +  i't'  =  0  passes  through  a  fixed  poini,  three 
other  points  on  it  are  determined.  The  points  which  form  with  the  giren 
point,  a  standard  quadrangle. 

3.  Find  the  condition  that  the  join  of  the  points  ^  +  ^'i  ^  *-  f'  should 
touch  the  conic  /'V  +  m'«i3»  +  «'V  =  0- 

P  cos*  ^     w?  sin*  ^     «•  cos'  i>' 

4.  Find  the  co-ordinates  of  the  pole  of  the  line  X«  «  0,  with  respect  to 
the  conic 

From  equation  (812)  it  is  seen  that  the  co-ordinates  of  the  pole  are  the 
differentials  of  the  tangential  equation  of  the  conic,  with  respect  to  Ai,  Xt,  Xs, 
respectively.    But  the  tangential  equation  of  the  given  conic  is 

/lAsAs  +  ^XsAi  +  /sXiAs  B  0. 

Hence  the  required  co-ordinates  are 

Xi  =  1%K%  +  /3A1,     X%  =  ^1  +  /iXs,     SPt  «=  /|Ai  +  JiK\. 

Since  these  remain  unaltered  when  AiXsXs  are  interchanged  with  liklit  ^® 
see  that  the  pole  of  Ar  with  respect  to 

is  also  the  pole  of  h  with  respect  to 

V  AiXi  +  v^Aaafi  +  ^Aaa^  =»  0. 
6.  The  centre  of  the  oonie 

a/aij?!  +  V^A»»»  +  V  Asd^  =  0 

is  the  pole  of  A«  =  0  with  respect  to  the  conic  which  touches  the  sides  of  the 
triangle  of  reference  at  their  middle  points. 
6.  Find  the  locus  of  the  pole  of  A«  =  0  with  respect  to  the  conic 

\/S«i  +  V^S«a  +  \/^,  =  0 
z2 
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being  givea  that  tlie  oonio  fulfils  another  condition,  such  as  to  touch  a  giyen 
line,  say  Lm  »  0. 
Solying  the  equations  in  Ex.  4,  ^i,  ^,  ^  are  proportional  to 

Now,  if  Zm  touch  the  conic,  we  have 

'i       ^      ^      ^ 
—  +  --+  —  =  0. 
Zi     Xs     Xs 

Hence  the  required  locus,  omitting  accents,  is  the  right  line 
Ai  (Ai«4  +  Aao^  l^ifO  .  A8(Aag8+Aiagi~A«J?«) 


Xi 


+  ^s(Xia?i  +  Aa^-A3ara)  ^  ^  ^g26) 

•*4 


7.  The  triangles  formed  by  three  given  points,  and  their  polars  with 
respect  to  any  conic,  are  in  perspective. 

Dem.— Let  y,  e,  ir,  be  the  angular  points  of  the  original  triangle ;  their 
polars  with  respect  to  a*'  «=  0,  are  a* .  Oy,  a^ .  as,  a« .  a^,  respectively ; 
and  the  equation  of  the  join  of  y  to  the  intersection  of  the  polars  of 
s  and  w  is 

with  two  similar  equations  for  the  other  lines  of  connexion;  and  these, 
when  added,  vanish  identically.    Hence,  &c. 

8.  It  is  required  to  determine  when  the  general  equation 

«a«  +  bfi^  +  <J7»  +  2Aoi8  +  2f$y  +  2ffya  =  0 

represents  an  ellipse,  a  parabola,  or  a  hyperbola.  If  we  eliminate  y  between 
this  and  the  equation 

asin^+i3sin3  +  7BinO'»0, 

which  represents  the  line  at  infinity,  and  if  the  resultiog  equation  in  a,  3 
be  the  product  of  two  real  factors,  it  will  be  a  hyperbola ;  if  the  product  of 
two  imaginary  factors,  it  will  be  an  ellipse ;  and  ifa  perfect  square,  it  will 
be  a  parabola.  In  this  way  we  find  it  to  be  an  ellipse,  a  parabola,  or  a 
hyperbola,  according  as 

^  sin*ul +^8inSi^+ t7Bin<C7+ 2J'8in3sin(7+2678in(7sin^  +  2Xrsin^  Bin^ 
is  positive,  cero,  or  negative. 
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9.  If  the  condition  of  Ex.  3  be  fulfilled,  what  is  the  looos  of  the  pole  of 
the  join  of  the  points  ^-h^',  i^  —  ip'  ? 

Denoting  the  co-ordinates  of  the  pole  by  x,  y^  §,  from  equation  (823)» 
we  have 

Ix  B  cos  ^,    my  s  sin  ^^    nzss  cos  ^'. 

Hence,  from  (824),  we  get 

This  conic  is  the  polar  reciprocal  of  Ha'  +  tn'^0^  +  n*^'  »  0,  with  respect 
to  Pa' + m«i8» + nV  =  0.  Hence  the  polar  reciprocal  of  aV  +  b'fifl + c V = 0, 
with  respect  to  oa*  +  J/S*  +  tfy*  =  0,  is 

10.  Find  the  condition  that  the  line  Aa  +  /i/3  +  r/  =  0  will  touch  the 
conic  Pa»  +  m«i8»  -  nV  =  0. 

Comparing  \a -{■  fi$  +  yy  ^  0  with  equation  (822),  and  eliminating  iff,  we 

get  the  required  condition 

X»      a»       »^ 

^+^«~.  (828) 

Hence,  if  one  tangent  to  the  conic  Pa'  +  m'/S*  «  n^  be  given,  three 
others  are  determined.  The  giyen  tangent  and  the  three  others  form  a 
standard  quadrilateral. 

11.  If  the  chord  in  Ex.  3  passes  through  the  point  a',  /S*,  7',  the  locus  of 
its  pole  is 

Pa  a  +  m^fiTfi  +  fi'7'7  =  0.  (829) 

12.  The  locus  of  the  pole  of  any  tangent  to  the  conic  o^,  with  respect 

to  «i'  +  Xi*  +  «j*  «  0,  is 

A^  »  0.  (830) 

13.  Find  the  equation  of  the  orthoptic  circle  of  the  conic 

oa'  +  b0*  +  <J7»  =  0. 
If  4^  +  ^',  4^  -  4^'  be  the  parametric  angles  of  the  points  of  contact  of  two 
rectangular  tangents,  then  the  condition  of  perpendicularity  will  give  us 
the  required  result,  after  eliminating  if^,  ifr'  by  means  of  the  co-ordinates  in 
equation  (823),  and  putting  a,  b,  e  for  P,  m',  -  n'  ;  thus  we  get 

a{b-\'e)a^  +  b(c  ■{- a)  0* -^  c  {a -^  b)  y*  +  2be  cob  A  .$y  +  2cacMB.ya 

+  2a5  cos  (7. 03  8  0.  (831) 
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14.  Thfi  locua  of  the  centre  of  a  oonio  inscribed  in  the  triangle  of  refe- 
i«noei  and  passing  through  the  circnmoentre,  is 

:X  V8in2^(i3sin^-f  7sin(7-asin^)  «  0.  (832) 

16.  If  the  inscribed  conic  pass  through  the  orthooentre,  the  locus  is 


2Vtan^()SsinJ9  +  7sinC-asinul)B0.  (838) 

264.  lb  diseuii  the  equation  afi  »  y*. 

This  is  the  special  case  of  the  last  proposition,  when  the 
coefficients  of  the  products  fiy^  ya  vanish,  and  also  the  co- 
efficients of  a\  ^.  The  form  of  equation  (§  233,  3^)  shows 
that  a,  P  are  tangents,  and  y  their  chord  of  contact.  If  in 
the  equation  aj3  »  y*  we  put  a  =  y  tan  ^,  ^  =  y  cot  ^,  the  equa- 
tion is  satisfied.  Hence  the  co-ordinates  of  any  point  on  the 
curve  may  be  represented  by  tan  ^,  cot  ^,  1.  This  point  wiU 
be  called  the  point  ^. 

265.  The  equation  of  the  join  of  two  points  ^,  ^'  is  the 
determinant 

tan  0,     cot  ^,       1,      s  0, 
tan  01,    cot  01,      1 

tan  <t>  +  tan  <f>i     cot  0  +  cot  0i  "  '^'  ^      ' 

Cor.  1. — 11  tan  0  +  tan  0i  be  constant,  the  join  of  the  points 
0,  01  passes  through  a  given  point. 
For  writing  the  equation  (834)  in  the  form 

a+  P  tan  0  tan  0i  -  y  (tan  0  +  tan  0i)  s  0 

it  represents  a  line  through  the  intersection  of 

a  -  y  (tan  0  +  tan  0i)  »  0  and  )3  «  0  ; 

that  is,  through  a  fixed  point  on  fi.  In  like  manner,  if 
cot  0  +  cot  01  be  given,  it  passes  through  a  fixed  point  on  a ; 
and  if  the  product  tan  0 .  tan  0i  be  given,  it  passes  through  a 
fixed  point  on  y. 

Cor.  2. — ^The  tangent  at  the  point  0  is 

«  cot  0  +  )3  tan  0  B  2y.  (835) 


or 
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Cor.  3. — ^The  tangents  at  <l>,  ^i  interaeot  on  the  line 
a  -  ^  tan  ^  tan  4n,  got  by  eliminating  y  between  their  equa- 
tions. Hence,  if  tan  ^ .  tan  ^i  be  constant,  the  tangents  at 
^,  ^1  intersect  on  a  fixed  line  passing  through  the  point  a^. 
In  like  manner,  it  may  be  shown  that  if  tan  ^  +  tan  ^  be  con- 
stant, the  tangents  meet  on  a  fixed  line  passing  through  ya, 
and  if  cot  ^  +  cot  ^  be  constant,  on  a  fixed  line  through  )3y. 

Car.  4. — ^The  equation  (834)  may  be  written  in  the  form 
(o-ytan^)-  (y-)8tan^)  tan^  =  0; 

or,  say  L  '-  M  tan  ^i  »  0  ;  and  since  (§  45)  the  anhar- 
monic  ratio  of  the  pencil  of  four  lines  a  -  kp^  a  -  kifi^  a  -  kiP, 

a-hP  is 

(*-*i)(^-*i)^(^ -*,)(*!-/»), 

we  infer  that  the  anharmonio  ratio  of  the  pencil  of  lines  from 
any  yariable  point  of  the  conic  to  the  four  fixed  points  ^,  ^, 
^,  ^4  is 

(tan^-tan^)(tan^-tan^4)  -r  (tan  ^  -  tan  ^)  (tan  ^ 

-  tan  «^4), 

or      sin  (<^  -  4^)  sin  (^  -  ^^4)  ^  sin  {k^  -  <^)  sin  (<^  -  4^4), 

(836) 
and  is  therefore  constant. 

The  theorem  just  proyed  was  discovered  by  Chasles,  and 

is  the  fundamental  one  in  his  Seetione  CaniqueSf  Paris,  1865. 

On   account  of  its  great  importance  we   shall  give  another 

proof.    Let  the  quadrilateral  formed  by  the  four  fixed  points 

be  ABCJ)y  and  let  0  be   any  yariable  point;   then,  if  the 

equations  of  the  sides  AB,  JBC,  C2>,  JDA  of  the  quadrilateral 

be  a,  Pf  y,  8  respectiyely,  the  equation  of  the  conic  (§  233,  5^) 

may  be  written  ay  -  k^B  a  0 ;  but  a  being  the  perpendicular 

from  0  on  AB,  we  have 

OA.OB.anAOB 
*  = AB ' 
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with  similar  valaes  for  P,y,S;  and  these  substituted  in  the 
equation  ay  -  k^i  «  0  give 

sin  ^  0^.  sin  COD      ,   AJB ,  CD 
BmBOC.emAOI)  ~      BC.AD 

The  right-hand  side  of  this  equation  is  constant,  and  the  left- 
hand  side  is  the  anharmonic  ratio  of  the  pencil  {O.ABCD). 
Hence  the  proposition  is  proved.  (See  Salxok's  Conies, 
p.  240). 

Cor.  5. — The  tangent  at  ^  intersects  the  tangent  at  ^i  on 
the  line  a  cot  ^  -  )3  tan  ^i  s  0.  Hence,  as  in  Cor.  4,  we  infer 
that  the  anharmonic  ratio  of  the  four  points,  where  tangents 
at  four  fixed  points  ^i,  ^,  <^,  ^a  meet  the  tangent  at  any 
variable  point  ^,  is 

Bin  (<^i  -  <^)  sin  (<^  -  <^4) -r  sin  («^i  -  <^)  sin  (<^  -  <^4), 

and  is  therefore  independent  of  <^. 

Cor.  6.— If  the  line  Xa  +  /i)3  +  ry  touch  the  conic  at  the 
point  ^,  we  must  have  A,  fi,  v  proportional  to  cot  <^,  tan  ^,  -  2. 

Hence 

4X/i  =  v",  (837) 

which  is  the  tangential  equation  of  the  conic. 


1.  The  oo-oid]2iate8  of  the  point  of  intersection  of  tangents  at  ^,  ^'  are 
proportional  to  tan  ^  tan  ^\  1,  J  (tan  ^  +  tan  ^'). 

2.  The  length  of  the  perpendicular  from  the  intersection  of  tangents  at 
^',  ^"  on  the  tangent  at  ^  Ib,  putting  t  for  tan  ^,  &c., 

(<-O(<-n^/(0,  (838) 

where  f(t)  stands  for 

V(<*  +  4oo8-4.<»+2(2-co8  C)i*  +  4  ooai?.  t  +  1). 

3.  If  a/3  "B  ^^  bo  the  equation  of  a  conic,  the  circle  of  cnrrature  at  tho 

point  fiy  is 

/8*  +  7*  +  2i9r  ooaAm$.{cta3i  B)IJ^,  (Cropton.) 
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4.  If  ^,  ^'  be  two  points  on  a  conic,  such  that  the  ratio  of  tan  ^  :  tan  ^* 
ifl  constant,  the  enyelope  of  their  join  Ib  a  conic,  haying  doable  contact 
with  the  giyen  conic. 

6.  If  the  points  ^,  ^'  yary  but  so  as  that  the  ratio  of  tan  ^  :  tan  ^'  be 
giyen,  they  diyide  the  conic  homog^aphically  (see  Cor.  4). 

Hence,  if  two  conies  haye  double  contact,  any  yariable  tangent  to  one 
diyides  the  other  homographically.  (Townbvnd.) 

6.  If  two  yertices  of  a  circnmscribed  triangle  moye  on  fixed  lines,  the 
locus  of  the  third  yertex  is  a  conic  haying  double  contact  with  the  giyen 
conic. 

For  let  the  points  of  contact  be  ^,  ^',  ip" ;  and  the  fixed  lines  a~  ftfi^Oy 
a  -  Ai'/3  »  0.  Then  ({  265,  Cor.  3),  tan  4> .  tan  0'  s  ^,  tan  ^  .  tan  ^"  « ii. 
Hence  the  tangents  at  ^',  ^"  are 

a  tan  ^  +  /a'^S  cot  ^  =  2/i7, 

a  tan  ^  +  AA''^  cot  ^  »  2/7 ; 
and  eliminating  ^  we  get 

«^  (^  +  aT  =  ^maaV.  (839) 

7.  Find  the  enyelope  of  the  base  of  a  triangle  inscribed  in  a  conic  and 
whose  two  sides  pass  through  fixed  points. 

8.  If  P\%  denote  the  perpendicular  from  the  intersection  of  tangents  at 
^',  ^**  on  the  tangent  ^,  and  iris  the  perpendicular  on  any  other  tan- 
gent; then 

»n  •  irs4      iris .  ■rai      *u .  *» 


fi\2'fiu     fiiZ'fiu     fin 'fin 


(840) 


9.  If  a  polygon  of  any  number  of  sides  be  circumscribed  to  a  oonio, 
and  if  ^',  ^",  &c.,  be  the  points  of  contact,  and  ^  any  yariable  point,  then, 
with  the  notation  of  £z.  8,  we  haye 

MLin  +  5»(f::zn+4o.=o.         (841) 

10.  Since  fii%  (f  +  t")  »  2712,  and  i3i2  (^'O  ^  ais  (Ex.  1),  it  follows  that 

fii2{t'  -  n  =  2  V7n»  -  ai2fii%  =  2V'i^  &c. 
Hence,  from  (841),  we  get 

J^  +  }^  +  ^  +  &o.+^-0.  (842) 

Wit        was        «M  vmi 
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Theobt  of  Ektelopes. 

266.  We  have  seen  (Chapter  II.  Section  m.)  that  if  the 
coefficients  in  the  equation  of  a  line  be  connected  by  a  rela- 
tion of  the  first  degree,  the  line  passes  through  a  given  point — 
in  fact,  the  relation  between  the  coefficients  is  the  equation  of 
the  point  (§  72) ;  and  in  this  Chapter  we  have  shown  that,  if 
the  coefficients  be  connected  by  a  relation  of  the  second  degree, 
the  line  will,  in  all  its  positions,  be  a  tangent  to  a  curve  of  the 
second  degree.  From  these  examples  we  are  led  to  the  follow- 
ing definition : — When  a  right  line  or  a  curve  moves  according  to 
4vny  law,  the  curve  which  it  touches  in  all  its  positions  is  called  its 
envelope.  The  following  examples  afford  further  illustrations 
of  this  theory,  one  of  the  most  interesting  in  Analytical 
Oeometry. 


1.  Let  X4;+/uy+l  —  0b6the  line,  and  (a,  b,  0,  /,  g,  h){\,  ft,  1)'  the  rela- 
tion among  the  coefficients ;  it  is  required  to  find  the  envelope  of  the  line. 
It  appears  at  once  that  the  required  envelope  is  such  that  two  tangents  can 
be  drawn  to  it  from  any  arbitrary  point.  For,  let  x'p'  be  the  point ; 
substitute  these  co-ordinates  in  Xd;  +  fiy  +  1,  and  eliminate  fi  between  the 
result  and  the  equation  (a,  b,  e,  /,  ^,  h)  (x,  ft,  l)\  and  we  get  a  quadratic 
in  A,  corresponding  to  each  root  of  which  can  be  drawn  a  tangent  to  the 
required  envelope.  Now,  if  the  quadratic  have  equal  roots,  the  tangents 
will  coincide,  and  their  point  of  ultimate  intersection  will  be  a  point  on 
the  curve.  Hence,  forming  the  discriminant  of  the  quadratic  in  x,  and 
remoying  the  accents  &om  ^t^,  we  get  the  required  envelope,  viz. 

[A,  B,  C,  F,  Q,  E)  (X,  y,  1)»  =  0,  (843) 

where  A,  B,  O,  &c.,  have  the  usual  meanings. 

2.  Find  the  envelope  of  ft^x  +  ;ty  +  a  =  0.  This  is  the  quadratic  that 
would  result  if  we  were  solving  by  the  foregoing]  method  the  problem  of 
finding  the  envelope  of  the  line  Xo?  +  fty  +  a  »  0 ;  \,  ft  being  connected  by 
the  relation  X  =  ft*.  Hence,  forming  the  discriminant  with  respect  to  ft 
of  the  equation  ft^x  +  /^y  +  a  =  0,  we  get  the  parabola  y'»  4ax. 

Similarly,  we  may  solve  the  more  general  problem  to  find  the  envelope 
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at  fi^F  +  mO  + 12  B  0,  when  F,  Q,  E  denote  corres  of  any  degrtte,  liz. 
we  get 

0* «  4Pfi.  (844) 

3.  If  j9,  y  be  the  distances  of  two  fixed  points/,/'  from  a  yariable  line ; 
then,  if  Aji^  +  2Bpp'  +  C^*^  »  i>  the  envebpe  of  thelineis  aconio  of  whioh 
the  hneff  is  an  axis  of  symmetry. 

V.  If  ^  -  4  AC  >  0  the  equation  reduces  to  the  form 

{mp  +  lip*)  {mip  +  n^')  ■»  J>. 

Let  ^,  ^  be  the  points  which  divide  the  distance  ff  in  the  ratios  *  n/m, 
—  Mi/mi,  and  let  ^,  ^'  be  the  distances  of  Ff  to  the  moveable  line.  Then 
the  equation  becomes  fff'  >■  JB,  and  the  line  envelopes  an  ellipse  or  hyperbola 
haying  J*,  ^  as  foci,  according  as  ^  is  positive  or  negative.  If  mi  ^  —  m 
^  is  at  infinity,  and  the  envelope  is  a  parabola. 

2".  If  ^  -  4^(7  s  0  the  equation  becomes  (mp  +  np*)^  b  2>,  which  corre- 
sponds to  a  circle. 

8*.  If  J^  -  4ii(7  <  0,  we  can  write  (mp  +  np')  (mip  +  mp*)  =  D  where  the 
ratios  m/f»,  mj/fii  are  imaginary.  The  imaginary  points  J*,  F*,  which  divide 
ff  in  the  ratios-  n/m  -  n\jm\  are  situated  on  the  minor  axis.  They  are  the 
antifoci  of  the  conic.  In  this  case  we  can  also  write  the  equation  in  the 
form 

{M?  +  »*')•+  (m>  +  r'iO*  =  2>. 

4.  Find  the  envelope  of  the  line  ovcos^  +  ^sin^Bad. 

5.  Find  the  envelope  of  a  line  if  the  sum  of  the  squares  of  peipendiculaxs 
let  fall  on  it  from  any  number  of  fixed  points  be  constant. 

Ant,  A  parabola. 

6.  Find  the  envelope  of 

A/1  being  a  «.  Ant,  2xy  »  c, 

7.  Find  the  envelope  of  a  line  which  makes  on  the  axes  of  co-ordinate 
intercepts  whose  sum  is  constant. 

8.  If  two  conjugate  diameters  of  an  ellipse  be  given  in  position,  and  the 
sum  of  the  squares  of  its  axes  given  in  magnitude,  prove  that  it  lb  inscribed 
in  a  given  quadrilateral. 

9.  Find  the  envebpe  of  a  system  of  confocal  conies.    Let 


a*  +  X      *"+A 


f 

I 
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be  one  of  the  conies.  Clearing  of  fractionfl,  and  considering  the  result  as 
a  qnadratio  in  A,  we  find,  by  forming  the  discriminant,  the  product  of  four 
imaginary  lines,  yiz. 

e±  x±y  \/~=  0,  where  <j»=  a«  -  h^,  (845) 

10.  The  enyelope  of  the  polar  of  a  given  point,  with  respect  to  a  Bystem 
of  confocal  conies,  is  a  parabola  whose  directrix  is  the  join  of  the  giyen  point 
to  the  centre  of  the  confocals. 

11.  UAy  By  C^  A',  ^,  C  be  two  triads  of  fixed  points  on  two  giyen  lines 
/i,  Ik'  two  yariable  points,  one  on  each  line,  find  the  enyelope  of  the  join 
ci  /If  fi,  if  the  anharmonic  ratios  {ABCfi),  {A'B'CTia)  be  equal. 

12.  The  summits  of  a  triangle  move  along  three  fixed  lines,  and  two  of  the 
sides  pass  through  two  fixed  points  ;  find  the  enyelope  of  the  third  side. 

13.  If  two  of  the  sides  of  an  inscribed  triangle  of  the  conic  c?  +  0^  =  y^ 
touch  the  conic  aa^  +  bfi^  =  ey^,  the  enyelope  of  the  third  side  is 

(«» +  aJ  -  *(f)»  o«  +  (ai  +  *(?  -  «a)»  i8«  =  (&»  +  «i  -  ab)*  7*.     (846) 

14.  If  the  point  sa'p'  be  the  orthocentre  of  a  triangle  inscribed  in  the 
ellipse  s^ja^-Vy^lf^  —  1  b  0,  proye  that  the  enyelope  of  its  sides  is  the  oonio 

(aa  +  «»)»  {(a»  -  «'«)  »»+(*«-  y^ y«  -  2«yay} 
+  2  (a>  +  J»){(aV»  +  *»/»  -  a<)«*'  +  {a^x^  +  iV**  -  **)  JW*} 

-  («V»  +  jay**  -  «*)  («'«^  +  ^y*  -  **)  =  0.  (847) 

16.  If  the  line  \x  ■{•  fiy  +  I  ts  0  cutihe  conic 

a»a  +  2hs^  +  Ay*  +  2^*  +  2yV  +  «  -  0 
in  points  which  subtend  a  right  angle  at  the  origin,  proye 

e{\^  +  /*«)  -  2ff\  -  2/a*  +  (a  +  i)  =  0.  (848) 

16.  If  tangents  be  drawn  to  the  ellipse  a^ja*  +  y*/^  -  1=  0  at  the  extre- 
mities of  a  yariable  diameter  AA',  and  if  a  circle  touching  these  tangents 
touch  the  ellipse  at  a  point  P,  proye  that  the  enyelope  of  the  chords  AF,  A'F 
is  one  or  other  of  the  conies 

«»/««  +  y«/4»  -  l/(a  +  *)  -  0, 

*»/a«  -  y»/J«  +  1  (a  -  *)  =  0.  (849) 
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267.  DjSF.—Zet  0  he  the  origin,  OX,  OYthe  axes;  BV,  IF 
{called  the  base  line  and  the  nm- 
iriTB  Une  respectively)    two  lines  Y 
parallel  to  the  axis  of  T,    Then 
let  P  he  any  point  in  the  plane  ; 
join  IPy  cutting  Bff  in  C;  through 
C  draw  CP*  parallel  to  OX,  meet- 
ing OP  produced  in  P*,    The  point  Q 
P*  is  called  the  profecticn  of  P. 

In  the  ordinary  method  of 
treating  projective  properties  of  figures  (see  Cremona,  Elements 
of  Projective  Geometry)  three  planes  are  required  : — (1)  A  plane 
passing  through  the  centre  of  projection.  (2)  A  parallel  plane, 
on  which  is  drawn  the  projected  figur^.  (3)  The  plane  of 
the  figure  to  be  projected,  cutting  the  former  planes  in  parallel 
lines.  It  will  be  seen  that  the  method  which  we  have  adopted 
is  YiituaUy  the  same,  and  that  while  it  relieves  the  student 
from  the  embarrassment  of  having  to  consider  different  planes, 
it  has  the  advantage  of  admitting  the  use  of  analysis. 

If  the  co-ordinates  of  P  be  xy,  those  of  P',  x'y',  then  denot- 
ing 0/by  a  and  P/by  c,  we  easily  get 


ax' 


y- 


ay' 


C-¥X 


/• 


(850) 


Cor.  l.-^If  x^a,  xf  will  be  infinite.    Hence  the  projection 
of  any  point  on  the  line  U'  will  be  at  infinity. 
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Cwr.  2. — ^From  (850)  we  get 


«/  = 


ex 


cy 


a-  X 


(851) 


I 


268.  Jf  any  line  CD  eut  the  base  Une  md  the  infinite  line  in 
the  points  C,  D  respectively^  its  projection  will  he  a  line  through 
C  parallel 

Let  the  eauation  oj^  CD  be  i 


(/,  JLJ  respeoitve^y^  %\ 
to  OD.        I 
equation  oj  CD  be 

rny-^-h 

U  thJi 


or 


Ix  +  my  +/n ; 

andf  aince  01^  a,  thj  equation  of  II' 
is  ^  -  a  »  0.    Hence  the  equation  of 

ODia 

n  (p?  -  <i)  +  a  (te  +  wy  +  n)  =  0, 

{la  -mi)  X  +  may  s  0.  ^  % 

Again,  substituting  in  lx'-{-  my  +  n  the  yalues  in  (850)|  we  get^ 
after  omitting  accents  and  clearing  of  fractions, 

{la-¥n)x-^  may  +  n«  =  0, 

which  is  the  equation  of  the  projection  of  CD,  Now,  since 
this  differs  from  the  equation  of  OD  only  by  a  constant,  it  is 
parallel  to  it ;  and  sii^e  it  may  be  written  in  the  form 

n  (a:  -  a  +  tf)  +  a  (&  +  my  +  n)  e  0, 

it  passes  through  the  intersection  of  the  lines 

«  -  0  -f  c  s  0  and  b  +  my  +  n  a  0 ; 

that  is,  through  the  point  C,    Hence  the  proposition  is  proved. 

Cor.  1. — ^Any  two  lines  intersecting  each  other  on  IP  are 
projected  into  parallel  lines. 

For,  if  two  lines  pass  through  the  point  2),  the  projection  of 
each  will  be  parallel  to  OD. 

Cor.  2. — ^A  line  passing  through  the  origin  is  unaltered  by 
projection. 
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Cor.  3. — If  four  lines  form  a  pencil,  their  projections  form 
a  pencil  of  the  same  anharmonic  ratio. 

Por,  if  P  be  the  vertex  of  the  pencil,  and  if  its  four  rays 
meet  the  line  //'  in  the  points  A^  By  C,  D,  their  projections 
will  be  parallel  to  QA,  OB,  OC,  OB.  Hence  the  proposition 
is  proved. 

On  account  of  the  invarianee  of  the  anharmonic  ratio  hy  prcjce^ 
tion,  those  properties  which  depend  on  anharmonic  ratios  are  called 
PBOJEcnvE  properties. 

Cor.  4. — Parallel  lines  are  projected  into  concurrent  lines.  • 

For  the  projection  of  7a; + my  +  n  »  0  is  a  (m? + my) + n  (c + jr)a  0 ; 
if  n  be  yariable  (2iv  +  my  +  n)  »  0  denotes  a  system  of  parallel 
lines,  and  its  projection  a  {he  -^  my)  •¥  n  {c  -¥x)^0  &  concurrent 
system. 

269.  A  curve  of  the  second  degree  is  projected  into  another  curve 
of  the  second  degree, 

m 

For,  making  the  sul)6titution8  (850)  in  an  equation  of  any 
degree,  and  clearing  of  fractions,  we  get  an  equation  of  the  same 
degree. 

Cor,  1. — The  projection  of  a  tangent  to  a  conic  is  a  tangent 
to  its  projection.  ' 

Cor.  2. — The  relations  of  a  pole  and  polar  are  unaltered  by 
projection. 

Cor.  3. — A  system  of  concentric  circles  is  projected  into  a  system 
of  conies  having  double  contact  with  each  other. 

For,  let  «*  +  y*  =  r*  be  one  of  the  circles  :  by  varying  r  we  get 
a  concentric  system ;  and  making  the  substitutions  (850),  we  get 
«  («*  +  y*)  =  r*  (<^  +  x)\  which,  when  r  varies,  denotes  a  system 
of  conies  having  double  contact  with  each  other. 

270.  Any  straight  Une  can  he  projected  to  infinity,  and  at  the 
same  time  any  two  angles  into  given  angles. 
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Let ZT  be  the  line  to  be  projected  to  infinity;  RP8,  TQV 
the  angles  to  be  projected  into  given  angles ; 
say,  for  example,  into  right  angles.  Let  II 
meet  the  legs  of  the  angles  in  the  pairs  of  points 
jRy  8;  Ty  F,  TJpon  ES,  TF  describe  semicir- 
cles, intersecting  in  0.  Then  0  will  be  the 
required  centre  of  projection,  and  we  can  take 
any  line  parallel  to  IP  for  the  base  line  PJB*. 

If  the  circles  do  not  intersect,  the  point  0 
will  be  imaginary,  in  which  case  imaginary 
lines  in  one  figure  will  be  projected  into  real 
lines  in  the  other.  Thus  confocal  conies, 
being  inscribed  in  an  imaginary  quadrilateral, 
will  be  projected  into  conies  inscribed  in  a  real 
quadrilateral. 

The  substitutions  for  this  case  are,  for  «,  y,  respectively, 


ax 

e  +  x^ 


e  +  X 


In  this  manner  we  get  for  the  four  imaginary  lines  (845),  the 
four  real  lines  e  {e  -¥  x)  ±  ax  ±  ay  ^  0^  which  are  the  four  sides 
of  the  quadrilateral  circumscribed  to  the  projection  of  confocals. 
271,  A  system  of  coaxal  circles  is  projected  into  a  system  of 
eonics  passing  through  four  points. 

Dem. — Let  «*  +  y*  +  2hx  -  <^  =  0  be  a  circle,  which,  by  giving 
h  different  values,  will  represent  a  coaxal  system.  Then,  making 
the  substitutions  (850),  we  get,  after  clearing  of  fractions, 

aV  +  ay  -  <^  (o  +  «)*/+  2kax  (<?  +  «?)  =  0, 
or,  say,  S  +  2kLM^  0. 

Hence  the  proposition  is  proved. 

This  may  be  shown  otherwise,  thus :  a  coaxal  system  of  circles 
have  common  the  two  cyclic  points,  and  the  two  points  where 
they  meet  the  radical  axis,  and  the  projections  of  these  points 
will  be  common  to  the  projections  of  the  circles. 
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272.  Any  eonie  8  can  he  prqfeeted  into  a  eireU  having  for  its 
centre  the  projection  of  any  point  P  in  the  plane  of  the  conic, 

Dem. — Let  IF  be  the  polar  of  P  with  respect  to  8 ;  then 
take  this  for  the  infinite  line  (§  267),  and  let 
Q,  JS ;  Qf  B!  \>e  pairs  of  conjugate  points 
npon  it  with  respect  to  8 ;  upon  QR^  QB! 
describe  semicircles,  intersecting  in  0.  Now 
taking  0  for  the  centre  of  projection,  and 
any  line  parallel  to  IF  for  the  base  line 
(§  267),  the  lines  PQ,  P5  will  be  projected 
into  lines  parallel  to  OQ,  0R\  that  is,  into 
rectangular  lines.  Similarly,  PQ[y  PE!  will 
be  projected  into  another  pair  of  rectan- 
gular lines.  Hence  the  projection  of  8  will 
be  a- conic,  haying  two  pairs  of  rectangular 
conjugate  lines  intersecting  in  the  projec- 
tion of  P,  In  other  words,  it  will  be  a  circle,  having  the  projec- 
tion of  P  for  centre. 

273.  The  pencil  formed  by  the  two  lege  of  a  given  angle,  and  the 
imaginary  linee  through  its  vertex  to  the  cyclic  pointe  has  a  given 
anharmonic  ratio. 

Dem. — ^Let  the  given  angle  be  that  formed  by  the  axes  of 
co-ordinates,  namely,  a>.  Then  the  equation  of  a  point  circle  at 
the  origin  is  d^  +  y^  -  2^  cos  o) »  0 ;  and  the  factors  of  this,  viz. 
«  -  ^''^  y  =  0,  *  -  a^'^-i  y  a  0,  are  the  lines  from  the  origin  to 
the  cyclic  points.  The  anharmonic  ratio  of  the  pencil,  formed 
by  these  lines  and  the  axes,  is  ^"^^  ^uid  is  therefore  given. 
Hence  the  proposition  is  proved. 

Cor. — ^If  the  axes  be  rectangular  the  pencil  formed  by  them, 
and  the  lines  to  the  cyclic  points,  is  a  harmonic  pencil.  For, 
putting 


TT 


/2  for 


<u. 


d«-^^  »-l. 


2  a 
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1.  Any  quadrilateral  can  be  projected  into  a  square.  For  the  third  diagonal 
(§  270)  may  be  projected  to  infinity,  and  the  remaining  diagonals  and  a  pair 
of  adjacent  sides  into  pairs  of  rectangular  lines. 

2.  The  diagonal  triangle  of  a  quadrilateral  is  self- conjugate  with  respect 
to  any  inoonio  of  the  quadrilateral.  For  projecting  the  quadrilateral  into  a 
square,  the  intersection  of  the  diagonals  of  the  square  will  eyidently  be  the 
centre  of  the  inconic  of  the  square,  and  will  be  the  pole  of  the  line  at  infinity 
with  respect  to  that  conic.  Hence  any  diagonal  of  the  quadrilateral  is  the 
polar  of  the  intersection  of  the  other  two. 

3.  If  four  chords  of  a  conic  be  tangents  to  an  inscribed  conic  (haTing 
double  contact),  the  anhannonic  ratio  of  the  points  of  contact  is  equal  to 
that  of  one  set  of  extremities  of  the  chords  of  the  outer  conic.  For  the 
conies  may  be  projected  into  concentric  circles,  and  the  proposition  is 
evident. 

4.  Any  line  passing  through  a  given  point  in  the  plane  of  a  conic  is  cut 
harmonically  by  the  conic  and  the  polar  of  the  point.  For  the  oonio  can 
be  projected  into  a  circle  and  the  point  into  its  centre  (§  272). 

6.  Any  chord  of  a  conic  touching  an  inscribed  oonio  is  cut  harmonically 
at  the  point  of  contact,  and  at  the  point  where  it  meets  the  chord  of  contact 
of  the  two  conies. 

6.  If  two  pairs  of  opposite  tides  of  a  hexagon  inscribed  in  a  circle  be 
parallel,  it  is  easy  to  prove  that  the  third  pair  of  opposite  sides  are  parallel. 
Hence  the  three  pairs  of  opposite  sides  intersect  on  the  line  at  infinity ;  and, 
projecting  this,  we  have  a  proof  of  Pascal's  Theorem  for  any  conic. 

7.  Two  tangents  to  any  circle  are  cut  homographicaUy  by  any  variable 
tangent.  For  it  is  easy  to  see  that  the  pencil  formed  by  joining  four  points 
on  one  tangent  to  the  centre  of  the  circle  is  equal  to  the  pencil  formed  by 
joining  their  corresponding  points  to  the  centre.  Hence,  by  projection,  we 
see  that  any  two  fixed  tangents  to  a  oonic  are  cut  homographicaUy  by  a 
variable  tangent. 

8.  If  two  triangles  be  such  that  the  intersections  of  corresponding  sides 
are  collinear,  the  joins  of  corresponding  vertices  are  concurrent.  For,  pro- 
jecting the  line  of  collinearity  to  infinity,  the  triangles  will  be  homothetie. 

9.  If  a  system  of  chords  of  a  conic  pass  through  a  fixed  point  P,  their 
extremities  divide  the  conio  homographicaUy.    Project  the  oonio  into  a 
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circle,  haying  the  projection  of  P  for  its  centre,   and  the  proposition  is 
OTident. 

10.  Any  two  conies  can  be  projected  into  circles.  For,  project  one  of 
them  into  a  circle,  and  one  of  their  common  chords  to  infinity,  then  the 
projection  of  the  other  will  pass  through  the  cydio  points,  and  therefore  it 
will  be  a  circle. 

11.  Any  two  conies  can  be  projected  into  concentric  oonics. 

12.  If  a  system  of  conies  pass  through  four  points,  they  cut  any  trans- 
Tersal  in  involution. 

For  the  conies  can  be  projected  into  coaxal  circles. 

18.  If  two  oonics  be  inscribed  in  a  quadrilateral,  their  eight  points  of 
contact  lie  on  a  conic. 

Project  the  quadrilateral  into  a  square,  and  the  proposition  is  evident. 

14.  What  properties  of  conies  are  obtained  from  the  following  by  pro- 
jection ? — If  a  variable  conic  pass  through  four  fixed  points,  the  locus  of 
its  centre  is  a  conic  passing  through  the  middle  points  of  the  joins  of  the 
four  points. 

15.  If  a  chord  of  a  given  oirde  pass  through  a  fixed  point,  the  locus  of  its 
middle  point  is  a  circle. 

16.  If  a  variable  conic  be  inscribed  in  a  given  quadrilateral,  the  locus  of 
its  centre  is  a  right  Hue  bisecting  the  diagonals  of  the  quadrilateral. 

17.  The  locus  of  the  point,  where  parallel  chords  of  a  given  conic  are  cut 
in  a  given  ratio,  is  a  conic  having  double  contact  with  the  given  conic. 

18.  If  two  tiiangles  ABC,  A'B'C*  be  self-conjugate  with  respect  to  a 
conic,  their  six  summits  lie  on  another  conic. 

Project  the  conic  into  a  circle  and  the  line  BO  to  infinity ;  then  A,  the 
pole  of  BC,  will  be  the  centre  of  the  circle ;  and  if,  taking  the  projections 
of  JLB,  AC  as  axes,  x*^^  »"y">  «"V"  ^  the  co-ordinates  of  the  projec- 
tions of  A%  B\  C\  respectively,  the  equation  of  a  hyperbola  passing  through 
the  projections  of  A%  B\  (T,  and  having  its  asymptotes  parallel  to  the 
axes, ' 
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This  hyperbola  passes  through  the  projections  of  the  six  points.    Hence  the 
proposition  is  proved. 

2a  2 
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19.  In  the  aame  case  the  six  lines  fonning  the  sides  of  the  two  triangles 
are  tangents  to  a  conio. 

Project,  as  in  Ex.  18,  and  it  is  easy  to  see  that  the  piojectioDs  are  tan- 
gents to  a  parabola. 

20.  If  a  conic  be  inscribed  in  a  triangle  the  three  lines  through  its  sum- 
mits conjugate  to  the  opposite  sides  are  ooncuirent. 

21.  The  point  in  Ex.  20,  the  centre  of  the  conic,  and  the  oentroid  of  the 
triangle  are  oollinear. 

22.  Through  a  gi^en  point  ^  of  a  conic  chords  AB^  AC  axe  drawn 
parallel  to  conjugate  diameters  of  another  conic ;  prove  that  the  chord  BG 
passes  through  a  given  point. 

274.  The  projeotionB  of  focal  properties  are  always  imagi- 
nary. For  the  imaginary  tangents  from  a  focus  are  projected 
into  real  tangents,  and  the  cyclic  points  and  ^the  antif oci  into 
real  points.  It  will  be  seen  that  all  these  results  follow  from 
the  projections  of  the  four  lines  c  ±  x  ±  yy/-l,  forming  an 
imaginary  circumscribed  quadrilateral  to  a  conic,  into  four  real 
lines. 


1.  If  a  variable  circle  touch  two  fixed  lines  the  chords  of  contact  are 
parallel.  Hence,  by  projection,  if  a  variable  conic  touch  two  fixed  lines, 
and  pass  through  two  fixed  points  /,  /,  the  chords  of  contact  are  concurrent. 

2.  If  a  variable  circle  touch  two  fixed  lines,  the  locus  of  its  centre  is 
a  right  line.  Hence,  if  a  variable  conic  touch  two  fixed  lines,  and  pass 
through  two  fixed  points  I,  J,  the  locus  of  the  pole  of  the  chord  i/  Ib  a  right 
line. 

3.  If  a  variable  circle  pass  through  a  given  point  and  touch  a  given  line, 
the  locus  of  its  centre  is  a  parabola,  having  the  given  point  as  focus. 
Hence,  if  a  eireumconic  of  a  given  triangle  touch  a  given  Une^  th4  loei  of  the 
polee  of  the  tides  of  the  triangle  are  eoniee  inscribed  in  it. 

4.  Two  lines  through  the  focus  of  a  conic  are  cut  by  pairs  of  tangents 
parallel  to  them  in  four  concyclic  points. 

6.  The  drcumcircle  of  the  triangle  formed  by  three  tangents  to  a  para- 
bola passes  through  the  focus.  Hence  the  vertices  of  two  cireumtriangles  of 
a  conic  lie  on  a  conic. 
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6.  If  a  circumtriangld  to  a  giyen  oiicle  liave  two  sLdes  fixed  and  the 
thiid  yariable,  the  envelope  of  its  circumciicle  is  a  dide.  Henoe,  if  a 
ciicumtriangle  of  a  given  conio  have  two  sides  fixed,  and  the  third  yariable, 
the  envelope  of  a  conic  passing  through  two  fixed  points  J,  J  of  the  fonner 
conic,  and  through  the  vertices  of  the  triangle,  is  a  conic  passing  through 
the  two  points  J,  /.  (Pbof.  J.  Purser.) 

7.  The  locus  of  the  centre  of  a  circle  touching  two  given  circles  Ib  a 
conio  section,  having  the  centres  of  the  given  circles  as  f ocL  Hence,  if  a 
variable  conic  passing  through  two  given  points  J,  /  touch  two  given 
conies  also  passing  through  J,  /,  the  locus  of  the  pole  of  the  chord  //  with 
respect  to  it  is  a  conic  inscribed  in  the  quadrilateral  formed  by  the  tangents 
to  the  fixed  conies  at  the  points  J,  /. 

8.  Through  any  three  points  can  be  described  six  conies  to  osculate  a 
given  conic.  \ 

9.  The  poles  of  any  side  of  the  triangle  formed  by  the  three  points 
in  Ex.  8  with  respect  to  the  six  osculating  conies  lie  on  a  conic 

275.  In  projecting  a  locus  described  by  the  vertex  of  a 
constant  angle,  we  consider  the  pencil  formed  by  its  legs 
and  the  lines  from  the  vertex  to  the  cyclic  points ;  and  it 
follows,  from  §  273,  that  we  get  a  constant  pencil.  Again, 
if  the  snm  or  difference  of  angles  be  given,  we  get,  by  pro- 
jection, pencils  the  product  or  quotient  of  whose  anharmonic 
ratios  is  constant.    This  projection  is  always  imaginary. 


1.  The  angle  contained  in  the  same  segment  of  a  circle  ib  constant. 
Hence  the  anharmonic  ratio  of  the  pencil  formed  by  lines  drawn  from  any 
variable  point  to  four  fixed  points  of  a  conic  is  constant. 

2.  If  two  tangents  to  a  conio  be  perpendicular  to  each  other  they  inter- 
sect on  the  orthoptio  oirole.  Hence  the  locus  of  the  point  of  intersection  of 
tangents  to  a  conic  which  divide  a  given  line  //  harmonically  is  a  conic 
through  the  points  /,  /,  and  the  envelope  of  the  chord  of  contact  is  a  conic 
which  touches  the  tangents  to  the  original  conic  from  /,  /. 

3.  If  two  tangents  to  a  parabola  be  at  right  angles,  they  intersect  on 
the  directrix.    Hence  the  locus  of  the  point  of  intersection  of  tangents  to 
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a  oonio  which  divide  harmonically  a  giyen  line  //  touching  the  oonic  is  a 
right  line. 

4.  If  from  any  point  on  a  eirde  two  lines  he  drawn  forming  a  given 
angle,  the  chord  joining  their  other  extremities  touches  a  concentric 
circle.  Hence  if  2,  /  he  two  fixed  points  on  a  conic ;  P,  Q  two  variahle 
points,  such  that  the  anharmonic  ratio  of  the  four  points  P,  Q,  J,  /  is 
constant,  the  envelope  of  PQ  is  a  conic. 

6.  Project  the  following  properties  : — 

If  two  tangents  to  a  parahola  include  a  giyen  angle,  the  locus  of  their 
intersection  is  a  conic. 

6.  If  two  circles  he  such  that  a  quadrilateral  can  he  inscribed  in  one 
and  circumscribed  to  another,  the  chords  of  contact  intersect  at  right 
angles. 

7.  Confocal  conies  intersect  at  right  angles. 

8.  If  two  tangents,  one  to  each  of  two  confocals,  be  at  right  angles,  the 
locus  of  their  intersection  is  a  circle. 

9.  If  a  yariable  chord  of  a  conic  subtend  a  right  angle  at  a  fixed  point 
not  on  the  conic,  the  envelope  of  the  chord  is  a  conic. 

10.  If  a  variable  line,  whose  extremities  rest  on  the  circumferences  of 
two  given  concentric  circles,  subtend  a  right  angle  at  any  giyen  fixed 
point,  the  locus  of  its  centre  is  a  circle. 

Obthooonal  PBOJSCiioirs. 

276.  IfPy  Q  he  two  planes  intersecting  in  a  line  Z,  and  inclined 
at  an  angle  6,  and  if  from  all  the  points  Aiy  A% .  ,  .  of  a  figure  jp\ 
in  the  plane  P  perpendiculars  he  drawn  to  the  plane  Q,  meeting  it 
in  the  points  B^y  B^ ,  ,  .forming  a  figure  F^^  the  figures  jPj,  F^ 
are  said  to  he  orthogonally  related,  F^  is  called  the  projection  of 
Fi,  and  Fi  the  inverse  projection  of  Ft;  the  line  L  is  called  the 
axis,  and  cos  0  the  modulus  of  projection. 

The  following  are  fundamental  properties  of  orthogonal  pro- 
jection : — 

1^.  To  parallel  lines  in  either  figure  correspond  parallel  lines 
in  the  other. 

2^.  The  ratio  of  parallel  lines  is  unaltered  by  orthogonal  pro- 
jection. 
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277.  By  supposing  the  plane  P  to  torn  round  tlie  axiB  until 
it  coincides  with  C,  the  figures  Fi,  F^  will  be  reduced  to  one 
plane.  It  is  evident  that  any  two  corresponding  points  will  be 
situated  on  the  same  perpendicular  to  the  axis  at  distances 
which  are  in  the  ratio  1  :  cos  B,  Hence  if  the  axis  of  projec- 
tion and  a  perpendicular  to  it  be  taken  as  axes  of  co-ordinates, 
the  equation  of  Fz  can  be  found  from  that  of  F^  by  writing 
Xj  ky  for  Xy  y  where  h  »  cos  6. 


EXEB0ISB8. 

1.  The  line  at  infinity  is  projected  into  the  line  at  infinity.  For  the 
equation  of  the  line  at  infinity  ia  0|.  jt  +  0 .  y  -f  «  =  0,  and  the  substitution  of 
}  277  leayes  this  unaltered. 

2.  A  conic  of  any  species  is  projected  into  a  conic  of  the  same  species. 
For  suppose  the  conic  in  ^i  to  be  a  hyperbola,  it  meets  infinity  in  two  real 
points.    Hence  its  projection  in  F2  meets  infinity  in  two  real  points. 

3.  nomothetic  figures  remain  homothetic  after  projection. 


Lhuilieb's  Problem. 

278.  To  project  a  given  triangh  AiA^A^  into  a  triangle  BiBtB^ 
which  shall  he  similar  to  a  given  triangle  CiC^C^* 

Solution. — ^The  generality  of  the  problem  will  not  be  lessened 
by  supposing  the  point  Bi  to  coincide  with  Ai,  On  the  side 
AtA^  of  the  given  triangle  construct  the  triangle  JDiAzAz 
similar  to  CiC^C^y  and  describe  a  circle  SA^Bi  through  the 
points  AiDi,  and  having  its  centre  on  the  line  A^A^. 

Let  the  circle  cut  the  line  AzA^  in  the  points  jS,  8'.  Join 
A18,  BiS'y  let  fall  the  perpendiciulars  ^30,,  ^309  on  AiS. 
Draw  8Mf  making  the  angle  A18M  equal  to  DiS8\  cutting 
Aqo^,  A^a^  in  the  points  B2,  B^ :  then  AiB^B^  is  the  triangle 
required. 
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>  Dem. — The  triangle  A^SM  is  evidently  similar  to  D^SS'. 
Therefore  A^S  iSMiiDiS:  S8';  but  8M:  SB^  : :  88' :  8Ai. 
Hence  Ai8  :  8JBt : :  Di8  :  8Ai,  and  the  angle  A18B2  =  J)i8At 
(const.).  Hence  the  angle  SB^Ai^  8AJ)i.  Therefore  AiB^B^ 
«  B1A2A1,  Similarly,  AiB^B^  =  B^A^A%.  Hence  the  triangle 
AiBiB^  IB  similar  to  DiA^A^y  and  therefore  similar  to  CiCtC^. 

(0.  E.  D.) 


'  If  through  8'  the  line  8'^  be  drawn  parallel  to  8If,  and  the 
lines  AiBzf  A1B3  produced  to  meet  it  in  B't,  B'z,  the  triangle 
AiB'^B'z  is  the  inverse  projection  of  AiA^A^. 

For  AiB'i :  A1B2 ::  AiS*  i  AiM,  that  is  : :  02^2 :  a^Bi.  Hence 
the  line  B^^Ai  is  parallel  to  A18,  and  therefore  perpendicular 
to  Ai8\  Similarly,  A^B'^  is  perpendicular  to  Ai8\  Hence  the 
triangle  AiB'tB'^  is  the  inverse  projection  A^A^A^  with  respect 
to  the  axis  A18', 

The  foregoing  solution  is  taken  from  Neuberg,  "  Sur  les  pro- 
jections et  contre-projections  d'un  triangle  fixe,"  Bruxelles, 
1890.  It  is  due  to  Gugler,  who  published  it  in  the  2nd 
Edition  TraiU  de  Geometrie  descriptive,  page  103. 
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Cor.  1. — If  iy\  be  the  Bym6trique  of  i>i  with  respect  to  AfA^,^ 
the  axes  of  projection  are  the  biBcctors  of  the  angle  DiAiI/i 
and  its  supplement. 

Cor.  2. — The  line  ^lA  is  perpendicular  to  the  sides  B^B^, 
B'iB'z  of  the  projections.  For  let  AiBi  intersect  ^^3  in  P. 
Then  [Euc.  III.  xxi.]  the  angle  8AiF  =  SS'Dy,  and  AiSF 
=  S'SDi  (const.).    Hence  AiP8  =  SBiS'. 

Cor.  3. — The  perpendiculars  AiF,  AiP  of  the  projections 
AiB^if  AiB'iP'z  are  respectively  equal  to  J  (-^lA  -  -^i-Z^i), 

This  follows  from  Sequel^  Prop,  ym.,  Book  lY. 

(7(9r.  4. — ^If  the  axes  of  projection  be  given,  but  the  modulus 
variable,  the  locus  of  summits  of  triangles  similar  to  the  pro- 
jections of  AiA%A^  described  on  the  line  A^^  is  a  circle,  viz. 
the  circle  AiSS',  whose  diameter  88'  is  the  intercept  which  the 
axes  make  on  the  line  A^^  (Nsubsbg.) 

Cor.  5. — If  the  modulus  be  constant  but  the  axes  variable, 
the  locus  is  a  circle. 

For  let  A\  be  the  sym6trique  of  Aj.  Join  81/ 1^  iS'-D'i,  cut- 
ting AiA'i  in  the  points  N,  IP  respectively,  we  have  cos  6 
=  Arlf/AiS'  «  tan  J)i88'l  tan  AiS8'  «  NM/AiJI;  and  since  0 
is  constant  and  ^i^T  constant,  SN\a  constant,  and  iVis  a  given 
point.  Similarly,  N'  is  a  given  point,  and  the  circle  NI/iN' 
described  on  N,  N'  as  diameter  is  a  given  circle,  that  is  the  locud 
of  B^i  is  a  given  circle.  Ibid.) 

Cor.  6. — The  circumcircle  of  the  triangle  AiA^%  will  pro- 
ject into  an  ellipse,  whose  axes  will  be  parallel  to  the  axes  of 
projection  Ax8y  Ai8'. 


1 .  If  a  circle  be  projected  into  an  eUipee,  the  centre  of  the  eUipee  will  be 
the  projection  of  the  centre  of  the  circle. 

2.  Any  ellipse  touching  the  three  sides  is  touched  by  a  homothetic  ellipse 
passing  through  the  middle  points  of  its  sides. 

3.  In  the  figure  (}  278),  prove  that  tan' \e^  AiD'ilAiDi- 
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4.  The  maximum  triangle  inscribed  in  an  ellipse  is  tliat  whose  centre  of 
gravity  coincides  with  the  centre  of  the  ellipse.  For  if  the  ellipse  be 
projected  [into  a  circle,  the  triangle  must  be  projected  into  an  equilateral 
triangle. 

6.  The  minimum  triangle  circumscribed  to  an  ellipse  is  that  whose  sides 
are  bisected  at  the  points  of  contact. 

6.  Any  hyperbola  can  be  projected  into  an  equilateral  hyperbola. 

7.  Two  triangles  orthogonally  related  are  orthologique. 

Suppose  the  triangles  to  be  A\A2Az^  BiBzBz,  fig.  §  278.  Now  the  tri- 
angle AiA%Az  and  the  flat  triangre  ^^10203  are  evidently  orthologique,  for 
the  perpendiculars  from  AiAtAi  on  the  sides  of  Aicmn  are  concurrent  since 
they  meet  at  infinity,  and  the  vertices  of  AiBtBz  divide  the  distances 
between  corresponding  vertices  of  A1A2AZ  and  ^lasos  in  the  same  ratio. 

8.  The  tangents  to  an  ellipse  at  the  summits  of  its  maximum  inscribed 
triangle  are  parallel  to  the  opposite  sides  of  the  triangle.  Hence  the  equa- 
tion of  an  ellipse  ref ezied  to  its  maximum  inscribed  triangle  is 

fiyJAmA  +  yalanB  +  o/S/sin  C  =  0.  (862) 

This  is  called  the  Steiner  ellipse  of  the  triangle.  The  contmst  between 
its  equation  and  that  of  the  circumcircle  is  worthy  of  note. 

9.  If  the  triangle  AiA^A^  turn  in  its  own  plane  round  the  centre  of  its 
circumcircle,  and  be  projected  in  all  its  positions  on  a  plane  Q,  all  the  pro- 
jected triangles  will  be  inscribed  in  the  same  ellipse.  Prove  that  if  the 
axes  of  the  ellipse  be  taken  as  axes  of  co-ordinates,  the  co-ordinates  of  the 
points  ^1,  ^2,  ^8  will  be 

k  cos  (^1  +  X)      (   ^  cos  (^  +  A)      (   A;  cos  (^  -f  A) 

(863) 
yfe'sin  (^1  +  \)      [   k'am  («^a  +  \)      \   *'sin  (^  +  \) 

^1,  ^9  ^  being  constants,  and  A,  variable. 

10.  Construct  two  triangles  orthogonally  related,  the  first  of  which  shall 
be  equal  to  a  given  triangle  0^7,  and  the  second  similar  to  another  g^ven 
triangle  o'i8'7'. 

11.  If  b\  h'\  V"  be  the  semidiameters  of  an  ellipse  parallel  to  the  sides 
of  an  inscribed  triangle,  and  if  0,  6  be  the  semiaxes  of  the  ellipse,  prove 
that  the  circumradius  of  the  triangle  is  h'b"b'" lab.  (M^Cullaoh.) 
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12.  The  xnodulua  in  the  figure  of  }  278  Ib  giyen  by  the  equation 

COB  0  +  see  9  »  2  (cot  A2  cot  j^s  +  cot  B%  cot  A^).       (Kbvbsro.) 

Cor. — ^All  equilateral  triangles  in  the  same  plane  are  projected  on  any 
plane  into  triangles  haying  the  same  Brocard  angle'. 

SflCTIOKS  OF  A  COKB. 

279.  A  cone  of  the  ieeond  degree  is  the  Burface  generated  by 
a  variable  line  passing  through  the  circumference  of  a  fixed  circle 
called  the  haee,  and  through  a  fixed  point  not  in  the  plane  of  the 
circle.  The  generating  line,  in  any  of  its  positions,  is  called  an 
edge  of  the  cone,  the  fixed  point  its  vertex,  and  the  line  joining 
the  vertex  to  the  centre  of  the  base  the  axis  of  the  cone. 

The  line  generating  the  cone  heiog  produced  indefinitely  both  ways,  it  is 
evident  that  the  complete  surface  consists  of  two  sheets  united  at  the  vertex^ 
and  the  whole  is  conudered  only  as  one  cone,  of  which  the  vertex  is  a  node 
or  double  point. 

When  the  axis  of  the  surface  is  at  right  angles  to  the  plane 
of  the  base,  it  is  called  a  right  cone ;  in  other  cases  it  is  oblique. 

In  the  following  propositions  a  plane  through  the  axis,  per- 
pendicular to  the  plane  of  the  base,  will  be  the  plane  of  reference , 
and  the  sections  of  the  cone  will  be  understood  to  be  those  made 
by  planes  at  right  angles  to  the  plane  of  reference. 

280.  Sections  of  a  cone  made  hi/ parallel  planes  are  similar. 
This  is  evident,  for  the  sections  are  homothetic  with  respect 

to  the  vertex. 

Cor.  1. — Any  line  drawn  through  the  vertex  will  meet  the 
planes  of  two  parallel  sections  in  homologous  points  with  respect 
to  those  sections. 

Cor.  2. — The  sections  made  by  planes  parallel  to  the  base  are 
circles. 

.  Dbf. — A  section  whose  plane  iktersects  the  plane  of  reference  in 
a  line  anttparallel  to  the  diameter  of  the  base  is  called  an  antiparallel 
section. 
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281.  If  an  ohUque  eane  ABC  he  cut  hy  a  plane  ELF  in  an 
antiparallel  position,  the  section  will  he  a  circle. 

Dem. — Througli  any  point  R 
in  JSF  draw  a  plane  MLK  par- 
allel to  the  base.  Then,  since 
the  planes  JSZF,  MZXare  both 
normal  to  the  plane  ABC,  their 
common  section  (Euc,  XI.  xix.), 
RL,  is  normal  to  it.  Hence  (Enc,  B^ 
III.  xxxv.),  RL^^KR .  RK.  But 
from  the  hypothesis,  the  four  points  S,  JS,  JT,  F  are  concydic. 
Hence  FR .RF  =  MR . RJT;  therefore  ER.RF^ RD,  Hence 
the  section  FLF  is  a  circle. 

Cor.  1. — ^Any  sphere  passing  through  the  base  of  a  cone  will 
cut  the  cone  again  in  an  antiparallel  section. 

Cor.  2. — If  a  sphere  be  described  about  a  cone,  its  tangent 
plane  at  the  vertex  is  antiparallel  to  the  base. 

282.  Any  section  of  an  ohlique  cone  which  is  not  antipa/rdIM  is 
either  a  parabola ^  an  ellipse,  or  a  hyper- 
hola. 

1°.  Let  the  section  he  parallel  to  an 
edge  of  the  cone. 

Let  Alf  be  the  intersection  of 
the  section  with  the  plane  of  refe- 
rence. Then  since  AJN^  is  parallel 
to  the  edge  CJD,  and  NF  parallel 
to  the  diameter  of  the  base,  the 
triangle  ANE  is  given  in  species. 

Hence  the  ratio  of  AN'.  NF  is  given;  and  since  AD  is  equal 
to  FN,  the  ratio  of  the  rectangle  AD .  AN:  FN.  NF  is  given ; 
but  FN.  NF  =  NF^.  Hence  the  ratio  AD .  AN:  FN"  is  given , 
therefore  FN*  varies  as  AN    Hence  the  section  is  a  parabola. 

Cor. — If  the  point  Q  be  taken  in  CD,  such  that  DC .  DQ 
^  DA^,  then  DQss  latus  rectum  of  the  section. 
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2^.  Let  the  Motion  out  M  the  edges  of  one  eheet  of  the  cone. 

Let  A,  B  be  the  [yertices  of  the 
section.  Draw  any  section  EF 
parallel  to  the  base,  intersecting 
the  former  in  the  points  P,  P'. 
Then,  since  the  planes  APB^  EPF 
are  both  normal  to  the  plane  of  re- 
ference, their  common  section  is 
normal  to  it ;  hence  NP  is  per- 
pendicular to  EF.  Therefore  PN^ 
=  EN.  NF. 

Again,  from  the  pairs  of  similar  triangles  BAO,  BNF;  ABDy 
ANEj  we  get 

AB'iAG.BDi.AN.NB.EN.NFoT  PIP. 

Hence  the  ratio  Alf.  NB :  PN^  is  giyen,  and  therefore  the  locns 
of  P  is  an  ellipse. 

3^.  Let  the  plane  of  section  meet  both  sheets  of  the  eone. 

The  section  in  this  case  will 
be  a  hyperbola.  The  proof  is 
the  same  as  2°. 

Cor.— The  rectangle  A  G.  BD 
is  equal  to  the  square  of  the 
conjugate  diameter. 

283.  If  a  right  eone  enve- 
loping two  spheres  be  out  by  a 
plane  touching  both  of  them, 
the  points  of  contact  toil  I  be 
the  foci  of  the  section. 

(Davdeldt  and  Qustslbi.) 

Bern. — ^Take  any  point  Pin 
the  section.    Join  CP  meeting 
the  planes  of  contact  in  B,  B'. 
Join  PP,  PP'.      Then  PF.  «  PD,  being  tangents  to  a  sphere, 
and  PF'  =  PBf.    Hence  PF^  PF^  BU  »  distance  on  an  edge 
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of  the  cone  between  the  planes  of  contact.    Hence  PF  +  PF*  is 
<;onstanty  and  the  proposition  is  proved. 

Cor. — The  plane  of  section  intersects  the  planes  of  contact  in 
the  directrices  of  the  section. 

C 


EZEBGISES. 

1.  The  orthogonal  projection  of  the  section  APB  on  the  base  of  the  cone 
is  a  conic  having  a  focus  at  the  centre  of  the  base. 

2.  If  the  section  of  a  cone  by  a  plane  be  a  hyperbola,  prove  that  the 
asymptotes  are  parallel  to  the  edges  in  which  the  cone  is  cut  by  a  plane 
parallel  to  the  section.    (Make  use  of  §  280.) 

3.  If  a  right  cone  enveloping  two  spheres  be  cut  by  a  plane  which  also 
cuts  the  spheres  in  two  circles,  the  sum  or  difference  of  the  tangents  to  the 
circles  from  any  point  in  the  section  of  the  cone  is  constant. 

4.  If  «  be  the  eccentricity  of  the  conic  in  Ex.  3,  prove  that  if  Z  denote 
the  distance  between  the  centres  of  the  circles,  (/(sum  or  difference  of  tan- 
gents) =  9. 

6.  The  eccentricity  of  any  section  of  a  cone  is  proi)ortional  to  the  cosine 
of  the  angle  which  the  axis  of  the  cone  makes  with  plane  of  section. 
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6.  The  planes  of  contact  of  the  spheres  intersect  the  plane  of  the  circles 
in  lines  which  correspond  to  the  directrix.  That  is,  if  ^  he  the  tangent  from 
any  point  in  the  conic,  and  p  the  perpendicular  on  the  corresponding  line, 

tip  =  $. 

7.  The  latus  rectum  of  the  section  is  equal  to  twice  the  peipendicular 
from  the  yertex  on  the  plane,  multiplied  hy  the  tangent  of  half  the  yertical 
angle. 

8.  If  P  be  any  point  in  the  circumferenoe  of  the  section,  prove  that  the 
right  cone,  having  J^P,  PP,  P(7  as  edges,  has  the  tangent  at  P  to  the  curve 
for  its  axis. 

9.  The  locus  of  the  vertex  of  all  right  cones,  out  of  which  a  given  ellipse 
can  be  cut,  is  a  hyperbola,  having  for  summits  and  foci  the  foci  and  sum- 
mits of  the  ellipse.  The  relation  between  the  ellipse  and  hyperbola  are 
reciprocal. 

10.  If  through  the  vertex  of  an  oblique  cone  standing  on  a  circular  base 
a  plane  be  drawn  perpendicular  to  one  of  its  edges,  this  plane  will  out  the 
base  in  a  line  whose  envelope  is  a  conic,  having  the  foot  of  the  perpendicular 
from  the  vertex  on  the  base  as  focus. 

11.  If  a  right  cone  be  cut  by  a  plane,  the  perpendiculars  from  the  vertex 
of  the  cone  on  any  tangent  to  the  section,  and  from  the  point  where  the 
plane  meets  the  axis,  are  in  a  contrary  ratio.  (Nsubb&o.) 


CHAPTER  XII. 

THEORY  OP  HOMOGRAPHIC  DIVISION. 

284.  If  0  be  the  origin,  and  the  abscisBse  OA^   OB,  the 

roots  of  the         0  A  C       B  D 

equation  * ' • 

fl«*  +  2^  +  i  =  0,  and  0(7,  OD  the  roots  of  a!s^  +  2h'x  +  J'  =  0  ; 
then,  if  (7,  i)  be  harmonic  conjugates  to  ^,  ^, 

ah'  +  a'*  -  2hh!  =  0.  (854) 

Bern. — ^If  the  abscissa  of  (7  be  ^,  its  polar,  with  respect  to 
00^  +  2hx  +  5,  is  axaf  +  A  (« +  a/)  +  J  =  0 ;  and  the  points- 
whose  abscisssB  are  x,  of  will  be  harmonic  conjugates  with 
respect  to  Ay  £,  and  therefore  x,  a/  will  be  the  roots  of 
«V  +  2h'x  +  3'  =  0.     Hence 

a  a 

and,  substituting  in  axx'  +  h{x  +  x^)  +  h^O,  we  get 

ah'-^afh'  2hh'  >»  0.     Compare  §  42,  Cor.  2. 

Cor,  1. — ^The  point  pair  denoted  by 

Axxf  +  B{x  +  x')+  C=  0 
are  harmonic  conjugates  to  the  pair 

Ax^  +  2Bx  +  C  =  0. 

285.  If  the  three  point  pairs 

a«»  +  2^+  J  =  0,     «'«»  +  2A'«  +  i'  =  0,     «' V  +  2A"«  +  ft"  =  0 
have  a  common  pair  of  harmonic  conjugates,  the  determinant 
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«. 

*, 

h 

»', 

h', 

*', 

«", 

A". 

*" 

=  0. 


(856) 


Dexn. — Let  Aa^  +  2Hx  +  -5  =  0  be  the  common  pair  of  har- 
monic conjugates :  then  we  have  three  equations 

Aa  -  2m  +  i^  =  0,  &c., 

and  eliminating  A^  Hy  B  we  get  (855). 

Cot.  1. — If  the  point  pair  ao^  +  2hc  +  i  «  0  be  harmonic  con- 
jugates to 

U^d3^\2Vx\h'^^  and  to  rsfl";r»+2A"ar  +  i"  =  0, 
they  are  also  harmonic  conjugates  to  27"+  >fcF=  0. 

Cor,  2. — If  the  line  pair  aa:*  +  2hxy  +  3y*  =  0  be  harmonic 
conjugates  to  the  line  pair  aV  +  2h!xy  +  i'y*  =  0,  then 

ah'  +  a!h  -  2AA'  =  0. 
Cor.  3. — The  line  pairs 

.  ^aflwr»  +  2A^+ V  =  0»     rsaV  +  2A'icy  +  ay  =  0 

have  the  line  pair 

{ah!  -  a!k)  «*  +  {ah'  -  a'b)  xy  +  (A*'  -  A'3)  y»  =  0 

as  harmonic  conjugates.  For  each  of  the  former  line  pairs  fulfil 
with  this  the  condition  of  harmonicism.  The  last  equation  may 
be  written 


dx'  dy      dy  '  dx 


=  0. 


Cor  4. — ^If  the  line  pairs  U^(^,  T-  0,  be  written  in  Abow- 
hold's  notation  thus, 

{a^xi  +  a,a?2)'  =  0,     {}iX^  +  h^^Y  =  0, 

2b 
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the  condition  that  they  form  a  harmonic  pencil  is 

(aA-«2*i)'=0,  (857) 

where,  as  usual,  ai,  03,  &c.y  have  no  meaning  until  the  multipli- 
cation is  performed. 

286.  J^  a^-  =  0,  h^  =  0  J*  IKb  equations  of  two  conies,  it  is 
required  to  find  the  locus  of  a  point  whence  tangents  to  them  form 
a  harmonic  pencil. 

Let  X  be  the  point ;  then  if  y  be  a  point  on  a  tangent  to  a^  =  0, 
the  equation  of  a  pair  of  tangents  from  y  to  a^  =  0  is  got  by 
substituting  the  expressions 

{x^^  -  x^i\    {x^i  -  iTiys),     {xyy2  -  x^i) 

for  Xi,  Xg,  Xs  in  the  tangential  equation  Aj?  =  0  (§  260,  Cor,  2). 
Hence  the  pair  of  tangents  are — 


-^1, 

A-if 

-is, 

a?l, 

a?,, 

^s» 

Viy 

y2, 

ys 

=  0; 


(858) 


and  putting  y,  =  0,  the  pair  of  points,  where  the  tangents  meet 
the  third  side  of  the  triangle  of  reference,  are  given  by  the 
equation 

where  ^1,  ^2,  A^  have  no  meaning  until  the  multiplication  is 
performed.     Similarly  we  get  from  the  conic,  h^  =  0, 

\{B^^  -  B^^  y,  +  {B^x  -  Aa?3) yg)'  =  0. 
Hence  (§  285,  Cor,  4)  the  condition  of  harmonicism  is — 

A-^Z  -  -^8^3,  A^x  -  A^x^, 

B^i  -  B^2^        B3  Xi  -  BiX^ 


=  0; 


or 


Xiy 
Azy 
B2, 


A$f 


0. 


(859) 
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Similarly,  the  envelope  of  X„  which  cuts  the  conies  «,*  =  0, 
V  ~  0  harmoniccdly,  is 

X|»         Xjj         A«» 


=  0. 


(860) 


«i»  (hi  «3> 

The  two  conies  (859),  (860)  may  be  called,  respectively,  the 
point  and  line  harmonic  coniee  of  <i/>=  0,  h^  =  0.  Their  importance 
in  the  theory  of  a  pair  of  conies  was  noticed  by  Da.  Salmon 
(  Cambridge  and  Dublin  Math,  Journal,  vol.  ix.,  p.  30).  They  are 
due  to  Staudt,  who  published  them  in  1834,  in  his  "  Niimberger 
Programm." 
The  equations  (859),  (860)  expanded  are 

S  {A^B^  +  Ajt,Bn  -  a^a^as)  a?,» 

+  25  (^w^ia  +  Ay^Bn  -  AuB^  -  A^Bn)  x^^  =  0,     (859') 

and 

S  (om^ss  +  tf88*«  -  2Mtt)  Xi* 

+  25  («ia*i3  +  aisJia  -  «„*„  -  fhi>x^  AaXj  =  0.         (860') 

Cot. — The   point  and  line  harmonic  conies  of  a^x^  +  a^^ 
+  flgiFg*  =  0,  and  h^x^  +  h^  +  ija:,*  =  0  are,  respectively, 

fli^i  (Oji,  +  flgJa)  a?i*  +  aji>%  {ajb^  +  ^1^3)  ar,'  +  aj>^  {a^h^  +  Oaii)  x^  =  0, 

(861) 
and 

(tf»*8  +  «s*»)  Xi»  +  (rtjii  +  flA)  V  +  («i  J»  +  «»*i)  V  =  0.     (862) 

Pkojective  Bows. 

287.  Dep. — Pairs  of  points  X,  X'  whose  ahseissa  x,  x'  tcith 
respect  to  two  fixed  points  0,  (y  on  two  given  lines  Z,  Z',  or  whose 
ratios  of  section  X,  X'  with  respect  to  two  pairs  of  fixed  points  0,  Oi 
on  Z,  and  O^  0/  on  L'  satisfy  equations  of  the  first  degree  of  the 
forms 

axxf  -hx-Vx-^-e^Qy  (863) 

tfiXX'  -  ^,X  -  */X'  +  ci  =  0  (864) 

2b2 
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are  said  to  mark  prqfeetive  rows  (French,  FonetueUes  projectivBM^ 
German,  Projektivischm  Funktreihm)  on  X,  L\ 

It  is  necessary  to  show  that  (863),  (864)  are  consistent.     Let 


y  ^'  «,' 


z ^ z i: 

00,  ^m,    aO^^m!,    X  =  XO/XO^  =  «/(a?  -  w), 

A'  =  X'aiX'O^  =  afl{x  -  m'), 

and  eliminating  a?,  of  between  these  and  (863),  we  get  an  equa- 
tion of  the  form  (864). 

Projective  rows  have  a  \  to  \  correspondence :  that  is,  to  every 
point  of  one  row  corresponds  one,  and  only  one,  point  of  the  other, 
Eor  it  is  evident  that  being  given  the  value  of  either  variable  in 
(863)  or  (864),  we  get  only  one  value  of  the  other. 

Cor,  1. — The  equations  (863),  (864)  retain  their  forms  after 
transformation  to  new  origins  on  the  lines  L,  L\ 

For,  since  the  points  X,  X'  have  a  1  to  1  correspondence  before 
transformation,  they  must  have  it  after  transformation. 

Cor.  2. — If  A,  B,  C,  A',  B',  C  be  two  triads  of  fixed  points  on 
two  fixed  lines,  and  X,  X'  variable  points  on  the  same  lines 
satisfying  the  relation  {ABCX)  =  {A'B'C'X'),  then  X,  X'  mark 
projective  rows  on  these  lines 

For  it  is  evident  that  X,  X'  have  a  1  to  1  correspondence. 

Cor.  3. — A  pencil  of  lines  marks  projective  rows  upon  two  tranS" 
versals.     In  other  words,  two  perspective  rows  are  projective. 

288.  ira  two  projective  rows  the  anharmonic  ratio  of  any  four 
points  of  one  is  equal  to  the  anharmonic  ratio  of  the  four  corre» 
sponding  points  of  the  other.  In  otlier  words,  projective  rows  are 
Jiomographic. 
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Let  AA',  BB'y  two  corresponding  point  pairs,  be  taken  as 
origins.  Then  we  have  X  =  Z^/J^,  X' =  X'u47X'5'.  Now,  if 
X  coincide  with  -4,  X*  will  coincide  with  A' ;  hence,  when 
X  =  0,  X'  =  0.  Similarly,  if  X  coincide  with  B,  X*  will  with  5', 
and  it  follows  that  when  X  =  oo,  X'  =  oo  ;  but  if  X,  X'  be  each  equal 
to  zero  in  (864),  we  get  Cx = 0,  and  if  each  equal  to  infinity,  we  have 
tti  =  0.  Therefore,  when  pairs  of  corresponding  points  are  taken 
as  origins  the  equation  (864)  becomes  ^X  +  VX  =0,  or  X  =  ^X'. 
Now,  if  CC,  BB^  be  the  corresponding  point  pairs,  we  have 

CA        C^  DA         B^ 

cb"    c'F'       bb"    jyw 

Hence  {,AB  CB)  =  {A'B'  CB^), 

Cor, — Two  projective  rows  are  in  perspective   when  three 
corresponding  point  pairs  are  in  perspective. 

289.  Points  which  Correspond  to  iNFiNiTr. — Suppose  a ><  0, 
the  equation  (863)  can  be  written 

xaf  -mx  ~  m'xf  +  »  =  0,  or  («  -  m!)  (xf  -  m)  =  mm'  -  n  -p 

suppose.    Now,  transferring  the  origins  to  points  /,  J,  whose 
abscisssB  on  Z,  Z'  are  m'  and  m,  the  new  abscisssB  are 

y  =  IX  =  a?  -  m',     and  y'  =  JX'  =  a/  -  m. 

Hence  yy'  =  p.     Then  /,  J  are  points  which  correspond  to  in- 
finity.    Por,  if  y  =  0,  y'  =  oo,  and  if  y'  =  0,  y  =  oo. 

Cor. — The  standard  forms  to  which  (863),  (864)  can  be  re- 
duced, are  yy'=Pi  (865) 

X  =  ifcX'.  (866) 

290.  Similar  Eows. — If  a  =  0  in  (863),  the  relation  becomes 

hx+h'a^-e^O,  that  is  x  =  -h'lh{3f  -ejV),  or  a?  =  m  (a/ -  n), 
and,   transferring  the  origin  0'  to  a  point  which  has  n  for 
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abscissae,  x  =  my'.  Here  there  is  a  constant  ratio  between  the 
segments  on  Z  and  the  corresponding  segments  on  Z',  and  when 
z  =  QDy  y  =  00.    Hence  the  points  /,  J  are  both  at  infinity. 

Cor.  1. — If  the  points  I,  J  he  at  infinity,  the  rows  are  similar. 

Cor.  2. — If  m  s  ±  1,  homologous  segments  on  Z,  Z'  are  equal. 


1.  It  ATy  BT  be  two  tangents  to  a  conic,    XX*  any  variable  tangent, 
T 


the  points  X,  X'  divide  at  AT,  ^rhomograpbically.   For,  evidently,  there 
is  a  1  to  1  correspondence. 

2.  If  a  tangent  parallel  to  BT  cut  ^T  in  /,  and  a  tangent  parallel  to  ^  2* 
cut  BTia  /,  then  the  rectangles  IX .  JX\  lA  .  JT^  JT.  /fi  are  all  equal. 

3.  Two  fixed  tangents  to  a  parabola  are  divided  proportionally  by  a  variable 
tangent.     For  it  is  easy  to  see  that  the  points  /,  /  are  at  infinity. 

4.  If  IX,  JX'  be  parallel  tangents  to  a  central  conic  I,  J  being  the  points 
of  contact,  and  if  any  variable  tangent  cuts  them  mX,  X*,  then  IX .  JX' 
=  constant. 

Pbojective  Pencils. 

291.  Def. — Two  pencils  are  said,  in  relation  to  each  other,  to  be 
projective  when  the  ratios  of  section  X,  X'  of  two  homologow  rays 
with  respect  to  any  origins  of  rays  A  B,A'B'  satisfy  a  relation  of  the 

form  a\X!  -  5X  -  h'Xf  +  ^  =  0. 
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In  two  projective  pencils  the  anharmonic  ratio  of  any  four  rays 
of  one  is  equal  to  the  anharmonic  ratio  of  the  fowr  homologous  rays 
of  the  other. 

Dem. — The  preceding  relation  gives  X'  =  (3X  -  c)\{a\  -  i'). 
Now,  let  (Xi,  Xi')  (Xa,  Xj')  .  .  .  (X4,  X4')  be  the  ratios  of  section  of 
four  pairs  of  corresponding  rays.     Then  it  is  easy  to  verify 


it  suffices  to  replace  X/  by  (hXi  -  c)l{a\i  -  h'),  &c. 

Cor.  1. — If  two  pencils  be  such  that  the  anharmonic  ratio  of 
three  fixed  rays,  A,  JB,  C,  aod  a  variable  ray  X  of  one  be  equal  to 
the  anharmonic  ratio  of  three  fixed  rays,  A\  B\  C,  and  a  variable 
ray  X'  of  the  other.  Then  the  anharmonic  ratio  of  the  pencil 
formed  by  X  in  four  different  positions  is  equal  to  that  formed 
by  X'  in  the  corresponding  positions.  Because,  to  a  ray  of  one 
corresponds  one,  and  only  one,  fay  of  the  other. 

Cor.  2. — ^Any  two  projective  pencils  are  cut  by  two  trans- 
versals in  projective  rows. 

Cor.  3. — If  two  homographic  pencils  be  such  that  three  pairs 
of  homologous  rays  intersect  in  a  right  line,  then  all  pairs  of 
bomologous  rays  intersect  in  a  right  line. 


1 .  Two  pencils  whose  -vertices  lie  on  a  conio,  and  whose  corresponding 
rays  intersect  on  the  same  conic  are  equal,  for  the  rays  have  a  1  to  1  corre- 
spondence. 

2.  If  four  chords  of  a  conic  pass  through  the  same  point,  the  anharmonic 
ratio  of  four  of  the  points  in  which  these  chords  meet  the  conic  is  equal  to 
the  anharmonic  ratio  of  the  remaining  four  points  in  which  they  meet  it. 
For,  let  Xf  X'  he  the  points  in  which  any  of  the  chords  meets  the  conic, 
and  let  0,  0'  he  two  fixed  points  on  it.  Join  OJT,  O'X' ;  these  will  be  rays 
of  two  pencils,  whose  vertices  are  0,  0',  and  they  evidently  have  a  1  to  1 
correspondence. 

3.  If  two  conies  have  double  contact,  the  anharmonic  ratio  of  four  of 
the  points  in  which  any  four  tangents  to  one  meet  the  other  is  equal  to  that 
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of  the  remaining  points  in  which  the  same  tangents  meet  the  curve,  and 
also  the  same  as  that  of  the  points  of  contact.  (Townsbnd.) 

4.  MaelaurifC  s  Method  of  Describing  Conies, — The  locus  of  the  yertex  of 
a  yariahle  triangle  whose  sides  pass  through  three  fixed  points,  and  whose 
hase  angles  move  on  fixed  lines,  is  a  conic. 

6.  Netpton'a  Method  of  Describing  Conies. — ABCD  is  a  cyclic  quadri- 
lateral, the  points  Ay  Dare  fixed,  and  the  angle  JSAC  is  given  in  magnitude ; 
then,  if  £  describe  any  right  line,  or  if  it  describe  any  conic  passing  through 
the  points  A,  Dj  C  will  describe  another  conic  passing  through  A,  D., 

Superposed  Eows. 

292.  Upon  the  same  line  L  we  can  have  pairs  of  points 
X,  X',  whose  abscisssB  x,  x'  with  respect  to  two  given  origins 
satisfy  an  equation  of  the  form 

axixf  -  hx  -  iV  +  c  =  0. 

In  this  case  the  rows  are  superposed.  In  superposed  rows  the 
origins  may  or  may  not  coincide. 

293.  Double  Poiirrs. — Double  points  of  superposed  rows  are 
those  in  which  conjugate  points  coincide.  If  the  origins  0,  (/ 
coincide,  then,  for  the  double  points  we  shall  have  x  -  x',  and 
their  abscissae  are  given  by  the  equation 

ax''-{b  +  y)x  +  c^O,  (867) 

Hence  there  are  two  double  points,  real  and  distinct,  coincident, 
or  imaginary.  When  they  are  real  and  distinct,  let  them  be 
denoted  by  Fy  F' ;  and  let  {A,  A'),  (X,  X)  be  two  corresponding 
point  pairs.  Then  (§  288)  we  have  {FF'AX)  =  {FFA'X'), 
or  (§  39), 

AF^   XF_     AF^    XF^      ,    AF  AT  _  XF   X'F 
AF'  XP  "  A'F'  XF*     *  AF'  A'F  "  XF'  X'F' 

Hence  {FFAA')  =  {FFXX'),  (868) 

Thsrefore  the  anharmonic  ratio  of  the  double  points  and  any 
homologous  point  pairs  is  constant. 
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294.  If  the  double  points  Fy  F*  coincide  in  F^  and  this  be 
taken  as  origiii,  the  equation  (867)  will  have  two  roots  each 
equal  to  zero.  Hence  (?  =  0,  i  +  3'  »  0,  and  the  relation  of  pro- 
jectivity  becomes  aoaif  -  5  (a:  -  a; )  -  0,  or 

\\x  -  1/y  =  1/m.  (869) 

295.  DoTTBLE  Points  pouin)  Geokbtbically. — The  following 
geometrical  construction  for  the  double  points  holds,  whether 
the  origins  do  or  do  not  coincide.  Thus,  let  A^  B^  C7  be  three 
points  of  one  system ;  -4',  B'^  C  the  corresponding  points  of 
the  other;  then  if  Xbe  the  double  point,  we  have  (XABC) 
^{XA'B'C) 

X  A        B        C  A'        B'        C 

■ill  •  I  i 


or 


XB  xc    XB'  xa 


AB' AC     A'B''A'C 

Hence       XB.XCT:  XB,  XC::AB.A'C:  A'B\  A C. 

Therefore  the  ratio  of  XB,  XC  :  XB' .  XC  is  given,  that  is, 
the  ratio  of  tangents  from  Xto  circles  described  on  BC  and 
B'C  as  diameters  is  given,  and  X  will  be  either  of  the  points  of 
intersection  of  the  line  X,  with  a  given  circle  coaxal  with  the 
circles  on  ^C",  B'C. 

Similarly,  we  may  have  two  triads  of  points  on  a  conic 
say^,  Bj  C;  A\  B",  C,  and  require 
to  find  a  point  0,  such  that 
{OABC)  =  {OA'B'C).  This  is 
solved  by  constructing  the  Pascal's 
line  of  the  hexagon  which  they 
form,  as  in  the  diagram.  For  if 
AA'  be  joined,  it  is  evident  that  the 
pencils (^'.  OABC),  {A.  OA'BfC) 
are  equal. 
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1.  Inscribe  in  a  conic  section  a  polygon  all  whose  sides  pass  through 
given  points. 

Solution. — Assume  any  arbitrary  point  a  for  the  vertex  of  the  polygon, 
and  form  a  polygon  whose  sides  pass  through  the  given  points ;  the  point  a\ 
where  the  last  side  meets  the  conic,  will  not  in  general  coincide  with  a. 
If  we  make  three  such  attempts,  we  get  three  pairs  of  points  a,  a' ;  h,  b' ; 
c,  e' ;  then  a  point  X,  such  that  {Xabc)  =  {Xa'b'e')  will  be  the  point 
required. 

2.  In  a  triangle  inscribe  another  triangle  whose  sides  pass  through  given 
points. 

296.  Two  projective  pencils  which  are  united  at  their  summits 
in  the  safne  plane  are  said  to  he  concentric  or  superposed.  In 
intersecting  them  by  any  transversal,  we  obtain  two  projective 
rows  superposed.  These  rows  have  double  points,  real  or 
imaginary,  which  joined  to  the  common  summit  give  two 
double  rays  of  the  pencils. 

Involution. 

297.  If  two  systems  of  homoyraphic  points  on  the  same  line  have 
a  pair  of  corresponding  points  {A,  A')  permutahle,  then  any  pair 
of  corresponding  points  of  the  systems  are  permutahle. 

D^m. — Let  a,  a'  be  the  abscisscB  of  -4,  -4' ;  then,  by  hypo- 
thesis, we  have 

floa'  -  ^a  -  J'a'  +  ^  =  0,     floa'  -  ha'  -  i'a  +  c  =  0. 
Hence,  by  subtraction, 

(h  -  i')(a  -  a')  =  0,  and  since  a  ><  a',  h  =  h\ 
and  the  relation  becomes 

axxf  -  ^(a?  +  a;')  +  e?  =  0 ;  (870) 

and  since  it  is  symmetrical  in  x^  ^,  the  points  X,  X'  arc  per- 
mutahle. 
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Def. — Ttoo  mp&rposed  projective  rows  in  which  homohgoue 
points  are  permutdbU  are  said  to  he  in  involution, 

298.  Central  Point  of  Involution. — Supposing axO,  5x0, 
the  equation  (870)  may  be  written  xx'  -  «»(a?  +  a:')  +  ^^^  =  0,  or 

{x-m){sif -m)  =  n.  (871) 

where  n-w^-d.  Then,  taking  the  point  whose  abscissa  is  m 
as  origin,  denoting  it  by  0,  0  is  called  the  central  point  of  the 
involution,  and  equation  (871)  gives 

OZ.OZ'  =  »,  (872) 

n  being  a  constant.  We  see  that  the  central  point  is  that 
which  corresponds  to  infinity  (/  or  •/)  in  the  general  case. 

299.  Double  Points  op  Involution. — When  two  homologous 
points  coincide  in  one,  such  a  point  is  called  a  double  point. 

Now,  if  X,  X'  coincide  in  (872),  we  have  OX  =  ±  v^»  ;  if  n  >  0, 
there  are  two  double  points,  which  are  symetriques  with 
respect  to  the  central  point.  In  this  case  homologous  point  pairs 
are  situated  at  the  same  side  of  the  central  point,  and  the  involu- 
tion is  said  to  be  hyperbolic.  If  n  <  0  the  double  points  are 
imaginary,  and  the  involution  is  called  Elliptic. 

300.  In  an  hyperbolic  involution j  any  ttoo  homologous  points 
divide  harmonically  the  distance  between  the  double  points. 

Bern. — Let  jP,  F*  be  the  double  points,  then  we  have  (872) 
OX.  OX^nandOF^  ^  OF'^  =  n;  .-.  OX.  OX'  =  OF^-,  but 
0  being  the  middle  point  of  FF^  this  equality  indicates  that 
X,  X'  are  harmonic  conjugates  to  FF'.  Reciprocally,  all  the 
point  pairs  which  divide  hsumonically  a  given  segment  FF' 
belong  to  an  involution. 

Cor.  1. — If  three  point  pairs 

ar2+2Aa?  +  *  =0,   aV+2A'a?+J'=0,    a"!c'->t2h"x^b"  =  0 

form  on  involution,  they  have  a  common  pair  of  harmonic  con- 
jugates. Hence  the  condition  of  involution  is  the  determinant 
(865). 


=  0.  (873) 
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Cor.  2.— If  fa,  tT),  (*,  V),  %  tf)  be  the  abscissae  of  three  point 
pairs  in  involution,  then  the  determinant 

hv,       h  -h  y,       1, 

e<f,  e  +  /j  1 

Cor,  3. — If  17'=  0,  F=  0  be  the  equations  of  any  two  point 
pairs,  then  U-i-  kV  =  0  forms  an  involution  with  {Tand  Fl 

301.  SncMETRic  ImroLunoH. — If  «  =  0,  the  equation  of  invo- 
lution (870) reduces h{x-\-x^^c  =  0  or  (x^ r/2*) ^{x'- ejlh)  =  0, 
and  transferring  the  origin  to  the  point  whose  abscissa  is  cj^h, 
Buppotdng  this  point  E,  we  have  EX  +  EX'  =  0,  then  the 
involution  is  formed  by  point  pairs,  which  are  symetriques 
with  respect  to  J^.  E  is  a  double  point,  the  second  double 
point  is  at  infinity. 

This  involution  having  two  real  double  points  is  hyperbolic. 

302,  If  two  superposed  projective  pencils  be  such  that  a  pair 
of  homologous  rays  are  permutable,  then  the  rays  of  every 
homologous  pair  are  permutable,  and  the  two  pencils  are  said 
to  be  in  involution.  Their  theory  is  reduced  to  that  of  points  in 
involution  by  cutting  the  pencils  by  a  transversal.  Pencils  in 
involution  are  also  divided  into  hyperbolic  and  elliptic.  The 
former  has  two  real  double  rays,  which  are  harmonic  conjugates 
to  any  pair  of  homologous  rays.  As  a  particular  case,  we  may 
note  the  involution  formed  by  line  pairs  symmetrical  with 
respect  to  a  fixed  axis  (one  of  the  double  rays,  the  ray  perpen- 
dicular to  this  axis  is  the  second  double  ray).  This  is  isogonal 
involution.  The  elliptic  involution  has  two  imaginary  double 
rays.  The  most  remarkable  case  is  orthogonal  involution, 
formed  by  the  sides  of  a  right  angle  turning  reund  its  summit. 
If  we  take  the  sides  of  one  of  these  angles  for  axes  of  co- 
ordinates, the  angular  coefficients  of  two  conjugate  rays  of  the 
iiTvolution  satisfy  the  equation  mm!  +  1=0  where  w,  m'  are  ratios 
of  sectioD  relative  to  OX,  0  Y,  Hence,  making  m  =  w',  the  double 
rays  are  defined  by  w*  + 1  =  0  or  «» =  ±  ».  Hence,  the  double  rays 
are  the  imaginary  lines  from  0  to  the  cyclic  points. 
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1.  Given  two  homologous  point  pairs  of  an  involution,  show  how  to 
find  the  central  point  and  the  double  points. 

2.  A  system  of  conies  passing  through  four  fixed  points  cuts  any  trans- 
Tersal  in  involution. 

For,  let  S,  S  be  two  fixed  conies  passing  through  the  points,  then  S-¥  kS* 
will  denote  a  variable  conic  through  them ;  and  ii  S,  8'  he  given  by  their 
general  equations,  then,  if  the  transversal  be  the  axis  of  x,  the  point  pairs 
in  which  they  are  intersected  by  the  transversal  are  given  by  the  equations 

ax^'\-2gx-Vey  <^«»  +  2/a:  +  <?',  and  a«»  +  2^af+ tf  +  *(a'a:»  + 2/a? +<?')• 
Hence  ({  300,  Cor,  3),  they  are  in  involution. 

3.  The  three  pairs  of  opposite  sides  of  a  quadrangle  are  cut  in  involution 
by  any  transversal. 

4.  Coaxal  circles  are  cut  in  involution  by  a  transversal :  the  points  of 
contact  of  the  circles  of  the  system  which  touch  the  transversal  being  the 
double  points,  and  the  central  point  that  in  which  the  radical  axis  meets  it. 

6.  A  system  of  conies  having  a  common  self- conjugate  triangle  cut  in 
involution  any  line  passing  through  a  summit  of  the  triangle. 

6.  For  every  two  projective  rows  on  different  lines  there  exist  two  points, 
for  each  of  which  the  rows  are  iBogonal,  that  is,  the  angles  subtended  by 
one  TOW  are  respectively  equal  to  those  subtended  by  the  other. 

(TOWNBBND.) 

7.  If  aa'f  bb'y  e^  be  three  point  pairs  in  involution — 

ah\  he.  ea'  +  a'* .  A'c .  <?'  a  =  0.  (874) 

ab\  be .  e?V+  a'b .  b'e' .  m  =  0.  (876) 

ab  . b'e\  tfa'+  a'V, bc.e'a^  0.  (876) 

ab .  b'e .  <j'a'+  a'b\  b^.ea^O.  (877) 

8.  A  common  tangent  to  any  two  of  three  circumconics  of  a  quadrilateral 
is  cut  harmonically  by  the  third. 

9.  Show  that  the  following  are  special  cases  of  Ex.  8 : — 

1*.  If  through  the  intersection  of  common  chords  of  two  conies  a  tangent 
be  drawn  to  one  of  them,  it  is  cut  harmonically  by  the  other. 

2*.  If  through  any  point  on  the  chord  of  contact  of  two  tangents  to  a 
conic  a  third  tangent  be  drawn  intersecting  both,  it  is  divided  hannonically 
by  the  tangents  and  the  point  and  chord  of  contact. 


CHAPTER  XIII. 

THEORY  OF  DUALITY  AND  RECIPROCAL  POLARS. 

303.  It  has  been  seen  in  Chapter  III.  that  every  circle  has 
two  forms  of  equation,  viz.  trilinea/r  and  tangential.  The  same 
has  been  shown  in  Chapters  IX.  and  X.  to  hold  for  every  conic, 
and  in  fact  it  is  universally  true  for  all  curves.  Conversely 
every  equation  represents  two  distinct  curves,  according  as  it  is 
regarded  in  pointer  line  co-ordinates.  Thus,  in  l/x+m/y-i-n/z^Oy 
if  ar,  y,  «  be  trilinear  co-ordinates,  it  represents  a  conic  circum- 
scribed to  the  triangle  of  reference ;  and  if  they  denote  tan- 
gential co-ordinates,  it  is  the  equation  of  an  inscribed  conic. 
It  follows  as  an  inference  from  this  twofold  interpretation  of 
equations,  that  every  theorem  which  gives  a  graphic  property 
of  a  conic  has  another  related  theorem  called  its  reciprocal,  and 
that  the  same  demonstration  proves  both  theorems.  This  two- 
fold interpretation  is  called  the  principle  of  Duality. 

EXBBOISBS. 

\,  8  —  kS'  =  0  represents  in  point  co-ordinates  the  general  equation  of 
a  conic  passing  through  the  four  points  common  to  S  and  S',  and  in  line 
co-ordinates  the  general  equation  of  a  conic  inscribed  in  the  quadrilateral 
formed  by  the  four  common  tangents  to  S,  S'. 

2.  ay  "  k^Z  =  0  in  point  co-ordinates  denotes  that  the  rectangles  con- 
tained by  the  perpendiculars  from  any  point  of  a  conic  on  a  pair  of  opposite 
sides  of  an  inscribed  quadrangle  is  in  a  given  ratio  to  the  rectangle  contained 
by  the  perpendiculars  from  the  same  point  on  another  pair.  In  line 
co-ordinates  it  proyes  that  the  product  of  the  distances  of  any  tangent  to  a 
conic  from  a  pair  of  opposite  vertices  of  a  circumscribed  quadrilateral  is  in 
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a  giyen  ratio  to  the  product  of  the  distances  of  the  same  tangent  from 
another  pair  of  opposite  yertices. 

8.  Interpret  the  tangential  equation  Kp  =  Ar/i^. 

4.  If  two  conies  have  each  douhle  contact  with  a  third  conic,  their  poles 
of  contact  and  a  pair  of  opposite  yertices  of  the  complete  quadrilateral 
formed  by  their  common  tangents  are  collinear,  and  form  a  harmonic  row. 

6.  If  three  conies  have  each  double  contact  with  a  fourth,  six  of  the 
points  of  intersection  of  common  tangents  form  the  opposite  vertices  of  a 
complete  quadrilateral,  and  the  remaining  six  may  be  divided  into  four  sets 
containing  three  each,  such  that  the  pairs  of  common  tangents  which  inter- 
sect in  them  are  tangential  to  a  conic. 

6.  If  three  conies  touch  the  same  pair  of  lines,  the  intersection  in  each 
case  of  the  remaining  pair  of  common  tangents  are  colUnear. 

304.  Since  the  coefficients  in  the  tangential  equation  of  a 
conic  occur  in  the  co-ordinates  of  its  centre,  and  in  the  equations 
of  its  orthoptic  circle  and  foci,  when  the  tangential  equation  is 
given,  we  can  at  once  write  out  its  orthoptic  circle,  foci,  and 
centre.  Thus  the  tangential  equation  of  the  envelope  of  the 
line,  cutting  harmonically  the  conies 

(a,  h,  cj,  g,  h)  {x,  y,  1)«  =  0  (a',  h',  e,f,  /,  h!)  {x,  y,  XJ  =  0, 
is    {hd  +  h'o  -  2/')  \^  +  (tftf'  ^ifa-  2gg')  fi?  +  {ab'  +  a^d  -  2hh!y 
^r2{gW  +  g'h  -  af  -  «'/)^v  +  2(A/  +  A'/-  h^  -  b'g)v\ 
^2(Jg'^fg-cW-(/h)\ix^0. 
The  orthoptic  circle  is 
{ab'-^a!h-2hh%x'^fy2{hf^hy-hg'^Vg)X'-^gW^g'h-a^ 

+  (^^+*'^-2/'  +  tffl'  +  <?'«-2y/)  =  0.  (878) 

BXEBOISES. 

1.  The  locus  of  the  centre  of  a  conic  inscribed  in  a  quadrilateral  is  a 
right  line. 

2.  The  orthoptic  circles  of  conies  inscribed  .in  a  quadrilateral  fonu  a 
coaxal  system. 
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Theobt  of  Recipbocal  Polabs. 

305.  The  principle  of  duality  may  be  also  inferred  from  the 
theory  of  poles  and  polars,  some  propositions  in  connexion  with 
which  have  been  already  given  (§  183). 

Def. — If  any  figure  A  he  yiven,  by  taking  the  pole  of  every 
line  and  the  polar  of  every  point  in  it  with  respect  to  any  arbi- 
trary conic  8,  toe  construct  a  new  figure  B,  which  is  called  the 
polar  reciprocal  of  A  with  respect  to  8,  The  conic  8  is  called 
the  reciprocating  conic. 

From  the  definition,  we  have  at  once  the  following  re- 
sults : — 


A. 


1°.  For  a  point  on. 

2°.  A  tangent  to. 

3^.  A  system  of  collinear 
points  on. 

4°.  A  pencil  of  concur- 
rent lines. 

5^.  A  pair  of  lines  ho- 
mographically  di- 
vided. 

6°.  The  join  of  two 
points. 

7°.  The  locus  of  a  point. 


B. 


1^.  A  tangent  to. 

2°.  A  point  on. 

3°.  A  pencil  of  concur- 
rent lines. 

4°.  A  system  of  collinear 
points. 

5°.  Two  pencils  of  homo- 
graphic  lines. 

6^.  The  intersection  of 
two  lines. 

7^.  The  envelope  of  a 
line. 


306.   The  following  are  a  few  theorems   proved  by  this 
method : — 
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1.  Anif  two  fixed  tangmU  to  a  eonie  are  cut  komographieaUy  by  any 
variable  tangent. 

Let  ATy  ^r  be  tvo  fixed  tangents 
toudiing  the  conic  at  the  points  A^  B ; 
CD  any  variable  tangent  touching  it  at 
P.  Join  AF,  BP.  Now  AP  }m  the 
polar  of  C,  and  BPoi  D;  and  if  P  take 
four  different  positions,  the  point  C  will 
take  four  corresponding  positions,  and  so 
will  2).  Then  the  anharmonic  ratio  of 
the  four  positions  of  C  will  be  equal 
to  the  anharmonic  ratio  of  the  pencil  from  A  to  the  four  positions  of  P. 
Similarly,  the  anharmonic  ratio  of  the  four  positions  of  D  will  be  equal  to 
the  anharmonic  ratio  of  the  pencil  from  B  to  the  same  positions  of  P;  but 
the  pencils  from  A  and  B  are  equal.  Hence  the  anhannonic  ratio  of  the 
four  positions  of  G  is  equal  to  the  anharmonic  ratio  of  the  conresponding 
positions  of  JD. 

From  the  theorem  just  proved  it  follows,  that  if  two  linee  be  divided  in 
equal  anhamumie  ratioe  by  four  others,  the  six  lines  are  tangents  to  a  eonie» 
And,  more  generally,  If  two  lines  be  divided  hamographieallyy  the  envelope  of 
the  join  qf  eorreeponding  points  is  a  eonie. 

2.  Any  four  fixed  tangents  to  a  eonie  are  out  by  a  variable  tangent  in 
points  whose  anharmonic  ratio  is  constant, 

Bern. — The  joins  of  the  point  of  contact  of  the  variable  tangent  to  the 
points  of  contact  of  the  fixed  tangents  are  the  polars  of  the  points  of  inters 
section  of  the  variable  tangent  with  the  fixed  ones ;  but  these  form  a  con> 
stant  pencil.    Hence  the  proposition  is  proved. 

Z.  ](f  a  hexagon  be  described  about  a  eonie,  the  joins  of  opposite  angular 
points  are  concurrent. 

For  the  circumhexagon  is  the  polar  reciprocal  of  the  inhexagon,  and  the 
joins  of  its  opposite  vertices  are  the  polars  of  the  intersection  of  opposite 
sides.    Hence  the  proposition  Ib  the  reciprocal  of  Pascal's  Theorem. 

4.  The  three  pairs  of  points,  in  which  a  transversal  meets  three  circum- 
oonics  of  a  quadrilateral,  are  in.  involution. 

5.  The  common  tangent  to  any  two  of  three  circumconics  of  a  quadri- 
lateral is  cut  harmonically  by  the  third  conic.  Hence,  if  three  conies 
S,  8',  8"  he  inscribed  in  a  quadrilateral ;  and  if  from  P,  a  point  of  inter- 
section of  8,  S'f  tangents  be  drawn  to  S^\  these  form  a  harmonic  pencil 
with  the  tangents  eXPtoS,  5'. 

2c 
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6.  From  Ex.  2  it  follows  tliat  the  intercepts  on  any  variable  taogent 
to  a  parabola  made  by  three  fixed  tangents  have  a  given  ratio. 

7.  The  reciprocal  of  Ex.  6,  }  30*2  is — ^pairs  of  tangents  to  a  system  of 
conies  having  a  common  self -conjugate  triangle,  drawn  from  any  point  in 
one  of  its  sides,  form  a  pencil  in  involution. 

8.  The  six  sides  of  two  inscribed  triangles  of  a  conic  are  such  that  any 
two  are  cut  in  equal  anharmonic  ratios  by  the  remaining  four.  Hence 
they  touch  another  conic. 

Reciprocally,  if  two  triangles  circumscribe  a  conic,  the  six  vertices  lie  oa 
another  conic. 

9.  The  locus  of  the  pole  of  a  given  line,  with  respect  to  any  circum- 
conic  of  a  quadrilateral,  is  another  conic.  Hence  the  envelope  of  the  polar 
of  a  given  point,  with  respect  to  a  conic  inscribed  in  a  quadrilateral,  is 
a  conic. 

307.  .When  the  reciprocating  conic  is  a  circle,  its  centre  is 
called  the  centre  of  reciprocation.  The  following  results  will 
be  evident  from  a  diagram  : — 

1®.  The  angle  between  any  two  lines  is  equal  or  supple- 
mental to  the  angle  at  the  centre  of  reciprocation  subtended  by 
the  join  of  their  poles. 

2°.  Since  the  nearer  any  line  is  to  the  centre  of  recipro- 
cation the  more  remote  its  pole,  it  is  evident  that  the  pole  of 
any  line  passing  through  the  centre  must  be  at  infinity,  and 
in  the  direction  perpendicular  to  the  line  through  the  centre. 
Hence  it  follows,  since  two  real  tangents  can  be  drawn  from 
any  external  point  0  to  a  conic,  that  the  polar  reciprocal  of 
that  conic  with  respect  to  0  is  a  hyperbola.  Similarly,  the 
polar  reciprocal  of  any  conic  with  respect  to  any  point  on  it 
is  a  parabola,  and  its  polar  reciprocal  with  respect  to  any 
internal  point  is  an  ellipse. 

3°.  If  a  conic  reciprocate  into  a  hyperbola,  the  asymptotes  of 
the  hyperbola  are  perpendicular  to  the  tangents  drawn  from  the 
centre  of  reciprocation  to  the  original  curve. 

4°.  If  a  conic  reciprocate  into  an  equilateral  hyperbola,  the 
locus  of  the  centre  of  reciprocation  is  the  auxiliary  circle. 
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5^.  The  polar  of  tlie  centre  of  reciprocation  with  respect  to 
any  conic  will  reciprocate  into  the  centre  of  the  reciprocal 
conic. 

6^.  If  the  original  conic  be  a 
circle,  its  centre  will  reciprocate 
into  the  directrix. 

308.  If  0  be  the  centre  of 
reciprocation  ;  AJBC  the  tri- 
angle of  reference  for  trilinear 
co-ordinates;  A'WC  its  reci- 
procal ;  L  the  polar  of  any  point 
P ;  Xi,  Xa,  X3  perpendiculars  from 
A\  B'y  C"  on  Z  ;  and  ai,  o^,  a,  the 
trilinear  co-ordinates  of  P;  then  {Sequel^'^ook  III.,  Prop,  xxvu.), 
if  0A\  OJB'f  OC  be  denoted  by  pi,  p,,  P»,  we  have 


tti 


=  OP, 


&c. 


Pi 


Hence,  if  (a,  i,  c,  /,  g,  A)(ai,  o^,  os)*  =»  0  be  the  equation  of  any 
conic,  the  equation  of  its  reciprocal  with  respect  to  the  circle 
0  will  be 


(«,  K  c,  /,  y,  /*)  [  -,    — ,    -1  =  0. 

\pi       pa       Ps 


(879) 


Again,  if  {Ay  B,  C,  F,  G,  J3')(Xi,  X,,  Xj)'  =  0  bo  the  tangential 
equation  of  a  conic,  where  Xj,  Xj,  X3  denote  perpendiculars  from 
the  angles  A^,  P',  C"  of  the  triangle  of  reference  on  any  tangent 
L  to  the  conic ;  then,  if  a?!,  X2,  x^  be  the  trilinear  co-ordinates 
of  0  with  respect  to  the  reciprocal  triangle  ABC,  we  have 
Xipy  =  r*,  where  r  is  the  radius  of  reciprocation.  Hence,  elimi- 
nating pi  between  this  equation  and 


a,  « 


Pi 


we  get 


r*     a, 
^'^  O'P'x,' 
2c2 
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and  similar  values  for  X3,  X,.     Hence  the  transformed  equa- 
tion is — 

{A,  B,  C,  F,  Q,  ^)(^',    %    ^Y=  0.        (880) 

309.  It  is  required  to  find  the  centre  of  reciprocation^  so  that 
the  polar  reciprocal  of  a  given  triangle  ABC  may  he  similar  to 
another  given  triangle  AjB,Cf . 

Solution. — On  the  sides  of  ABC  describe  triangles  A'BC^ 
AB*Cy  ABC  similar  to  A^B^C,,  The  circumcircles  of  these 
triangles  will  have  a  common  point  i>,  which  will  be  the 
required  centre. 


Dem. — Let  JEi,  -E^2)  ^z  be  the  circumcentres  of  the  triangles 
A'BC,  AB'C,  ABC.  Join  AD,  BD,  CD.  It  is  easy  to  prove 
that  these  lines  produced  pass  respectively  through  A\  B',  C\ 
Join  -Ei-S's,  -E^jEi,  EiE^.  These  Unes  are  respectively  perpen- 
dicular to  AD,  BD,  CD.  Hence  the  angle  E^EyE^  is  the  sup- 
plement of  BDCy  and  the  angle  BA'C  is  also  the  supplement 
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oiBBC;  therefore H^EiHi^B A' a   Similarly,  E^E^E^t^  AR C, 
and  E2E^Ei  »  ACB,    Hence  the  triangle  EliEiE^  is  similar  to 

Again,  the  polars  of  the  points  Ay  B,  C,  with  respect  to  any 
circle  whose  centre  is  2),  are  perpendiculars  to  ADy  BD,  CD^ 
respectively,  and  therefore  parallel  to  the  sides  of  the  triangle 
HiEiEi.  Hence  the  reciprocal  of  the  triangle  ^^C  with  respect 
to  D  is  similar  to  A^  C, .  In  like  manner,  if  the  triangles 
A'BCj  AB'C,  ABC  be  described  inwards,  the  point  of  inter- 
section ly  of  their  circumcircles  will  be  another  centre  of 
reciprocation. 

Def. — The  triangle  EiE^E^  formed  hy  the  circumeentres  is 
called  Lionnefs  triangle^  after  M.  Lionnet,  toho^  in  the  Nouvelles 
Annales,  1869,  p,  528,  made  use  of  a  construction  similar  to  the 
foregoing  in  solving  Lhuilier*s  projection  problem,  §  278. 

Cor. — If  Ehe  the  circumeentre  of  the  triangle  ABC,  the  points 
J),  E  a/re  isogonal  conjugates  with  respect  to  LionneVs  triangle. 

For  the  radius  DEi  and  the  perpendicular  from  D  on  BC 
are  isogonals  with  respect  to  the  angle  BBC.  Hence  the  lines 
BEi  and  EEy  are  isogonals  with  respect  to  the  angle  E^EiE^, 
whose  sides  are  respectively  perpendicular  to  those  of  BBC. 

310.  If  Lionnefs  triangle  (last  Jig.)  be  moved  parallel  to  itself 
until  the  point  E  coincides  with  B,  it  will  in  its  new  position  be  a 
polar  reciprocal  of  ABC  with  respect  to  B. 

Dem. — Since  E  and  B  are  isogonal  conjugates  with  respect 
to  the  triangle  EiE^E^y  the  distances  of  E  from  the  sides  are 
inversely  proportional  to  the  distances  of  i>,  and  therefore 
inversely  proportional  to  AD,  BB,  CD,  Hence  the  proposition 
is  proved. 

311.  The  barycentric  co-ordinates  of  D  with  respect  to  the 
triangle  ABC  are 

l/(cot  A  +  cot  A^ ),    l/(cot  B  +  cot B^ ),    l/(cot  (7  +  cot  (J ). 

(881) 
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Dem. — When  Lionnet's  triangle  is  placed  as  in  §  310,  the 
sides  of  ABC  will  be  the  polars  of  the  vertices  of  EiE^^ 
with  respect  to  2),  and  therefore  the  distances  of  D  from 
the  sides  are  proportional  to  IjEEiy  l/EE^,  1/-E!£i.  Henco 
the  barycentric  co-ordinates  of  D  with  respect  to  ABC  are 
^ajEEi,  ihlEE^,  ie/EE^,.  Now,  if  EE^  intersect -8 C  in  If, 
we  have  EiM ^^acotA^y  ME ^  ^acotA,    Hence 

^JE',  =  ifl(cot^  +  cot-4^;;  .-.  ia/EEi  =  ]l(cotA-^cotA^). 
Hence  the  proposition  is  proved. 

Similarly,  the  barycentric  co-ordinates  of  2)'  are — 
l/(cot^-cot^j,  l/(cot^-cot^,),  l/(cot(7-cotCJ.     (882) 


1.  The  equation  of  the  circumcircle  of  the  triangle  of  reference  is — 

sin  A      sin  B      sin  C 

+ + =  0. 

ai  aa  013 

Now  it  is  easy  to  see  that  the  angles  AyByCci  the  old  triangle  of  reference 
will  be  the  supplements  of  the  angles  which  the  sides  of  the  new  triangle 
of  reference  subtend  at  the  centre  of  reciprocation.  Hence,  denoting  these 
angles  by  ^i,  ^3,  if^,  respectively,  the  result  of  reciprocation  gives  the  fol- 
lowing theorem : — Givett  afictu  and  a  triangle  eireumseribed  to  a  eoniCf  its 
tangential  equation  is — 

sin  ^,'.  ^  +  sinif^ .  ^  +  sin  iffs .  ^  «  0.  (883) 

\i  \i  Xs 

2.  If  a  polygon  of  any  number  of  sides  be  inscribed  in  a  circle,  and  if 

the  angles  which  the  sides  subtend  at  any  point  in  the  circumference  be 

denoted  by   ^1,  4^s,  4'3f  &c.,  we  have  (§  117),    if   01  =  0,  aa  =  0,  03  «  0, 

sin  d^i 

&c.,  be  the  standard  equations  of  its  sides,  2 =  0.    Hence,  recipro- 

01 

eating  with  respect  to  any  point  in  the  circumference,  we  get  the  following 
theorem  : — If  a  polygon  of  any  number  of  sides  eireumseribe  a  parabola,  and 
if  ^h  ^»  4^8}  #^'>  ^  ^^^  angles  subtended  at  its  focus  by  the  sides  of  the 
polygon f  Xi,  Xi,  A3,  #^.,  perpendiculars  from  the  vertices  on  any  tangent ^ 
p\f  p2y  p3i  ^e.,  the  distances  of  the  angular  points  from  the  focus,  then- 

S  ""*'"■  =  0.  (884) 

Ai 
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3.  In  equation  (339),  if  we  put  sin  A,  sin  Bf  sin  C  for  a,  b,  e,  the  tan- 
gential equation  of  the  circumcircle  of  the  triangle  of  reference  may  be 
written 

Bin  A  -v/xi  +  sin  B  \/\i  +  ain  C  v^  As  =  0. 

Hence,  by  the  foregoing  substitutionB,  being  given  a  focus  and  three  tan- 
gents, the  equation  of  the  conic  is 

Bin  hj—  +  sin  if^    /—  +  sin  if^    /—  =  0.  (885) 

4.  If  the  focus  be  one  of  the  Brocard  points,  yiz.  the  point  whose  co- 
ordinates are — 

e      a     b 
y    ?     a' 

thei  the  angles  «|/i,  4'2)  ^St  which  the  sides  subtend  at  that  point,  are  the 
suiplements  of  the  angles  C,  A,  B,  respectively.  Hence  the  equation 
of  ihe  Brocard  ellipse,  that  is  the  inscribed  ellipse  whose  foci  are  the 
Bro;ard  points,  if 


Jt-Jt-Jt^"-  <««»' 


5.  If  the  angles  of  a  polygon  circumscribed  to  a  circle  be  denoted  by 
Ay  8,  C,  &c.,  and  the  perpendiculars  from  its  angular  points  on  any 
tangent  to  the  circle  by  \i,  \2,  &c.,  we  have 


(^)  =  '■ 


Herce,  if  a  polygon  of  any  number  of  sides  be  inscribed  in  a  conic ;  and  if 
^1)  ^y  ^3,  &c.,  be  the  perpendiculars  from  one  of  its  foci  on  the  sides,  and 
^1)  *2»  &c.,  the  angles  subtended  at  that  focus  by  the  sides,  we  have 


S  (?llf^' )  =  0.  (887) 


)kp.  I. — If  through  any  point  be  drawn  three  lines  (/,  m,  n)  parallel  to 
the  vectors  AV^  BD,  CD  of  a  quadrangle  ABCD^  and  A,  ;*,  v  parallel  to 
B(f  CA,  ABf  the  pencil  in  involution  {l\,  m/ii,  ny)  is  called  th$  pencil 
of  the  quadrangle. 
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Dbf.  ii,^Tuw  quadramglen  ABCD,  A'B'(TD\  which  are  aueh  that  tU 
normal  eo-ordinatea  of  D  with  retpwt  to  ABC  are  imvereely  proportional  to 
the  vectore  from  1/  to  the  pointe  A\  B\  C,  are  aaid  to  be  metapolar^  end 
the  points  D,  If  their  metapolee, 

6.  If  (tK^  MM,  np)  be  the  pencil  of  a  quadrangle  ABCJ),  prove  (hat 
{\if  fim,  pn)  18  the  pencil  of  a  metapolar  quadrangle. 

7.  If  two  quadrangles  be  metapolar,  they  can  be  placed  bo  that  corve- 
sponding  triangles  will  be  reciprocal  in  four  different  wayi« 

8.  If  the  points  Dy  J/  be  isogonal  conjugates  with  respect  to  the  triaigle 
ABC,  and  if  Dilhl>z  be  the  pedal  triangle  of  D,  the  quadranglee  LD\D\Jh, 
JD'ABC  are  metapolar. 

9.  If  ABC^  A'BC  be  two  triangles  on  the  same  base,  and  if  the  join  of 
Ay  A*  meet  the  circiuncircles  of  ABCy  A*BC  again  in  D,  2)',  prove  that  ho 
quadrangles  If  ABC,  DA'BC  are  metapolar. 

10.  Place  two  pencils  Imn,  \ftp  so  that  they  shall  be  in  involution. 

11.  Being  given  two  pencils  {Imn),  {Kfi^),  to  construct  the  right  aigles 
which  correspond  in  the  pencils. 

12.  Couistruct  the  rectangular  rays  of  a  pencil  associated  to  a  quadraigle. 
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Section  I. — On  a  System  op  Theee  Figubes  Dibectly  Similab. 


312.  Let  A,  B,  C  .  .  .  be  a  system  of  points  belonging  to 
a  figure  ^i ;   on  the  radii 
vectores    drawn     from     a 
fixed     centre    0,    taking 
0A%  OB',   OC  .  .  .  such  Q 
that    OA'jOA  =    OB' I  OB 

^oaioc^.,.=kiix\h,ii 

being  given  lengths,  the 
points  ^',^,  C'j  &c.,  make 
a  new  figure  F'l,  which  is 
homothetic  to  Fi  with  re- 
spect to  the  point  0.  Then, 
if  F'x  turn  round  the  point 
O  through  any  given  angle, 
denoting  by  A"^  B^'y  C"  the  new  positions  of  the  points 
A\  B'y  C'f  and  by  ^a?  the  figure  which  they  form,  Fi  and  F^ 
are  two  figures  directly  similar,  having  for  double  point  or  centre 
ofeimtlitude  the  point  0, 

The  double  operation  by  means  of  which  Fi  is  transformed 
into  Fi  is  called  a  rotation.  It  is  said  to  be  around  the  point  0^ 
having  for  its  measure  the  ratio  OA :  OA". 

313.  Being  given  two  polygons  directly  eimilar,  it  is  repaired  to 
find  their  double  point. 
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Let  AB,  A'Bf  be  two  homologous  sides  of  the  figorea, 
C  their  point  of  intersection. 
Through  the  two  triads  of  points 
AA'C,  JffBC  describe  circles 
intersecting  in  0,  0  is  the  double 
point. 

For,  evidently,  the  triangles 
OABy  0-4'-^  are  directly  similar. 

This  construction  fails  when 
the  homologous  sides  of  the  figures  are  two  consecutive  sides 
BA,  AC  of  a,  triangle.  In  this  case,  upon  the  lines  BA,  A C 
describe  two  segments  BOA, 
AOCj  touching  AC,  -4-5  respec- 
tively at -4.  Then  0,  their  second 
intersection,  is  the  double  point, 
for  it  is  evident  that  the  triangles 
BOA,  AOC  are  directly  similar. 

Car.  1. — 0  is  the  focus  of  a 
parabola  touching  AB,  AC  at 
the  points  B,  C. 

Cor.  2. — The  distances  of  the 
double  point  from  any  two  homologous  points  or  lines  are  in 
a  given  ratio. 

Car.  3. — If  AO  he  produced  to  meet  the  circumcircle  of  the 
triangle  ABC  again  ia  J),  AO  equal  OB. 

Car.  4. — Either  Brocard  point  is  the  double  x>oint  of  the  given 
triangle,  and  of  any  of  an  infinite  number  of  directly  similar 
inscribed  triangles. 

For,  let  O  be  a  Brocard  point.  Take  any  point  B  in  BC. 
Describe  circles  about  the  triangles  BBCl,  ClCB  intersecting 
the  sides  BA,  AC  respectively  in  the  points  F,  E.  Then 
the  triangle  FBE  is  directly  similar  to  ABC. 

For  the  angle  BFO,  is  equal  to  BBil  =  FAQ  and  FBQ  =  FIKl. 
Hence  the  triangle  BVlA  is  directly  similar  to  JXlF.    Similarly, 
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the  pairs  of  triangles  F€lEy  AOC;  JEQBj   CUB  are  directly 
similar.     Hence  the  proposition  is  proved. 


Thrrb  Similab  FiGTraEs. 

314.  NoTATToy. — Let  -Fi,  Fj,  F^  be  three  directly  similar 
figures,  lif  li,  I3  three  corresponding  lengths,  ai  the  angle  of  ro- 
tation of  Fi,  -P3,  02,  og  the  angles  of  rotation  of  -^3,  Fi  and 
Fi,  F^  respectively,  5„  82,  S3  the  double  points  of  Ft,  F^, 
F^,  Fi,  and  of  Z',,  F^.  We  shall  also  denote  by  {0 ,  AB)  the 
distance  from  the  point  0  to  the  line  AB,  The  triangle  81828^ 
formed  by  the  double  points  is  called  the  triangle  of  similitude 
of  the  figures,  and  its  circumcircle  their  circle  of  similitude. 

In  every  system  of  three  figures  directly  similar  the  triangle 
formed  by  any  three  homologotts  lines  is  in  perspective  with  the 
triangle  of  similitude,  and  the  locus  of  the  centre  of  perspective  is 
the  circle  of  similitude.  (Takrt.) 

Dexn. — Let  aj,  02,  a^  be  three  homologous  lines  forming  the 
triangle  A1A2A3.     Then  we  have  (§  313,  Cor,  2) 

(^1.^2)  ^  4      (^2.^3)  ^  h     (S,,a,)  _  Ij 
{8,, a,)     k'    {82. a,)' h'    {8,.a2)' k' 


S»6 


Hav%  it  foTlTWf  tLst  the  lir**  5;^> 

ill  a  yAiA.  L  wL'j!^  'V.'txTff^  frysi  the  liaes 


S,^>   ^S^s  caintenBct 


«.^, «,,  ^  are 


tional  to  /„  Z|,  /,.  Again,  the  triangle  AyA^A^  being  formed  by 
three  corrcBponding  lines,  its  angles  are  supplements  of  ai,  a,,  o^ 
respectively.  Hence  the  angles  A1ZA2,  A^LA^y  A^LAi  are 
given,  that  is,  the  angles  81LS2,  S^LS^,  83LS1  are  given.  Hence 
the  point  X  moves  on  three  circles  passing  through  Si  and  St, 
Sj  and  S^f  8^  and  81  respectively,  that  is,  it  moves  on  the 
circumcircle  of  the  triangle  81828^. 

315.  In  every  system  of  three  similar  fiywres  there  is  an  infinite 
number  of  triads  of  commrrent  homologous  lines ;  these  turn  round 


decent  Oeometry.  397 

three  Jlscsd  points  /i,  /j,  /,  of  the  circle  of  similitude,  and  the  locus 
of  their  point  of  concurrence  is  the  circle  of  similitude.      (Tahbt.) 

Dem. — Let  L  be  the  centre  of  perspective  of  the  triangle 
SiS^S^  and  AiA^^  formed  by  three  homologous  lines. 
Through  L  draw  Z/i,  Z/2,  LI^  parallel  to  the  sides  of  AiA^A^, 
respectively.    These  are  homologous  lines  for 

(5i .  ZI,)|{S^ .  Z/,)  =  (8^ .  a,)l{S, .  a,)  =  k/k  &c. 

Again,  the  point  /a  is  fixed ;  for  the  angle  81LI2  is  equal  to 
S.A^A^,  which  is  givdn.  Hence  the  arc  SJ^  is  given,  and  /,  is 
a  given  point.     Similarly,  It,  li  are  given  points. 

Def. — /j,  I2,  /j  are  called  the  invariable  points,  and  IiI%Tz  the 
invariable  triangle. 

Cor,  1. — The  invariable  triangle  is  inversely  similar  to  the 
triangle  formed  by  three  homologous  lines. 
For  the  angle  I^I^Ti  =  Z2Z/1  »  AiA^Ai,  &c. 

Cor.  2. — The  invariable  points  form  a  system  of  three  corre* 
sponding  points. 

For  the  angle  i^/Si/s  =  ai,  and  S1I2 :  Sil^ : :  ^ :  ^. 

Cor.  3. — The  lines  joining  /i,  ia,  /a  to  any  point  of  the  circle 
of  similitude  are  corresponding  lines  of  Fi,  F2,  F^. 

For  they  pass  through  three  homologous  points,  and  make, 
with  each  other,  angles  equal  to  ai,  03,  03,  respectively. 

Cor.  4. — The  triangle  formed  by  any  three  corresponding 
points  is  in  perspective  with  the  invariable  triangle  and  the 
locus  of  the  centre  of  perspective  is  the  circle  of  similitude. 

For  the  joins  of  corresponding  vertices  are  corresponding  lines 
through  the  invariable  points. 

Cor.  5. — The  invariable  triangle  and  the  triangle  of  simili- 
tude are  in  perspective.    For  we  have  1%:  Iz  ::  81I2 :  ^1/3 : : 

{8,.IJ2):(S,.IJ,). 

316.  MoDULAH  QuADUAiJOLE. — Iffrom  a  point  Q  we  draw  three 
lines  QQi,  QQai  QQz  ^qwU  to  h,  k,  l%>  respectivelyy  and  parallel 
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to  any  three  homohyous  lines  ofFif  F2,  Fi,  thefiyure  QQiQiQz  is 
called  the  modular  quadranyle.  (NEUBEBa.) 

It  is  evident  from  the  construction  that  the  angles  QsQQa, 
QiQQu  Q1QQ2  SLre  respectively  equal  to  ai,  a^f  a,. 

Cor.  1. — The  fiyure  formed  by  the  point  L  {Jiy*^  §  314)  and 
Zi,  Z2,  Zb,  the  feet  of  perpendiculars  from  it  on  the  sides  of 
the  trianyle  AiA2A^  is  similar  to  the  modular  quadranyle. 

Because  the  distances  of  L  from  the  sides  of  the  triangle 
^i^2^3  are  proportional  to  /i,  ^,  4,  and  the  angles  L%LL^^ 
LJLL\i  L1LL2  are  respectively  equal  to  ai,  02,  03. 

Cor,  2, — The  pedal  triangle  MiM^M^  of  L  with  respect  to 
LiL%L^  is  easily  seen  to  be  inversely  similar  to  81828^.  Hence 
the  pedal  trianyle  of  Q  with  respect  to  QiQtQ^  is  inversely  similar 
to  the  trianyle  of  similitude. 

Cor.  3. — The  antipedal  trianyle  of  Q  with  respect  to  Q1Q2Q9 
is  similar  to  the  trianyle  formed  by  any  three  correspondiny 
lines  ofF^,  i^,,  F^. 

Por  the  antipedal  of  L  with  respect  to  ZiZaZ,  is  the  triangle 

317.  If  Pi,  F2,  Ps  be  a  triad  of  homohyous  points  of  F^,  F^,  F^ ; 
fLi>  ft2»  Ih,  the  areas  of  the  trianyles  QiQQz,  Q^QQu  Q1QQ2  of  the 
modular  quadranyle.  The  mean  centre  of  Pi,  jPj,  Pzfor  th^  system 
of  multiples  fjii,  fjt^,  fj^  is  a  fixed  point.  (Neubekg.) 

Dem. — Let  Ri,  JR2,  Hz  be  another  triad  of  homologous  points, 
divide  PzPsj  PzPi  in  the  ratio  /ji,  :  /13  in  the  points  P^,  JR4 ; 
draw  P4  U,  Pi  V  equal  and  parallel  to  P2R2  and  P3-R3,  respec- 
tively. Join  jBj  U,  i?3  V.  Now  wo  have  iZa  27":  i^g  F  :  :  /xb  :  /a,  : : 
i22^4 :  Ez^i.  Hence  the  line  UV  passes  through  P^.  Again, 
in  the  modular  quadrangle  wc  can  suppose  QQi,  QQ2,  QQ3  to  be 
equal  and  parallel  to  PiPi,  ^2-^1*  PsPtt  respectively.  Hence 
the  triangle  PiUV\%  equal  in  every  respect  to  QQiQ^'  Hence, 
if  we  produce  QiQ  to  meet  Q^Q^m  Q4,  it  follows  that  P4^4  is 
equal  and  parallel  to  QQ^.  Therefore  PiRi  and  ^4-^4  are 
parallel,  and  the  lines  P\Pi,  RiR^  intersect  in  a  point  2>,  such 
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that  each  is  divided  in  i>  in  the  ratio  QQi'.QQi.    Hence  J)  is 


the  mean  centre  of  the  triads  of  points  Pi,  P2»  Pj ;  Ru  R%9  Rz 
for  the  multiples  fii,  /is,  /is. 

Def. — D  is  called  the  director  point. 

318.  Let  S\  he  the  point  of  Fi  which  corresponds  to  Si,  con- 
sidered as  a  point  in  F^  and  F^ ;  8' 2  the  point  of  /ii  which  cor- 
responds to  82  in  Fi  and  Fi  ;  and  S\,  the  point  of  F^  which 
corresponds  to  8^  in  Fi  and  F^.  Then  the  lines  8i8\,  828^2,  8^8^ 
are  concurrent. 

In  fact  D  is  the  mean  centre  of  8\,  8if  81  for  the  multiples 
Mi»  A*2>  Mb-  Therefore  i>  is  a  point  on  8i8\,  which  it  divides  in 
the  ratio  fJLi:  iji^  +  fh-    Similarly,  it  is  a  point  on  828^2  and  8^8^. 

Or  thus — By  hypothesis  the  three  points  8\,  /Si,  8i  are  homo- 
logous points.  Hence  the  lines  8\Ii,  81I2,  81!^  joining  them  to 
the  invariahle  points  are  concurrent.  Hence  the  points  8\y  D,  81 
(fig.,  §  314)  are  collinear.  Similarly,  8^29  A  ^2  are  collinear, 
and  /S'a,  D,  8^  are  collinear. 

Def. — The  points  <S'i,  S'2,  ^'3  (^s  called  the  adjoint  points, 
and  the  triangles  S\828i,  /SiS'2^8)  81828'^  ankex  triangles. 
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Z\9.  The  annex  triangles  are  directly  similar  to  the  modular 
triangles.  (Neubbro.) 

Dem.— The  points  8\,  82,  S^  in  /\  correspond  to  S„  5',,  8^ 
in  Ft,  and  to  8u  S^y  8'z  in  F^.    Hence  the  triangles  SiS\St, 


81838^ i  are  similar  to  QQzQs.  Therefore  the  angle  81S2D  is 
equal  to  ^ijS'sZ),  and  the  circumcircle  of  the  triangle  818^8' ^ 
passes  through  D.  Similarly,  the  circumcirclcs  of  the  triangles 
S'lSiSii  6\6"j6',  passes  through  i>.  Let  -Ei,  jEi,  ^3  he  the  cir- 
cumcentres  of  the  annex  triangles.  Then,  as  they  form  a  triad 
of  homologous  points,  the  triangles  SiE^E^^  S^E^i^  SzE^Et  are 
directly  similar  to  the  triangles  QQsQs,  QQnQxy  QQ\Qi,  hut  the 
lines  SiD,  S^D,  S^D  are  perpendicular  to  EiE^,  E^Ei,  E^Et 
at  their  middle  points.  Hence  the  triangles  DEtE^^  DEyEi, 
DEiEt  are  inversely  similar  to  QQiQ^^  QQ^Qv,  QQiQ%'  There- 
fore the  triangle  EiEtE^  is  inversely  similar  to  flySjiSj.  Hence 
S'ASt  is  directly  similar  to  ft  G,  (2..  ^'  ^*  ^^ 
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Cor. — The  lines  Si8\y  8^8^%^  8^8'^  are  respectively  the  doubles 
of  the  altitudes  of  the  triangle  ^i^^^s.  * 

For  I>8\  is  bisected  by  the  perpendicular  from  JSi  on  it,  and 
8iD  is  bisected  by  ^^S^s. 

Def. — We  shall  call  the  eireumeiroles  of  the  annex  triangUe 
Ainrsz  Cibcl^,  and  the  triangle  formed  ly  their  centres  Lioinfiii's 
Tbiakolb.  Compare  §  309,  Def.,  and  the  circumcircle  of 
Lionnefi  triangle  Liokkex's  Gibcle. 

320.  The  triangle  formed  by  any  three  homohgoue  points  Pi, 
Pg,  Pa  ie  orthologique  with  Lionnefs  triangle  EiE^E^,   (NBUBSBe.) 

Dem. — ^Let  the  barycentric  co-ordinates  of  Pi  with  respect 
to  the  triangle  8\8t8z  be  Xi,  A«,  As,  then  the  barycentric  co- 
ordinates of  P%  with  respect  to  818^28^  ond  of  P3  with  respect  to 


81828'i  are  Xi,  Xg,  X«.  Again,  join  8\Pi,  and  produce  to  meet 
8289  in  U.  Join  ZT^i,  and  draw  PiP  parallel  to  8'i8i  meeting 
U8i  in  P.  Then  it  is  easy  to  see  that  the  barycentric  co- 
ordinates of  P  with  respect  to  81828^  are  X„  Xj,,  X«.    Similarly, 

2i> 
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it  may  be  prored  that  the  parallel  through  P^  to  8*%8%y  and 
through  Ps  to  iS's^s*  p^s  through  the  point,  whose  barycentric 
co-ordinates  with  respect  to  SiS^Sz  are  Xi,  As,  A«.  Hence  the  three 
parallels  are  concurrent,  but  these  parallels  are  perpendicular  to 
the  sides  of  ^JS*}^.    Hence  the  proposition  is  proved. 

Cor*  1. — The  figures  Fi,  F%f  F^  are  projectively  related  to  a 
fourth  figure  F. 

For  when  Pi  describes  ^i,  P  will  describe  F,  which  will  be 
the  projection  of  each  of  the  figures  Fi,  jPs,  F^, 

Car,  2. — ^The  invariable  triangle  is  the  reciprocal  of  Lionket's 
triangle. 

For  the  perpendiculars  from  J)  on  the  sides  of  Fi^gB^  are  the 
halves  of  the  lines  SiD^  8JD^  8^^  respectively,  and  these  are 
proportional  to  the  reciprocals  of  D/i,  Dl^y  T)I%y  respectively. 

321.  The  triangle  formed  hy  any  three  oorreepondiny  points  ie 
emilar  to  the  pedal  triangle  of  any  of  these  points  with  respect  to 
the  corresponding  Annex  triangle, 

Bern. — ^Let  the  perpendicular  co-ordinates  of  Pi  with  respect 
to  8\82Sz  be  0?!,  yi,  Si ;  those  of  P,  with  respect  to  8i8't8i, 
x%y  ys,  %,  and  of  P,  with  respect  to  8i8t8't  be  ^,  yz,  Ss.  Kow 
from  similar  triangles  we  have 

8\8i  :  PiP  : :  (8\ ,  8^8^)  :  «i, 

but  8\8i  =  2  ( Ji .  E^)  Cor.,  §  819. 

Hence  2  (jEi .  F,^) :  (8\ .  8^8^) : :  PiP  :  Xi. 

Similarly,        2  {F^ .  F^i)  :  (8\  .  8z8i)  : :  P^P  :  y^ ; 

but  from  similar  triangles, 

{8'2'8s8{):{82.8z8\)::yt:yi 

Hence  (Euc.  V.  xxu.), 

2{Fi.F^i)  :  (82.8^8^1)  : :  P^P  :  y|. 

But  since  the  triangles  FiFtEi,  8^18282  are  similar, 

(JBi . F^E,)  :  (8\ .  8^8,)  : :  {F^.F^E,)  :  («, .  8,8\), 

Hence  PiP  :  ^1 : :  PsP :  yu  and  similarly  as  PzP  :  Si,  and  the 
proposition  is  proved. 
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Cor. — The  ratios  FiP  :  a?i,  P,P  :  yi,  P,P :  Si  are  given.  For 
each  is  equal  to  the  ratio  of  any  side  of  EiEiJEz  to  half  the 
homologous  side  of  S\8%8^.  The  proposition  just  proved  affords 
immediate  solution  of  a  large  number  of  propositions.  The 
following  are  a  few  instances : — 

1^.  If  three  hmohgow  points  he  oottinear,  their  hoi  are  the 
annex  circles. 

For  the  feet  of  the  perpendiculars  from  each  on  the  sides  of 
its  annex  triangle  are  coUinear. 

2^.  If  the  Brocard  angle  of  the  triangle  formed  hy  three  homolo- 
gous points  he  given,  their  lod  are  Bchotjte  eireles  of  the  corre- 
sponding Annex  triangles. 

3°.  j^the  area  of  the  triangle  formed  hy  three  homologous  points 
he  given,  the  locus  of  each  is  a  circle. 

For  the  area  of  the  pedal  triangle  of  each  point  with  respect 
to  its  annex  triangle  is  given. 

Hie  maximum  triangle  formed  hy  three  homologotM  points  is 
LionneVs  triangle  EiE^Ez* 

4°.  If  the  angle  P%PiPz  of  the  triangle  formed  hy  three  homolo- 
gous points  he  given,  the  locus  of  Pi  is  a  circle  passing  through  the 
points  82,83. 

5^.  If  the  sum  of  the  squares  of  the  sides  of  the  triangle  formed 
hy  three  homologous  points  he  given,  the  locus  of  each  is  a  circle. 

In  each  of  the  foregoing  cases  the  locus  of  the  point  P  is  an 
ellipse. 

6°.  If  Pi,  Pa,  Pa  he  homologous  points,  P'l,  P'j,  P'j,  their  inverses 
with  respect  to  the  annex  circles,  the  triangles  PiPjP,,  P'lP'jP',, 
are  inversely  similar.  B  is  their  douhle  point,  and  ifPiP'i  inter- 
sect its  Annex  eirele  in  the  points  V,  V,  BV,DV'  are  their  douhle 
lines.  (M*Cat.) 

For  if  Pi,  P\  be  inverse  points  with  respect  to  the  annex 
circle  8'i828z,  their  pedal  triangles  are  inversely  similar. 
Hence  PiPjPs,  P'lP'iP'a  are  inversely  ftimilar. 

2d2 
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7°.  The  triangle  I' iF 2!' ^formed  hy  the  inverses  of  the  invariable 
points  with  respect  to  the  Annex  circles  is  directly  similar  to  the 
triangle  fortned  hy  amy  three  corresponding  lines.  {Ibid.) 

8°.  The  anticomplementary  of  Fxl^r^  is  a  triangle  {say  ABC) 
formed  hy  three  corresponding  lines,  and  the  middle  points  of  its 
sides  are  homologous  points  of  Fi,  ¥%,  F^,  The  perpendiculars  to 
the  sides  of  ABC  at  I\,  1'%,  T^,  or  at  their  middle  points  are  con- 
current homologous  lines.  Hence  they  pass  through  the  invariable 
points,  and  intersect  on  the  circle  of  similitude.  Sence  the  ortho- 
centre  of  l\r^r^  is  a  point  on  the  circle  of  similitude.       {Ibid.) 


1  The  invariable  triangle  is  orthologique  with  that  formed  by  any  three 
corresponding  lines. 

2.  If  coiresponding  drclee  of  Fi,  Ft,  Fz  be  concentric  with  the  annex 
circles,  circles  cutting  them  orthogonally  form  a  coaxal  system,  of  which 
the  director  point  is  a  limiting  point.  (M'Gat.) 

3.  If  the  figures  J^i,  F%,  JFs  be  equal,  the  director  point  is  the  circum- 
centre  of  Lionnet*s  triangle,  and  the  orthocentre  of  the  triangle  of  simili- 
tude. 

4.  In  the  same  case,  the  annex  triangles  are  the  sym6tiiques  of  the 
triangle  of  similitude  with  respect  to  its  sides. 

6.  If  through  any  three  corresponding  points  lines  be  drawn  parallel  to 
the  sides  of  Lionnet's  triangle,  they  form  a  triangle  of  constant  area. 

6-10.  If  the  director  point  be  on  the  circumference  of  Lionnet's  circle, 
then — 1*^.  The  double  points  are  collinear.  2**.  The  invariable  points  are 
at  infinity.  3**.  The  triangle  Tir%rz  coincides  with  Lwntuft  triangle. 
4^.  The  adjoint  points  are  the  sym^triques  of  D  with  respect  to  the  tri- 
angle ABC,  the  anticomplementary  of  Lionnet's  triangle.  5**.  If  the  Une 
81828^  cut  the  sides  of  ABC  in  angles  A',  B\  C\  and  22  be  the  ciroum- 
radius  of  ABC,  the  radii  of  the  annex  circles  are 

Boos  A',    Bqo&B',    BcobC. 

*  These  Exercises  have  been  selected  chiefly  from  Nbvbbso  "  Sur  lea 
projections  et  contra-projections."    BruxeUes,  1890. 
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11-17.  If  the  points  6u  S%,  St  remain  fixed,  while  the  dixector  point 
D  is  at  infinity  in  a  given  direction  d,  theo — 1".  The  lines  through 
Si,  St,  Si  parallel  to  5  cut  the  circle  of  similitude  in  the  inyaiiable  points. 
2".  Ml  +  M^  +  M3  =  0.  S"".  Eyery  line  parallel  to  9  meets  the  sides  of  the 
triangle  of  similitude  in  three  corresponding  points.  4**.  The  triangle 
formed  by  three  corresponding  lines  is  similar  to  the  triangle  of  similitude. 


5°.  It  is  inscribed  in  the  triangle  of  similitude.  (>*.  The  adjoint  points 
are  the  intersections  of  the  side  of  SiS%Si  with  the  parallels  Sili,  Szlt, 
Szlz»  T.  The  annex  triangles  reduce  to  flat  triangles  S'lSiSz,  SiS'tSt, 
SiStS'i, 

1^23.  If  from  any  point  P  of  a  line  d  perpendiculars  be  drawn  to  the 
sides  of  a  fixed  triangle  ZyZiZ^,  their  feet  mark  three  homologous  rows  of 
points  which  may  be  regarded  as  making  parts  of  three  directly  similar 
figures  Fx,  Ft,  Fz,  then — 1^.  The  feet  of  perpendiculars  from  the  summits 
of  Z\Z%Zz  on  the  line  d  are  the  double  points  S\,  St,  Sz  of  the  system. 
2**.  The  triangle  ZiZtZt  is  similar  to  Lionnet*s  triangle.  3**.  The  invariable 
points  are  at  infinity  on  the  perpendiculars  of  Z\Z%Zz'  4.  The  director 
point  2)  is  the  point  common  to  perpendiculars  from  S\,  S%,  S%  on  the  sides 
of  ZiZiZt,    6^.  If  d  intersect  the  circumcircle  of  ZiZ%Zz  in  the  points 
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r,  V\  the  Simson's  lines  of  F,  V  with  respect  to  ZiZ%Zi  pass  through  2>. 


G"".  If  «P  he  a  diameter  of  the  circamcirole  of  ZiZtZ%,  J>  will  he  on  its 
nine-points  circle. 

24.  If  Pi,  Pg  he  homologous  points  of  directly  similar  figures  Pi,  Ft,  and 
if  through  any  fixed  point  S  a  line  Sp  he  drawn  equal  and  parallel  to  PiPi» 
the  locus  otp  is  a  figure  similar  to  Pi,  F%. 

25.  If  PiQii^i,  FiQiRi  he  two  triangles  directly  similar,  and  if  through 
any  point  S,  he  drawn  lines  Sp,  Sg,  Sr,  respectively  equal,  and  parallel  to 
PiPa,  QiQtt  FiF%;  the  triangle  jpgr  is  similar  to  the  given  triangle. 

26.  Being  given  Lionnet's  triangle  of  three  similar  figures,  then  any 
triangle  PiPaPs  whose  summits  are  three  homologous  points,  is  only  altered 
in  position  hy  the  change  of  position  of  the  director  point. 

27.  If  Pi,  Ps,  Ps  he  a  triad  of  homologous  points  of  three  similar  rows, 
and  if  upon  a  fixed  hase  a  triangle  similar  to  PiPsPs  he  desorihed,  the  locus 
of  the  free  summit  is  a  circle. 

Section  II. — ^Theobt  of  Eakmokio  Caobds. 

322.  If  A'Bf  he  a  chard  of  given  length  tnserihed  tn  a  etrele  Z^ 
S  a  given  pointy  then  if  the  lines  A'S,  B'S  intersect  the  circle 
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again  in  AB^  a  point  K  {called  the  symmedian  point)    eon  be 
foundj  eueh  that  the  ratio  {K.  AB)jAB  is  constant, 

Sol. — ^Let  AB^  A'B*  produced  meet  in  P,  and  intersect  in 


Cy  C\  tie  line  joining  8  to  the  centre  0.  Through  P  draw 
PS'y  thepolar  of  8^  then  JT,  the  harmonic  conjugate  of  0  with 
reeipect  toj9,  8\  is  the  point  required. 

Dem.— Since  the  pencils  P{8C8'C'),  P(8£'8'0)  are  har- 
monic, 

2188'  -  1I8C+  1/80'  =  1/6X+  1/80, 

.-.  (flSr-  8C)l{8JSr.  80)  =  {8C'  -  80)I{8C' .  80). 

llence 

KOI80iOai80' :  :  /SJ^iSO, 
Therefore 


But 
Hence 


{K.  A3)l{8 .  AB)  :{0.  A'W)I{8 .  A'F) : :  8£':  80. 

{8 .  AB)  :  (8 .  A'B')  ::AB:  A'F. 
(JE.  AB)IAB :  (0 .  A'B')/A'B'  ::8K\  80. 


But  the  thre(  last  terms  of  this  proportion  are  giyen,  therefore 
the  first  is  gien.       * 
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Cor.  1. — If  the  points  A,  B  be  joined  to  8f^  and  produced  to 
meet  Z  again  in  A"^  B",  these  points  aie  the  sym^tiiques  of 
A\  B'  with  respect  to  BS. 

Cor,  2. — ^If  the  chord  A'N  take  different  positions  in  t&e 
circle,  its  extremities  will  divide  the  circle  homog^phicaHy. 
Hence  the  corresponding  positions  of  A^  B  will  be  homograplic. 
Hence  we  have  the  following  theorem : — 

If  the  extremities  of  a  chord  of  a  circle  divide  it  homo^aphicaJy, 
there  is  a  fixed  point  in  its  plane  such  that  its  perpendicular  Us- 
tancefrom  the  chord  hears  a  constant  ratio  to  its  length, 

Dep. — The  points  8,  S'  are  called  the  centres  of  inversion. 

323.  Bbogajld  Ellipse. — Since  A^B'  is  a  chord  of  coistant 


length,  its  envelope  is  a  circle  concentric  with  Z.  Hence  the 
envelope  of  AB  is  an  ellipse,  called  the  Brocard  Elapse ;  its  foci 
are  found  as  follows : — 

Let  iTbe  the  symmedian  point,  0  the  centre  of?,  upon  OJT 
as  diameter  describe  a  circle.  (This  is  called  the  Brpard  Circle.) 
Draw  OcT"  perpendicular  to  AB,  cutting  the  Brocai  Circle  in  /. 
Join  Alf  BI,  cutting  the  Brocard  Circle  in  O,  I' ;  these  are 
given  points,  and  are  the  required  foci.    *  < 
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Dem. — Since  the  ratio  ( JT .  AB)IAB  is  given,  the  ratio 
IJ\  AB,  therefore  the  ratio  ZT:  JB  is  given.  Sence  the  angles 
JIB^  IBJdj:Q  given.  Hence  the  angle  O/O  is  given.  Hence  O 
is  a  given  point.  From  Q  draw  OJf  perpendicular  to  AB. 
Now,  since  the  triangle  QBM\&  given  in  species,  and  B  moves 
on  a  given  circle,  the  point  M  descrihes  a  fixed  circle.  This 
will  be  the  pedal  circle  of  the  conic,  which  is  the  envelope  of 
AB,    Hence  O  is  a  focus.    Similarly,  O'  is  a  focus. 

Def. — Q,  O'  are  called  the  Brocard  points  of  the  system,  and 
either  base  angle  of  the  isosceles  triangle  lAB  its  Brocard  angle. 

Cor.  1.— If  the  angle  which  A'B'  (fig.,  §  322)  subtends  at 
the  centre  be  denoted  by  2a,  the  distance  OK  by  8,  and  the 
Brocard  angle  by  a>,  then 

tan««.tan»a=l  -  8»/J2*.  (888) 

Dem. — From  the  proof  of  §  322, 

{K,  AB)IAB :  ( 0 .  A'B'yA'B' : :  SK:  SO, 
But 

( JT.  AB)IAB  =  i  tan  0),    (  0 .  A'B^A'B'  =  J  cot  o. 

Hence 

tan(o.tana»/SJr/iSO. 

Again,  since  the  points  0,  iT (fig.,  §  322)  are  harmonic  con- 
jugates with  respect  to  JS,  8\  and  S,  1^  aie  inverse  points  with 
respect  to  Z,  it  is  easy  to  see  that 

SK^ISO"  =  1  -  87i?.    Hence  tan'  w .  tan^  a  =  1  -  8»/^. 
Cor.  2.—  8»  =  £»  (1  -  tan»  o .  tan*  a>).  (889) 

Cor,  3. — Since  the  locus  of  M  is  the  auxiliary  circle  of  the 
Brocard  ellipse,  the  radius  of  the  auxiliary  circle  is  B  sin  a>, 
that  is,  the  transverse  axis  of  the  ellipse  is  2R  sin  <i>,  also  the 
distance  QO'  between  the  foci  is  equal  to  S  sin  2o>,  that  is, 


iK  'v/(l  -  tan^a  .  tan*  cd)  sin*  2<i). 
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Hence  the  equation  of  the  Brocard  ellipse  referred  to  its  axes  is 

«*sin*a>  + y*cos'a  =  iPsin*(i>.  (890) 

Cor.  4. — If  the  lines  OQ,  00'  meet  the  circle  Z  in  the  points 
F,  V'y  the  chord  VV  is  equal  to  the  major  axis  of  the  ellipse. 

324.  If  0  be  the  circnmcentre,  8^  Si  the  centres  of  inversion, 

08 :  OSi'.:  cos  (w  -  a) :  cos  («  +  d).  (891) 


Dem. — Since  8,  8i  are  the  limiting  points  of  the  circles  Z,  X, 
the  radical  axis  bisects  S8i  in  Q,  but  the  radical  axis  is  the 
inverse  of  X  with  respect  to  Z.  Hence  0Q  =  ii^/S,  and  since 
Si  is  a  limiting  point  QSi*  «  0^  -  B?,    Hence 

QSi^  ^JS^^E"-  S»)/S«  .-.  QSi  =  ^Man  o  tan  «/8. 
Hence 

OiS  =  i?  (1  +  tan  o  tan  o))/8,     08i^R*{l  -  tan  a  tan  cfl)/8. 

Therefore  08 :  08i : :  cos  (o>  -  a)  :  cos(cd  +  a). 

Car,  1.— The  angle        SSltS  «  2a.  .  (892) 

For,  join  00,  and  produce  it  to  meet  the  radical  axis  in  Z. 
Join  LSy  ZSi.    Now, 

QSi  =s  R^  tan  a .  tan  cd/8  =  OQ  tan  a  tan  q>  «  QL  tcgi  a. 
Again,  since  the  radical  axis  is  the  inverse  of  X  with  respect 
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to  Zy  we  baye  00  ,  OZ  ==  £^  =  08  .  OSi,  Hence  the  points 
Sf  Zj  Q,  8i  are  concyclic.    Hence  the  angle  8iCl8  =  8iZ8  s  2a. 

Cor.  2. — If  the  lines  80,  iSO'  meet  the  Brocard  circle  again 
in  the  points  F,  F',  the  angle  TOT  '^  2a. 

Cor,  8. — The  directrix  of  the  Brocard  ellipse  passes  through 
the  point  Z. 

Cor.  4. — ^The  major  axis :  minor  \i  OZ:  Z8. 

Habhoiteg  PoLTGOirs. 

825.  If  the  chord  A'B*  (§  322)  be  the  side  of  a  regular  polygon 
of  n  sides,  AB  wiU  be  a  side  of  a  cyclic  polygon  of  n  sides, 
having  a  point  K  in  its  plane,  such  that  its  distances  from 
the  sides  are  proportional  to  the  sides,  such  a  polygon  is,  for 
reasons  that  will  appear  further  on,  called  a  harmonic  polygon. 
Hence  we  have  the  following  theorem : — If  any  point  8  in  the 
plane  of  a  circle  he  joined  to  the  summits  of  an  inscribed  regular 
polygeny  the  joining  lines  will  cut  the  drole  again  in  the  summits 
of  a  harmonic  polygon. 

From  §§  322-824,  it  is  seen  that  every  harmoDic  polygon 
has  a  symmedian  point,  a  Brocard  circle,  two  Brocard  points, 
it  Brocard  ellipse,  a  Brocard  angle  and  two  centres  of  inversion, 
viz.  the  points  8j  Si,  which  are  the  limiting  points  of  the  cir- 
oumcircle  and  Brocard  circle. 

326.  IfA^,  Ai  .  .  .  A^i  he  the  summits  of  a  harmonic  polygon 
4>fn  sides,  the  chords  AiA^i .  A%A^2i  ^e.,  are  concurrent. 

Bem. — Let  JTbe  the  symmedian  point.  Join  AqE",  and  pro- 
duce it  to  meet  the  circumcircle  in  A'^.  Then,  since  the  perpen- 
diculars from  JTon  the  chords  A^^i,  A^i  are  proportional  to 
the  chords,  the  points  A^,  A\  are  harmonic  conjugates  with 
respect  to  A^x,  A^.  Hence  the  line  A^A^x  passes  through  the 
pole  of  A^\,  Similarly,  A%A,^  passes  through  the  pole  of 
A^\,  &c.    Hence  the  proposition  is  proved. 

327.  If  a,  P,  y,  Sfc,  he  the  equations  of  the  sides  of  the  harmonic 
polygon,' a f  h,  e,  Sfc,  their  lengths,  then  the  polar  line  of  K  with 
respect  to  the  polygon  is  Sa/a  »  0, 
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Bern. — Through  E  draw  any  line  cutting  the  sides  of  the 


polygon  in  the  points  i?i,  i^  .  . .  and  on  it  take  a  point  JS,  such 
that  njKR  =  1/JKffi  +  1/Z%  .  .  .     The  locus  of  iZ  is  required. 

Let  K  he  taken  as  origin,  then  if  p,  p\  p"  —  be  the  perpen- 
diculars from  JTon  a,  j3,  y  .  • .  and  if  KR  make  an  angle  6  with 
the  axis  of  x,  we  have 

l/iTJBi  «  cos  {6  -  a)/j?,  l/JT-Sa  =  cos  {0  -  p)lp',  &c. 
Kow,  denoting  ITR  by  p,  we  have  by  hypothesis, 


Ki-J)-»'«< 


COS  (^  -a)      1 


-J)-»- 


TT                  -  /a?  COS  a  +  y  sin  a  -  ®\      «,,..-,, 
Hence  S  f ^^^ ^  J  -  0,  that  is  Sa//?  =  0 ; 

and  since  JT  is  the  symmedian  point,  p,  p',  pf'  are  proportional 
to  <f ,  ^,  (7.  .  • .    Hence 

2a/a  =  0.  (893) 
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328.  The  polar  of  K  with  respeet  to  the  etreumeirele  %%  also  ths 
polar  of  K  with  respect  to  the  harmonic  polygon, 

Dem.— Let  a  be  the  pole  of  the  chord  ^o^'o  with  respect  to 
the  circle.  Then  a  is  a  point  on  2a/(i  =  0.  For,  join  JTo,  and 
if  n  be  even,  the  sides  may  be  distributed  in  pairs,  such  that 
JTand  a  are  harmonic  conjugates  with  respect  to  the  points  in 
which  each  pair  are  cut  by  JTa.  Hence  IjKRx  +  XjKR^  =  2/f  a, 
IjKRi  +  IjKR^i  =  2/Za,  &c. ;  and  if  n  be  odd,  the  intercept 
made  by  one  of  the  sides  on  JTa  is  equal  to  Rii.  Hence 
S  (l/JSRi)  a  n/iTa.  Hence  a  is  a  point  on  the  line  ^/a  «  0. 
Similarly,  the  pole  with  respect  to  the  circle  of  the  line  joining 
the  point  JT  to  each  vertex  of  the  polygon  is  a  point  on 
Sa/a  =  0.  Hence  ^is  the  pole  of  Sa/a  s  0  with  respect  to  the 
circle. 

Cor.  1. — The  circle  is  the  polar  conic  of  JT  with  respect  to 
the  polygon. 

Cor.  2. — If  a  radius  vector  through  JT  cut  the  sides  of  the 
polygon  as  in  §  327,  and  a  point  be  taken  on  it,  such  that 


^(zrT"^)  '^' 


the  locus  of  R  contains  the  circumcircle  as  a  factor. 

It  may  be  proved,  as  in  §  327,  that  the  locus  of  £  is  2a/a= 0. 
This,  which  is  a  curve  of  the  (n-l)  degree,  contains  the  circum- 
circle as  a  factor.     (See  §  117.) 

329.  j[f  through  the  eymmedian  point  of  a  harmonic  polygon  a 
parallel  he  draum  to  the  tangent  at  any  of  its  vertices^  the  intercept 
on  it  between  the  eymmedian  point  and  where  it  meets  either  side 
through  the  vertex  is  constant. 

Bern. — Let  A3  be  a  side  of  the  polygon,  AT  the  tangent, 
^Wthe  parallel,  produce  AR  to  meet  the  circle  in  A'.  Join 
A'Bf  and  draw  RX  perpendicular  to  A£.    Now,  we  have 
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KXIEU^  Bill  ^  rar  -  idn  TAB  =  sm  AA'B  «  ABj^R.  Hence 
KUjR  «  2JSrX/AB  » tan  » ;  .-.  ZU^  i^  tan  «.  Hence  £^U  i» 
constant. 


Car, — If  the  polygon  be  one  of  n  sides,  there  will  be  2n  points 
corresponding  to  l/^  and  these  will  be  concydic. 

330.  i)^  the  eymmedian  lines  of  a  harmanie  polygon  he  divided 
in  a  given  ratio  in  the  points  A"^  B" . . ,  j  and  through  these  points 


parallels  he  drawn  to  the  tangents  at  the  summits^  each  parallel 
meeting  the  two  sides  passing  through  the  corresponding  summit, 
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aU  the  p&ints  of  tntenectian  ar$  eoncffelie,  and  taken  alternately 
form  the  summits  of  two  polygons  similar  to  the  original, 

* 

Dem. — ^Let  the  ratio  be  li  m.  Join  -40,  OK.  Draw  A''(y 
parallel  to  A  0^  and  A"  XT  parallel  to  the  tangent  at  A,  Then 
we  have  0'u4"=  l£/{Um),  A''  jr^mKUI{l-\-  m)  =  mR  trnt^lil^m) 
(§  329).  But  aU^  =  0'^"»+J["Z7'»»^(/»+f»»tan»a))/(/ +»!)». 
Hence  (yZT  is  constant. 

Again,  if  B"V  be  parallel  to  the  tangent  at  B^  the  triangle 
(yB"  P  is  in  every  respect  equal  to  (yA"  IT.  Hence  the  angle 
ir<yV\B  equal  to  AOB.  Hence  the  points  ^',  F' ...  are  the 
summits  of  a  polygon  similar  to  that  formed  by  the  points 

A^B It  is  evident  that,  proceeding  in  the  opposite 

direction  from  A^  we  get  another  harmonic  polygon.  Hence 
the  proposition  is  proved. 

If  the  ratio  I :  m  vary,  the  point  0'  will  move  along  OJT,  and 
to  each  position  of  it  will  correspond  a  circle  intersecting  the 
sides  of  the  polygon  ABC ...  in  points  which  form  the  sum- 
mits of  two  harmonic  inscribed  polygons.  This  system  of  circles 
is  called  the  Tuekev^s  Circles  of  the  Polygon. 

Cor.  1. — If  0  be  an  angle  determined  by  the  relation  I  tan  0 
a  m  tan  o),  the  corresponding  ''  Tucker's  Circle  "  intersects  the 
sides  of  the  polygon  at  angles  equal  to  (-4  -  6\  {B-6),  ( (7-  $) 
....  respectively. 

For  tan  tf  «  m  tan  co//  =  A^'ITI  OA!'  -  tan  AI'aJT.  Hence 
9  ^A"&Tr.  Again,  denoting  the  angles  subtended  by  the 
sides  AB^  BC . . , .  oi  the  polygon  at  any  point  of  its  circum- 
cirde  hj  A,  B . . , .  ^  and  drawing  (/R  perpendicular  to  AB,  we 
have  the  angle  AI'OR  m  A"U'Aj  which  is  evidently  equal 
to  A.  Hence  U'O^R^A  -  tf,  and  the  circle  whose  centre  is 
(y  and  radius  O'  JT  cuts  AB  at  angle  equal  io  A-$. 

Cor.  2. — ^The  perpendiculars  from  the  centre  of  a  ^*  Tucker 
Circle"  on  the  sides  are  proportional  to  cos  {A  -  6),  cos  {B  -  0), 
&0.J  and  the  intercepts  they  make  on  the  sides  to  sin  (^  ~  6)y 
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wJiiB-B) In  the  special  ease,  that  the  polygon  lednce 

to  a  triangle,  these  results  will  be  found  impoztant. 

Car.  3. — If  0  be  changed  to  90^  +  0,  the  peipendicularB  are 
proportional  to  sin  (^  —  6^),  sin  (^  -  0). . . . 

Cor,  4. — ^If  ^0  denote  the  radins  of  '*  Tucker's  Cirde/' 

jS^  =  iZ  sin  oi/sin  (0  +  «»).  (894) 

Cor,  5. — ^The  centres  of  similitade  of  ike  original  polygon 
and  the  two  inscribed  polygons  are  the  Brocard  points  of  the 
polygon. 

331.  If  from  the  eireumeentre  of  a  harmonic  polygon  perpen- 
dieulars  he  drawn  to  its  sides j  the  intersections  teith  the  Brocard 
drde  are  the  invariable  points  of  similar  figures  described  on  its 
eides. 

Dem. — ^Let  AB,  fig.,  §  323,  be  one  of  the  sides,  0  the  circnm- 
centre,  0/the  perpendicular  intersecting  the  Brocard  circle  in  I^ 
I  is  one  of  the  invariable  points.  For  the  polygon  and  the 
figure  formed  by  the  /  points  are  doubly  in  perspectiye,  the 
centre  of  perspective  being  the  Brocard  points :  and  this  is  the 
property  of  the  invariable  points. 

332.  If  through  the  vertices  of  a  harmonic  polygon  lines  he 
drawn  making  equal  angles  with  the  sides,  and  in  the  same  direc- 
tion ofrotationy  the  centre  of  similitude  of  the  original  polygon  and 
that  formed  by  these  lines  is  a  Brocard  point  of  each. 

Thus,  liDFJS,  fig.,  §  313,  Cor.  4  (for  simpUcity  we  take 
triaugles,  but  the  proof  is  general),  be  the  original  triangle^ 
BAC  that  formed  by  lines  equally  inclined  to  the  sides, 
then  O  is  the  centre  of  similitude. 

333.  J^  figures  directly  similar  he  described  on  the  sides  of  a 
harmonic  polygon,  every  system  of  homologous  points  lies  on  the 
H/rst  pedal  of  a  conic. 
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Dem. — ^Let  BC\)q  one  of  the  sides  of  the  polygon,  A*  a  point 
of  the  system  which  belongs  to  the  figure  on  BC^  /the  corre* 
spending  invariable  point.  Now,  since  the  figure  formed  by  the 
system  of  points  corresponding  to  A'^  and  that  formed  by  the 
invariable  points,  are  in  perspective,  and  have  their  centre  of 
perspective  on  the  Brocard  circle  of  the  polygon,  if  we  join  lA'^ 
cutting  the  Brocard  circle  in  P,  aU  the  lines  corresponding  to 
Ld!  pass  through  P.    Join  A'B,  A!C^  and  draw  iZ,  Plfperpen- 


dicular  to  A*B,  ITow,  the  quadrilateral  IBA'C  is  one  of  a 
system  of  similar  quadrilaterals.  Hence  the  ratio  of  IL  :  IA\ 
and  therefore  the  ratio  of  P2£:  FA'  will  be  the  same  in  all. 
Again,  since  BA'  and  its  homologous  lines  are  equally  inclined 
to  the  sides  of  a  harmonic  polygon,  they  form  the  sides  of 
another  harmonic  polygon.  Hence  they  envelop  a  conic  (the 
Brocard  ellipse  of  the  polygon  they  form).  Therefore  3£  and 
its  homologous  points  lie  on  the  pedal  of  an  ellipse.  Hence  A' 
and  its  homologous  points  lie  on  the  pedal  of  a  similar  ellipse. 

BXEBOISES. 

1.  If  ^1,  J?9,  Fz  be  three  similar  polygons,  each  formed  by  homologoos 
lines  of  a  given  harmonic  polygon.  Then,  since  ^i,  ls»  Ft  form  a  system  of 
three  similar  figures,  they  have  three  inyariable  points,  and  since  they  are 
harmonic  polygons,  each  has  a  symmedian  point ;  prove  that  the  latter 
points  coincide  with  the  former. 

2b 
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2.  ProTe  that  the  centres  of  Bimilitude  of  figures  directly  similar  described 
on  the  consecntiTe  sides  of  a  harmonic  polygon,  form  the  summits  of  ano- 
ther harmonic  polygon.  (Tarbt.) 

3.  If  AA\  BB'f  CC  be  homologous  segments  of  three  similar  figures, 
▼hose extremities^,  ^,  B^  C,  (7,  A'  are  concyclic,  proTe  that  the  Biianchon 
point  of  the  hexagon  formed  by  the  tangents  at  these  points  is  the  sym- 
median  point  of  the  three  chords. 

4.  In  the  same  case,  the  feet  of  the  perpendiculars  from  the  circumcentro 
on  the  Brianchon  chords  are  the  double  points  of  the  three  similar  figures. 

6.  In  OTery  system  of  three  similar  figures,  F\f  Ft^  Fi,  there  exists  an 
infinite  number  of  homologous  segments,  AA*j  BV^  CC\  whose  extremi- 
ties are  concyclic,  and  the  locus  of  the  circumcentro  of  the  extremities  is 
the  circle  of  similitude  of  Fi ,  Jt,  ^3. 

6.  In  the  same  case  the  enyelopes  of  the  segments  AA\  BB*,  CC*  are 
parabolflB,  whose  foci  are  collinear,  and  whose  directrices  are  concurrent. 

7.  In  every  system  of  three  similar  figures  there  exists  an  infinite  number 
of  triads  of  corresponding  circles  which  haye  the  same  radical  axis. 

8.  Prove  that  the  envelope  of  the  radical  axis  (in  Ex.  7)  is  a  parabola 
whose  focus  is  the  point  common  to  the  directrices  in  Ex.  6,  and  whose 
directrix  is  the  line  of  coUinearity  of  the  foci  in  Ex.  6. 

Section  III. — ^The  Tbiakgle. 

384.  Triangles  being  particular  cases  of  harmonic  polygons, 
their  geometry  may  be  inferred  from  that  of  the  polygon,  but, 
on  account  of  its  great  importance,  we  give  a  separate  discussion. 

The  parallels  to  the  sides  of  a  triangle  through  its  symmedian 
point  meet  the  sides  in  six  eoneyelio  points.  (Lemoike.) 

Dem.— Let  the  parallels  be  DE\  EF',  FJy ;  join  EI/,  BF*^ 
FE',  Now,  since  AFKE'  is  a  parallelogram,  -^^bisects  FE\ 
Hence,  FE'  is  antiparallel  to  j9C7;  similarly,  BF'  is  antiparallel 
io  AC.  Therefore  the  angles  AFE\  BF'B  are  equal,  and 
E'F=  FB.  In  like  manner  E'F--  B^E.  Again,  if  0  be  the 
circumcentro,  OA  is  perpendicular  to  E'F.  Hence  the  peipen- 
dicular  to  FE'  at  its  middle  point  bisects  OK^  and  it  is  easy  to 
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see  tliat  the  middle  point  of  OiT  is  equally  distant  from  the  six 
points,  FE'EUfLF',    Hence  the  proposition  is  proved. 


Dbf. — Th«  cirele  through  the  points  DF' . . .  w  eaUed  the  Lehoinb 
Circle,  and  the  hexagon  of  which  they  are  the  summits,  the 
LsMonrs  Hsxaqok  of  the  triangle. 

Cor,  1. — If  lines  through  the  angles  of  a  triangle  ABO, 
and  through  a  Srocard  point,  meet  the  circumcircle  again  in 
A'f  jB\  C",  the  figure  AJffCA'BC  is  a  Lemoine  hexagon. 

Cor.  2. — If  a  triangle  AiBiCi  he  homothetie  with  ABC,  the 
symmedian  point  of  ABC  being  the  homothetie  centre,  and  if  the 
sides  ofAiBiCi,  produced  if  necessary,  meet  those  of  ABC  in  the 
points  B,  E'\  JE,  F* ;  F,  B^,     These  six  points  are  eoncyelic. 

From  the  hypothesis  it  is  evident  that  the  lines  AE",  BE,  CE 
hisect  FE',  BF,  EBf.  Hence,  as  in  §  334,  the  six  points  are 
concyclic. 

Def. — The  circles  got,  as  in  this  Cor.,  when  the  triangle  AiBiCi 
varies,  are  called  the  Tuokeb's  Gibglbs  of  the  triangle  ABC, 

2e2 
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The  Bsocasd  Ellipse. 
336.  To  find  the  trilinear  equation  of  the  Brooard  JSUipse. 


Let  8  be  the  centre  of  inversion,  A'B'C  the  equilateral 
triangle  of  whose  summits  the  points  A^  B,  (7  are  the  inyerses, 
jy  the  middle  point  of  A'C.  Join  81/  intersecting  AC  hi  I). 
Then  (§  323)  DJis  the  point  of  contact  oi  AC  with  the  Brocard 
Ellipse.  Now,  in  the  triangle  8A'C'y  AC  is  antiparallel  to 
A'C\  and  81/  is  the  median  of  8A'C'.  Hence,  8D  is  the 
eymmedian  of  8AC  .-.  ABiBCii  8A* :  8C^.  Again,  from 
the  pairs  of  similar  triangles,  8AB,  8B*A\  8CB,  8FC'  we 
have  8A  :  AB  :  :  8B' :  B'A' ;  8C :  CB  :  :  SB* :  BC,  but 
B!A'  =  BfC*.  Hence  8A:AB;:  8C:  CB.  ^Therefore  AB^ : 
BC^ : :  AB;.  DC.    Hence  (2> .  AB)IAB  «  (2) .  BCyBC. 

Therefore,  if  a,  j9,  y  be  the  equations  of  the  sides  of  the  tri- 
angle ABC,  and  a,  &,  o  their  lengths,  the  equation  of  BB  is 
yie  -  a/a  »  0.    Hence  the  equation  of  the  Brocard  ellipse  is 


v/a/a  +  ^/p/b  +\/y/tf  =  0. 


(895) 
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Cor,  1. — ^The  reciprocal  of  the  Brocard  ellipse  witli  respect  to 
the  conic  a*  +  )8*  +  /  =  0  is  l/oa  +  1/3)8  +  l/<7  -  0,  which  we 
shall  see  is  the  Steiner  ellipse. 

Cor.  2.— The  directrices  of  the  Brocard  ellipse  are 

sin  i?  cos  C.  a  +  sin  C'  cos  ^  .  )8  +  sin ^  .  cos  ^ .  y  ■>  0,    (896) 

co8j9sinCa  +  cosC7.sinui.j3+cos^sin£.7aO.     (897) 

836.  To  find  the  equation  of  the  Tucker's  Cirelee. 

Prom  the  hypothesis,  it  is  evident  that  the  equations  of  the 
sides  of  the  homothetic  triangle  (§  334,  Cor.  2)  AiBiCi  are  of 
the  forms  ^  *a  *-/ 

Hence  aj8y  -  (o  -  i«)  (jS  -  hb)  (y  -  fo)  «  0, 

or  («j8y+5ya  +  (?o/8)-*(<lJy+Jtfa  +  «»j8)  +  **flJtf«0       (898) 

is  the  required  equation. 

Cor. — The  envelope  of  Tueker^s  Circle  ie  the  Brocard  EUipee. 

For  the  discriminant  with  respect  to  £  of  the  equation  (898) 

is  an  equation  of  which  \/a/a  +  ^/ Pjh  +  ^yjc  ■»  0  is  the  norm. 

337.  Let  figures  directly  similar  jF\,  i^2»  ^zt  he  described  on 
the  sides  BCy  CA^  AB  of  the  triangle  ABC^  and  8x  be  the 
double  point  of  F^^  Ft ;  iS,  of  Ji,  ^i ;  and  B^  of  F^,  F^.  Then,  since 
ABC  is  a  triangle  formed  by  three  corresponding  lines,  and 
iSi/S,iS,  the  triangle  of  similitude,  ABC  and  8^B^S^  are  (§  315) 
in  perspective.  ^  The  centre  of  perspective  K  is  such  that  its 
distances  from  the  sides  of  ABC  are  proportional  to  correspond- 
ing lines  of  F^^  F^^  J*,,  and  therefore  proportional  to  the  sides 
of  ABC.  Hence  it  is  the  symmedian  point,  and  from  the 
demonstration  of  §  315  we  see  that  the  parallels  to  the  sides  of 
ABC^  drawn  through  JT,  meet  the  circle  of  similitude  Bx8%8% 
in  the  invariable  points  /i,  /a,  1%. 
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Observation. — ^The  special  case  of  three  similar  figures  here 
consideied  being  that  which  was  first  studied,  the  circle  of 
similitude,  the  invariable  triangle,  and  the  triangle  of  similitude 
are  named,  respectively,  The  Brocard  Circle^  First  Broeard 
niangUj  and  Second  Brocard  Triangle^  after  M.  H.  Brocard, 
who  first  investigated  their  properties. 


Cor,  1,-^The  invariable  triangle  Ji/t/s  is  triply  in  perspective 
with  ABC. 

Por,  since  -F„  -Pj,  F^  are  described  on  the  sides  of  ABCj 
B,  (7,  A  are  homologous  points  of  these  figures.  Hence  the 
lines  Blif  CI^,  AI^  (§  315)  are  concurrent,  and  meet  on  the 
circle  of  similitude.  Similarly,  C7i,  AI^^  BI^  meet  on  the 
circle  of  similitude.    Again,  since  the  Lemoine  circle  (§  334) 
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and  tlie  Brooard  circle  are  concentric,  and  the  line  JT/i  inter- 
sects them,  the  intercept  I^Ii  a  JO*.  Hence  the  lines  AIi,  AK 
are  isotomic  conjugates  with  respect  to  BC,  Similarly,  J^i^,  BE" 
are  isotomic  conjugates  with  respect  to  CA,  and  Clzt  CJT  with 
respect  to  AB.    Hence  AIi,  Bl2f  CI^  are  concurrent. 

Car.  2. — The  two  first  centres  of  perspective  are  the  Brocard 
poiQts  of  ABC. 

Cor.  3. — The  harycentric  co-ordinates  of  the  three  centres  of 
perspective  are 

111  111  ill  /ftOQX 

h^    ?'    J»'     ?'    »«'    ^'      a»'    h"^    y      ^      ^ 

Cor.  4. — The  centre  of  perspective  of  the  triangle  formed  by 
any  three  corresponding  lines  of  J\,  Fg,  F^f  and  Brocard's  second 
triangle,  is  the  symmedian  point  of  the  former. 

Section  IV. 

338.  Besides  the  Brocard  circle  and  ellipse,  Lemoine's  and 
Tucker's  circles,  &c.,  other  circles  and  conies  have  come  into 
prominence  in  connexion  with  recent  Geometry.  We  shall  in 
this  section  give  some  account  of  the  most  interesting  of  these. 

Nsubebq's  Circles. 

Given  the  base  BC  of  a  triangle  ABC  and  its  Broeard  anffle, 
to  find  the  loeus  of  the  vertex. 

Let  ^,  y\  %'  be  the  perpendiculars  from  the  symmedian  point 
on  the  sides.  Then  tan  a>  =  2a/ /a  =  2y'/h  =  2s'  /<? = 4 jS/(«»  +  i*  +  c»), 
whereas  denotes  the  area  of  the  triangle;  .*.  cotcD=(a'+5'  +  <J*)/4i8. 
l^ow,  let  Ai  be  the  middle  point  of  the  base,  and  taking  AiC 
and  the  perpendicular  through  Ai  as  axes,  if  jp,  y  be  the 
co-ordinates  of  -4,  we  get  a*  +  J*  +  <?*  =  2ic"  +  2y*  +  Sa*l2  and 
48  »  2ay.    Hence 

«■  4  y'  -  ay  coto)  +  Sa^l4  =  0  (900) 

is  the  locus  required.    It  is  called  the  UTeuhery  eireh  of  the 
triangle,  from  the  name  of  the  distinguished  Geometer  who  first 
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showed  its  importance.  We  shall  denote  its  centre  by  N^.  Li 
the  same  manner,  taking  the  sides  CA^  AB^  as  the  common 
bases  of  equi-Brocardion  triangleS|  we  get  two  other  l^euberg 
circles  N^  N^  respectively. 


Cor.  1. — Tangents  from  j9  or  C'  to  the  circle  N^  are  equal 
ioBC. 

Cor.  2. — ^The  equation  of  N^  in  barycentric  co-ordinates  is 

«^08  +  y)(o  +  )8  +  y)-(a«)8y  +  i*y«  +  ^«)5)  =  0-       (9^1) 
For  in  the  general  equation  {la  4  mfi  +  «y)(a  +  jS  +  y)  -  (»'/8y 

4  h^a  +  i^ap)  B  0,  If  m,  n  are  equal  to  the  powers  of  the 

summits  of  the  triangle  with  respect  to  the  circle. 

Cor,  3. — ^The  angle  which  BC  subtends  at  the  point  iT.  is 
equal  to  2a>. 

For  the  co-ordinates  of  If^,  are  0,  iacotio,  and  AiC^^a. 
Hence  tan^iiTaC^s  tanoi. 
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Cor.  4.— If  AiA  meet  the  Broeard  circle  again  in  A\  the  tri- 

angles  ABC,  A'BC  are  median  reeiproeah^  or  the  aides  of  one  are 

proportional  to  the  medians  of  the  other. 

For,  let  the  line  AAi  meet  the  circumcircle  again  in  At, 

and  make  A^Q^AtAi.     Join  A^B,  BQ,   QC,   CA^.    Then 

A'Ai .  AAi  =  8aV4  =  SBA^  .A^C^  SAAi .  AiAt=  SAAi .  GA,. 

Hence  A'Ai «  3GAi ;  ,\  O  is  the  centroid  of  the  triangle  A^BC. 

Again,  the  angle  ABC^  GA^C  ^  A^OB,  faAACB^GA^B. 

Hence  ABC  is  similar  to  A^GB,  that  is  to  a  triangle  whose 

sides  are  respectively  two-thirds  of  the  medians  of  A'BC. 

Hence  the  proposition  is  proved. 

Cor.  6.— If  0  he  the  circnmcentre  ONJ{i  a)  «  cot  J?  +  cot  C. 

Por  ON^^AiKa-^A^O,  and  OiV;/(i  a)  =  cot  co  -  cot X 
Cor.  Q.-^ONJa  +  ON^Ih  +  ON,lc  =  cot  o).  (902) 

Car,  1,—ON^ .  ON^ .  ON,  =  B?.  (903) 

339.  If  the  lines  joining  the  highest  and  the  lowest  poinU  J„  /'. 


B  A  C 

of  the  Neulerg  circle  N„  to  either  extremity  C  of  the  lose  cut  the 
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circle  again  in  the  points  T,  T^  then  the  lines  ST,  BT'  joining 
these  points  to  the  other  extremity  are  tangents, 

Dem.— We  have  J^C .  CT^  CB^-,  .-.  J^C  :  CB::  CB:  CT. 
Hence  the  triangles  JaCB,  BCT  are  similar,  bat  JaOB  is 
isosceles ;  .-.  BCT  is  isosceles.  Hence  BT  is  a  tangent. 
Similarlj,  BT*  is  a  tangent. 

Remark, — The  angles  of  a  triangle  eqni-Brocardian  with^^C 
vary  from  TBC^  which  is  a  minimnm,  to  TBC^  which  is  a 
maximum.  The  former  is  called  \AiQ  first  Steiner  angle^  and  the 
latter  the  second  Steiner  angle  of  the  triangle.  We  shall  denote 
them  by  2  Fi,  2  Fa  respectively.  To  determine  these  angles  we 
have  BTm  a,  BN^  s  ^a  cosec  co.  Hence  sin  BN^T  s  2  sinc». 
Again,  BN.T^  BN^^  +  A^N.T^  BN^^  +  TBC  =  «  +  2Fi. 
Hence  sin  (ai  +  2  Fi)  «  2  sin  o>.  Similarly,  8in((i>+2Fs)»2  8inai. 
Therefore  Fi,  V%  are  the  values  of  Fin  the  equation 

sin  ((i>  +  2F)  =  2  sin  ft).  (904) 

840.  If  upon  the  sides  of  a  triangle  ABC  be  described  three 
triangles  directly  similar 
BCAi,  CABi,  ABCi,  such 
that  AAi,  BBi,  CCi  are  parol- 
lelf  the  loci  of  Ai,  Bi,  Ci  are 
Ifieuberfs  circles. 

Taking  BC  and  a  perpendi- 
cular to  it  at  j9  as  axes.  Then, 
from  the  hypothesis,  the  angles 
CBAif  ACBi  are  equal,  de- 
notiDg  each  by  ^, '  and  BA^^ 
CBi  by  p,  p'  respectively,  the 
co-ordinates  of  Ai  are 

p  cos  0,  p  sin  0, 
and  of  Bi, 

a-p'cos(C-d),  p'sin(£7-tf). 
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Hence  the  eqnationB  of  AAi^  BBi  are,  respectively, 

(^  sin  0  -  <7  sin  ^)  j;  -  (p  cos  0  -  <^  cos  ^)  y + p^  sin  (^  '  0)  s  0, 
p'sm((7-tf)a:-  {a-p'cos((7-.fl))  y  =  0. 

Then,  forming  the  condition  of  parallelism,  putting  p'^zhp/a, 
and  reducing,  we  get 

tf'  +  y'-aiP-flycotai  +  a'sO; 

which,  referred  to  the  middle  otJBOaB  origin,  is  the  Neuberg 

circle 

«*  +  y*  -  fly  cot  o>  +  3a'/4  =  0. 

Car.  1. — If  Ga,  G^  G^  be  the  centroids  of  the  triangles  ^C'^i, 
CABi,  ABCi,  these  points  are  collinear,  and  the  locus  of  each 
is  a  circle. 

For  if  6^  be  the  centroid  of  ABC,  it  is  evident  that  GG^, 
is  parallel  to  AAi^  GG^  to  BBi,  and  GG^  to  CCi ;  but  AA^^ 
BBi,  CCi  are  parallel ;  therefore  the  points  &,  (7.,  Gi,,  G^  are 
collinear. 

Again,  taking  the  middle  point  oiBC  as  origin,  the  co-ordi- 
nates of  G^  are  respectively  one-third  of  those  of  Ai,    Hence 

the  locus  of  Ga  is 

«•  +  y'  -  Jfl  cot  ID .  y  +  aV12  =  0.  (905) 

The  circles  which  are  the  loci  of  the  points  G^,  Ght  G^  are  called 
IPCoff^i  drcUsy  after  Mr.  M'Gay,  p.t.g.d.,  who  published,  in 
the  TS-amaotions  of  ^e  Eoyal  Irish  Academy,  Vol.  XXYIII., 
pp.  453-470,  a  full  discussion  of  their  properties. 

Cor.  2. — ^M'Cay's  circles  are  special  cases  of  the  annex  circles 
(§  819),  viz.  when  the  figures  /\,  ^2,  F^  are  described  on  the 
sides  of  a  triangle. 

Cor.  8. — The  vertices  of  Brocard's  first  triangle  are  respec- 
tively the  polars  of  the  sides  of  the  triangle  ABC. 

Cor.  4. — ^M'Cay's  circle  «•  +  y'  -  \ay  cot  a>  +  a'/12  »  0  is  the 
inverse  of  the  circle  N^  with  respect  to  the  circle  on  ^(7  as 
diameter. 
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ISOGONAL   TrANSFOBICATION. 

841.  It  has  been  seen  (§  47),  that  the  points  a)8y,  a'^ft"^^ 
are  isogonal  conjugates.  Now,  if  the  former  point  describe  any 
curve  P,  the  latter  will  describe  a  curve  Q,  called  the  isogonal 
transformation  of  P.  Thus  the  isogonal  transformation  of  any 
line  is  a  circumconic  of  the  triangle  of  reference.  For  if  the 
line  be  la  +  mfi  +  ny  =  0,  its  transformation  is  l/a + m/fi + n/y  s  0. 

Conversely. — The  isogonal  transformation  of  any  circumconic 
of  the  triangle  of  reference  is  a  right  line.  In  particular,  the 
transformation  of  the  circumcircle  is  the  line  at  infinity. 

342.  The  isogonal  transformation  of  any  line  cwtting  the  eireum^ 
circle  of  the  triangle  is  a  hyperbola  whose  asymptotic  angle  is  egual 
to  the  angle  of  intersection  of  the  line  and  circle, 

Dem. — Let  AJBC  be  the  triangle  of  reference,  and  let  the  line 
cut  the  circle  in  the  points  2>,  ^;  join  AD^  AJS,  then  the 
isogonal  conjugates  of  J),  E  are  the  points  at  infinity  on  the 
sym^triques  of  Al),  AE  with  respect  to  the  bisector  of  the 
angle  BA  C.  Hence  the  curve  is  a  hyperbola  whose  asymptotes 
are  parallel  to  the  sym6triques  of  AB^  AE]  but  the  angle  be- 
tween  the  sym6triques  of  AB^  AE  is  equal  to  BAE,  and  there- 
fore equal  to  the  angle  of  intersection  of  BE  with  the  circle. 

Cor.  1. — The  transformation  of  any  diameter  of  the  circum- 
circle is  an  equilateral  hyperbola.  Hence,  to  find  the  equation 
of  an  equilateral  hyperbola  circumscribing  the  triangle  of  refer- 
ence, and  passing  through  any  point  P,  we  find  the  equation  of 
the  diameter  of  the  circle  which  passes  through  the  isogonal 
conjugate  of  P,  and  transform.  Thus,  the  equilateral  hyperbola 
which  circumscribes  the  triangle  of  reference,  and  passes  through 
its  incentre  is 

(co8P-.cosC)/a+(cos  C7-cos-4)/^  +  (cos-4-cosP)/y=aO.  (906) 

The  centre  of  this  hyperbola  is  the  point  of  contact  of  the  nine- 
points  circle  with  the  incircle  of  the  triangle.  Corresponding 
properties  hold  for  the  hyperbolae  through  the  excentres. 
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Cor,  2. — The  iaogonal  transformation  of  any  tangent  to  the 
circumcircle  is  a  parabola. 

Cor.  3. — The  transformation  of  any  line  which  does  not  meet 
the  circtuncircle  in  real  points  is  an  ellipse. 

Cor,  4. — ^The  transformation  of  all  lines  equally  distant  from 
the  centre  are  similar  conies. 

Cor,  5. — ^If  a  conic  and  a  line  be  isogonal  conjugates,  their 
poles,  with  respect  to  the  triangle,  are  isogonal  conjugates. 

For,  let  the  conic  and  line  be  ipy  +  mya  +  nafi  »  0,  and 
la  +  mp  +  ny  =  0,  their  poles  are  I,  m,  »,   1//,  1/m,  1/n. 

Neubeso's  Htfebboub. 

343.  The  Uogonal  transformation  of  the  directrices  of  the 
Brocard  Mlipse,  §  335,  Cor.  2,  are 

cos  B  sin  C/a  +  cos  (7  sin  A/ji  +  cos  ^  sin  B/y  =  0,     (907) 

sin^cpB  (7/a+  sin  CGOsA/P+siaA  cos^/ysO.     (908) 

I  have  named  these  conies  after  M.  Neuberg,  who  first  studied 
their  properties.  I  reproduce  here  his  inyestigation  from 
MathesiSf  tome  vi.,  pp.  5-7. 

*^  If  from  a  point  P  perpendiculars  be  drawn  to  the  sides  of  a 
triangle  ABC^  and  produced  so  that 

the  perpendicular  on  a  meets  a  in  Ai^  h  in  A2,  c  in  ^3, 
,,  h  meets  hm  Bi,  cid.  B%,  ainB^y 


>> 


c  meets  cm  Ci^  a  in  62,  bin  C^, 


Then,  Ti,  T%,  T^  denoting  the  areas  of  the  triangles  AiBiCi, 
AtB%  C2,  AzBz  (7„  respectively.  The  loci  of  jP,  when  the  triangles 
r„  T,  vanish,  are  the  hyperbolsd"  (907),  (908). 


/ 


2>Mn.^7,  -  sum  of  the  triangles  PA^B^,  PB^C^  PC^% 
.  i(P^« .  PBi  sin  CAtPB^ .  PCi  sin^  +  PC^.PAt  sin  B) 

m^  [Pynsi  CI{c(M  (7  COS  ^)  +  ya  sin  ^/(cos .^  cos  J^ 

+  afi  sin  -ff/(co8  -ff  cos  C) ) 
«  ()3y  cos^sin  (7+yacos  Can  A 

+  a/?  cos  ^  sin^)/(2  cos  A  coaB  cos  C). 

Hence  the  locus  of  P  when  the  points  A^^  B^,  C%  are  collinear  is 
the  hyperbola 

Py  cos  B  sin  (7+  ya  cos  (7  sin  ^  +  a^  cos  ^  sin  ^  »  0. 

Similarly,  the  locus  of  points  for  which  A^^  B^,  C^  are  collinear 
is        Py  sin  P  cos  (7  +  ya  sin  (7  cos  u^  +  afi  sin  ^  cos^  «  0, 

These  hyperboln  have  been  named  Simson's  Conies  by  M.  Yigari6. 
It  would  be  difficult  to  conjecture  a  reason  for  this  nomenclature. 
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Whatever  it  may  be,  there  would  be  a  stronger  for  calliBg  the 
circomcircle  the  Simson  Circle,  and  no  one,  I  presume,  would 
think  of  doing  so.  The  name  I  have  given  has  the  merit  of 
honouring  a  mathematician  who  has  done  much  to  advance 
recent  Geometry. 

Cor.  1. — ^The  locus  of  points  for  which  T^ «  Tz  is 

/8ysin(J?-  (7)  +  yasin((7-^)  +  aj3sin(-4-J9)-0.    (909) 

This  is  Eiepert's  Hyperbola. 

(7(0r.  2. — Ti :  Ts  +  T»  in  a  constant  ratio. 

Cor.  3. — The  poles  with  respect  to  the  triangle  of  reference 
of  Neuberg's  hyperbolsd,  Kiepert's  hyperbola  and  circumcirde 
are  collinear,  and  their  line  of  collinearity  is  parallel  to 

a  cos^  +  )3  cos^  +  y  cos  (7a  0. 

FuHBMAinr's  Ciboles. 

844.  J)YE.—If  ABC  he  the  fundamental  triangle,  H  the 
orthoeentrey  iV,  iV.,  iV^,  i\r«  the  NageVe  points.  The  cirelee  whose 
diameters  are  SIT,  BO^„  ^^m  S^«  ^^  eaUed  Fuhrmann^s 
Circles  of  the  triangle.  They  mU  he  denoted  respectively  hy 
F,  F„,  F^  F^ 

If  through  If,  NAf^  be  drawn  parallel  io  BC,  meeting  the 
perpendicular  from  A  on  BCxa  A^.  Then,  evidently,  AA^  e  2r, 
but  AS^  2B  COS  A.  Hence  AM .  AA^  «  4i2r  cos^,  or  the 
power  of  A  with  respect  to  jP  is  4i?r  cos  A.  Hence  the  equa- 
tion of  ^  in  barycentric  co-ordinates  is 

4JBr(a+  j8  +  y)(a  cos-4  +  j8  cos-ff  +  y  cos  C) 

-  {i^Py  +  ^V  +  ^«i3)  -  0-      (^10) 
Similarly,  the  equations  of  F„  Fj,,  F^  are 

4fira  (a  +  ^  +  y)  ( j3  cos  -ff  +  y  cos  (7  -  a  cos  -4) 

-  (a'iSy  +  h^a  +  e'ap)  =  0,     (911) 
4Kr»(a  +  j8  +  y)(y  cos  C+  a  cos-4  -  j3  cos-B) 

-  {t^Py  +  ^a  +  ^aP)  =  0,     (912) 
ARr^  (a  +  j8  +  y)  (a  cos  ^  +  j8  cos-B  -  y  cos  C) 

-  {a^py  +  ^a  +  d'afi)  -  0.     (918) 
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Cor.  1. — If  on  the  altitndes  AS„  BH^  CH^  of  the  triangle 
ABC^  segments  J.A^  BB„  CC^  be  cut  off  each  eqnal  to  Sr, 


the  triangle  J^B^C^  is  inscribed  in  jP,  and  is  inyersely  similar 
to^^C. 

The  first  part  is  evident  from  the  foregoing  demonstration; 
the  second  is  proved  thns :  NA^  NB^  are  parallel,  respectively. 
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fl 

to  BC,  CA.    The  angle  A^NB^  is  equal  to  BCA.    Hence 
A^O^^  is  eqnal  to  BCA,    Hence,  &c. 

Cor.  2.— If  on  AE.,  BH^  CH^  we  cut  off  AA.  -  -  2r., 
BBa  »  2ra9  ^^a  "  ^n  ^^  triangle  A^^Oa  is  inscribed  in 
the  circle  J'.,  and  is  inversely  similar  to  ABC. 

345.  IfAiy  Ai'y  Bi,  B2;  Ci,  C%  he  the  pairs  of  ptAnU  where 
the  internal  and  external  hiseetors  of  the  angles  A,  B,  C  meet  the 
eireumeireley  and  if  A\^  A'2  he  the  symdtriques  of  A^  A^  mth 
respect  to  BC;  B'l,  J5',  ofBi,  B^  with  respect  to  CA,  and  C'l,  C\ 
of  Cu  C%  with  respect  to  AB,  then  the  triangle  A\B'iC\  is  in- 
serihed  in  F,  A\B\  (7,  in  F^  A'JB'^  C\  in  Ji,  wnd  A'^^  C\  in  F^ 

Dem. — Let  A'y  B*,  C  be  the  ndddle  points  of  the  sides  of 
ABC.  Now,  A^A'i  =  A^A'  -  A'A\  =  ABT.  Hence  SA'i  is 
parallel  to  AA^,  Again,  let  /be  the  incentre  of  ABC,  and  since 
N  is  its  Nagel's  point  it  is  the  incentre  of  its  anticomplemen- 
tary triangle.  Hence  AN  is  parallel  to  lA',  and  equal  to  2Ldf. 
Hence  NA'  »  A%  and  by  hypothesis  A\A'  a  A'Ai.  Hence 
A'lNia  parallel  to  AAi,  and  it  has  been  proved  that  MA\  is 
parallel  to  AA^,  but  the  angle  A1AA2  is  right,  therefore  the 
angle  EA\N  is  right,  and  the  point  A\  is  on  the  circle  F. 
Hence  the  proposition  is  proved. 

Cw.  1.— The  triangles  A\B^C\,  A'^B^C^,  A'Jff.C'u 
A'tB^C'i  are  each  inversely  similar  to  ABC. 

Cor.  2. — ^The  triangles  .^0^0^09  A\B*xC\  are  in  perspective. 

From  /  let  fall  a  perpendicular  Ifi  on  AC.  Then  AIi  //5 
: :  BAi :  AiA',  but  Ifi  =  r,  and  BAi  =  lAi.  Hence  AI:  lAi 
: :  2r  :  2AiA' :  :  AAo  :  AiA\.  Hence  the  triangles  AAJ, 
AiA\I  are  similar,  therefore  the  points  Ao,  /,  A\  are  coUinear. 
Similarly  Bo,  7,  B'l  are  collinear,  and  Co,  /,  C\.  Hence  the 
triangles  A^cCoy  A\B\C\  are  in  perspective. 

It  may  be  proved  in  like  manner  that  AaB^Ca^aA  A\B^tC't 
are  in  perspective. 

Cor.  3. — IiA  the  incentre  of  the  triangle  A^B^C^,  and  the 
orthocentre  of  A\B'iC\.    From  the  similar  triangles  AIA9, 

2p 
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AxIA\  we  have  AI^  :  lA^  :  :  AI .  lAx :  A^I .  lA'i,  that  is, 
AP :  lA^ : :  power  of  /  with  respect  to  circmnciicle  of  ABC 
:  power  of  /  with  respect  to  jP.  In  like  maimer  BP  :  LB^ : 
power  of  /  with  respect  to  circnmcircle  of  ABC :  power  of  2 
with  respect  to  F.  Hence  it  follows  that  AIi  BI:  CI: :  A^z 
Boll  CoT.  Hence,  since  /is  the  incentre  of  ABC,  it  is  the 
incentre  of  the  similar  triangle  A^qCq^  and  therefore  the  ortho- 
centre  of  ^'i^iCV 

Cor.  4. — ^7  is  the  donhle  point  of  the  inyersely  similar  fignies 
ABC,  A^^C^. 

Car.  5. — ^Properties  corresponding  to  those  of  Cwr%.  3,  4  hold 
for  the  ezcentres  /«,  I^  /« with  respect  to  the  triangles  AJB^C^ 
A^^O^f  Ag/fgU^ 

346.  Ifr^j  Ffn  Fc  he  the  eymitriquee  of  I^  I^  I^  with  respeet 
to  BC,  CAj  AB,  respectively,  the  eireumcireles  of  the  trianylee 
BCF^y  CAF^  ABF^  and  the  lines  AF^  BF^  CF.pass  through 
a  point  R. 

Dem. — ^The  eireumcireles  of  the  triangles  BCI„  CAI^^  ABI^ 
pass  through  a  common  point  /.  Hence  their  sjm^triques  the 
drcnmcircles  of  the  triangles  BCF^,  CAF^,  ABF^  pass  through 
a  common  point  R^  the  twin  point  of  /with  respect  to  the  triangle 
ABC 

Again,  from  the  cyclic  quadrilaterals  ABRFt,  BCRF^  it  is 
easy  to  see  that  RA  coincides  in  direction  with  RI'^.  Hence 
AF^  passes  through  R. 

Cor.  1. — The  circumcentres  of  the  triangles  BCF^,  CAF^ 
ABF^  are  the  points  A\,  B'l,  C\. 

Cor.  2. — ^The  sides  of  the  triangle  A'lB'i  C\  bisect  perpendi- 
cularly AR,  BR,  CR. 

Cor.  3. — The  middle  point  of  IR  is  the  point  of  contact  of  the 
nine-points  circle  of  ABC  with  its  incircle,  and  the  common  tanyeiU 
at  this  point  coincides  with  the  axis  of  perspective  of  the  triangles 
A\B\ Cif  A  \B \C I. 

Let  £^,  U^  Ug  be  the  points  of  intersection  of  the  correspond- 
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ixLg  sides  of  the  triangles.  Then  /  being  the  orthooentre  of  the 
triangles  AiBi  Ciy  A\B\  C\f  Bi  Ci  bisects  lA  perpendicxilarly,  and 
B\  C\  is  perpendicular  to  IAq  and  to  AB  ( Cor.  2)  at  their  middle 
points.  Hence  Z7^,  their  point  of  intersection,  is  the  centre  of 
the  circle  passing  through  the  four  points  A,  I,  A^  B,  and  is 
on  the  perpendicular  to  IB  at  its  middle  point  Q,  Similarly 
this  perpendicular  passes  through  U^  and  17^,  Again,  the  figoie 
AIAqB  is  a  cyclic  trapezium ;  therefore  IB  =  AAq  -  2r,  IQ  b  r, 
and  Q  is  a  point  on  incircle.  But  since  /  and  B  are  twin  points, 
the  equilateral  hyperbola  which  passes  through  the  points  A,  B, 
C,  /also  passes  through  B,  and  /and  B  are  the  extremities  of  a 
diameter.  Hence  the  middle  point  Q  of  ZS  is  the  centre,  and 
therefore  is  a  point  on  the  nine-points  circle  of  ABC,  Con- 
sequently, Q  is  the  point  of  contact  of  the  nine-points  circle  of 
ABC  with  its  incircle,  and  the  line  TTJI^TT^  is  the  common 
tangent.  The  equation  of  the  hyperbola  ABCIB  is  given, 
§  342,  Cor.  1. 

Cbr.  4.-1%^  l%ne%  AJL\,  B^i,  C^C\  meet  the  sides  BC,  CA, 
AB  of  ABC  in  three  points  situated  on  the  common  tangent  of  in- 
circle andnine^oints  circle. 

Bern. — Let  Q  be  the  middle  point  of  IB,  and  draw  la  perpen- 
dicular to  BC.  Now,  in  the  cyclic  quadrilateral  BAIAo,  since 
ABj  lAo  are  parallel,  the  angle  BIA^  =  AAqI  ^  A^Ja.  That 
is,  if  Fa  be  the  point  of  intersection  of  A^\  with  BC^  the 
angle  QIV^  =  alV^,  and  QI  ^  r  ^  la.  Hence  F.©/  =  VjbJ 
s  right  angle.  Therefore  V^  is  on  the  tangent  at  Q  to  the 
incircle. 


1.  The  xadical  axes  of  the  oircumoirole  and  the  ciroles  Fy  Fm,  Fh^  F,  form 
ft  standard  quadrilateral. 

2.  The  equationa  of  HA'\,  JBTJ'i,  HCi  in  perpendicular  co-ordinates  are 

ftcofl^.i9  +  tfCO8(7.7-(ft  +  «)coe^.a«0,  &c.  (914) 

This  is  the  radical  axis  of  F  and  Fa» 

3.  The  orthologique    centre  of  the  triangle  A\B\C\  with  respect  to 

J!\ff\C\  is  a  point  8  on  the  ciroumcirde  of  ABC,  and  the  points  Oy  A*,  B 

are  ooUinear. 

2  v2 
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4.  The  octliologiqne  centze  of  ABO  with  respect  to  AqB^C^  is  a  point  T 
on  the  circle  ABO  diametrically  opposite  to  8, 

5.  The  lines  A8^  BS,  08  are  parallel  to  the  sides  of  AqBqC^ 

6.  The  co-ordinates  of  8  with  respect  to  ABOejre  (*"-*)'S  («-«)"S  («-*)"'- 

7.  The  axis  of  perspectiye  of  ABO,  AoBqOq  is  peipendicular  to  MT. 

8.  The  double  lines  of  the  inyersely  similar  figures  ABO,  AoBoCo  meet  AS, 
Bff,Off,m^mU{Xa,Xh,Xe),  [X'a,X\  X'«),  such  that  ^Z«a^X»«CZe 
^E^^,  AX\^BX'h-OTttsB'{'h,  where  Ss radius  of  ^. 

9.  If  A\  be  joined  to  the  centre  of  the  nine-points  circle,  and  produced 
to  meet  the  altitude  AS  in  Z,  then  AZ  «  J2. 

10.  The  barycentric  co-ordinates  of  Q  with  respect  to  A'BfO'  are  al(h^§)^ 
hjifi  -  a),  cl{a  -  b) ;  and  the  equation  of  Ta  Tj  is  a  (*  -  e)^  +  /8  (c-a)*  +  7  («  -  *)* 
s  0.  (db  Lonochakps). 

The  Obthocentboidal  Gibclb. 
347.  DxF. — Th$  cireU  whou  diameter  %e  the  join  of  the  ortho- 


centre  Sani  eentroid  Qofa  triangle  ABC  is  called  ite  orthocen- 
troidal  circle. 
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Its  equation  is  easily  found.  For,  substituting  the  co-ordi- 
nates of  (?  and  Jff  for  a'^-/,  a"p*Y  in  equation  (181),  we  get 

tt»  sin  2u4  +  iS"  sin  2^  +  /  sin  26r 
-  (a^  sin  C  +  j9y  sin^  +  ya  sin -B)  =>  0,         (915) 

or,  denoting  the  nine-points  circle  of  ABC  by  JT,  and  its  ciroum- 
circle  by  8y  the  equation  of  its  orthocentroidal  circle  is 

iV+S  =  0.  (916) 

848.  The  sue  points  in  which  the  orthocentroidal  circle  meets  the 
altitudes  and  the  medians  of  the  triangle  ABC  form  the  summits  of 
a  harmonic  hexagon. 

Dem. — Let  the  points  in  which  the  symmedians  of  ABC  meet 
its  circumcircle  be  Ai,  Bi,  Cii  and  the  points  in  which  the 
orthocentroidal  circle  meets  the  altitudes  and  medians  of  ABC 
be  the  triads  of  points  (a,  i,  o) ;  (oi,  *i,  <?i),  respectively.  Then 
taking  any  two  summits  of  the  hexagon  which  they  form,  such 
as  ^1,  },  the  angle  OiSh  subt^ided  by  the  chord  Oih  at  the  point 
H  of  the  orthocentroidal  circle  is  easily  seen  to  be  equal  to 
the  angle  which  the  corresponding  summits  of  the  hexagon 
AiBCiABiC  subtends  at  A.  Hence  the  hexagon  OihciobiC, 
AiBCiABiC  are  similar,  but  the  latter  hexagon  is  harmonic. 
Hence  the  former  is  harmonic,  and  since  they  have  different 
orientations  they  are  inversely  similar. 

Cor.  1. — ^The  triangles  ahc,  ABCeae  inversely  similar,  and 
also  the  triangles  OibiOi,  AiBi  Ci. 

Cor.  2. — The  lines  ooi,  bhi,  cci  are  the  symmedians  of  the 
triangles  abo,  aihiCi. 

349.  Ifh^,  h^  Ae  he  the  intersections  of  corresponding  sides  of 
ABC,  and  its  orthique  triangle  RJS^^ff^  the  lines  JSbi,  Mb^  Sci 
pass,  respectively,  through  h„  A»,  A«. 

Dem.^-Consider  the  circumcircle  of  the  triangle  AW^TT^ 
the  orthocentroidal  circle  N-}-  8,  and  the  nine-points  circle  ilT. 
Now,  since  iV+  8,  N  and  8  are  coaxal,  the  radical  axis  of 
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N  and  iS  is  the  radical  axis  of  N-\-  8  and  N.  Therefore  the 
radical  aads  of  ir+  8  and  N  is  h^ihg.  Again,  the  radical  axis 
of  the  circle  AS^^  and  N-^  8  \a  the  line  0i^>  ^^^  the 
radical  axis  of  ARJI^  and  N\&  the  line  JS^fiT, ;  but  these  three 
radical  axes  are  concurrent,  therefore  a^B,  passes  through  A«. 

Otherwise :  The  line  hJE[^  the  polar  of  A  with  respect  to  the 
circle  CBSJS^  is  perpendicular  to  the  diameter  AlA\ 

350.  Th4  poifUi  Oi,  hi,  Ci  are  the  iymitrtquse  of  AiBiCi  tpUh 
respect  to  the  iidee  of  the  triangle  ABC. 

Dem. — Join  A'Jff^.  Then,  since  BS^C  is  a  right-angled  tri- 
angle and  BC\a  bisected  in  A'^  A'B  =  A'Hi,.  Hence  the  angle 
BHiJ.'  «  A'BH^  B  EAH^.  Therefore  A'S^  is  a  tangent 
to  the  circle  through  the  cyclic  points  HoiH^.  Hence 
AA'.OiA'  «  ^'J7i«  =  A'CK  Again,  let  AA'  meet  the  cir- 
cumcircle  in  A",  Join  A^Oi^  AiA!\  BTow,  AA^ .  A' A" -AC*. 
Hence  A'A"  =  OiA'.  Therefore  the  three  lines  A'ai,  A'Aiy 
A' A"  are  equal  to  one  another.  Hence  the  angle  OiAi  A"  is 
right,  and,  since  A^A"  is  parallel  to  ^C7,  OiAi  is  perpendicular 
to  ^C,  and  is  evidently  bisected  by  it. 

Cor. — The  Appolonian  circle  of  the  triangle  which  divides  BC 
passes  through  Ox ;  for  since  AA* .  OiA'  «  A'B^^  the  triangles 
AA'Bj  BA'ai  are  similar.  Hence  AB  :  €^B  :  :  AA' :  A'B ; 
similarly,  ACiOiCii  AA' :  A'C\  •••  AB  \  AC  w  OyB  \  a^C 
And  the  proposition  is  proved. 

351.  The  eymmedianpointiofthefyures  Oiheiobiej  AiBCiABiC 
eoineide^  and  form  the  double  point  of  these  figwree. 

Dem. — Since  OiAi  is  perpendicular  to  ^C  it  is  parallel  to  Aa. 
Hence  AAi  and  ooi,  which  are  corresponding  lines,  divide  each 
other  proportionally.  Therefore  their  point  of  intersection  is 
the  double  point  of  these  figures.  Similarly,  the  intersection 
of  BBi^  hhi ;  and  also  the  intersection  of  CCi^  oci  is  the  double 
point.  Hence  the  three  pairs  of  lines  AAi^  aoi ;  BBi,  hhi ; 
CCi,  eci  have  a  common  point  of  intersection,  which  is,  there- 
tore,  the  symmediAn  point  of  each  hexagon. 
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852.  If  M^  N  he  the  extremities  of  the  diameter  HO  of  the 
eircumeirele  ABC,  the  double  linee  8,  S'  of  the  inversely  similar 
figures  ajboiobiey  AiBCiABiC  divide  the  altitudes  of  the  triangle 
ABC,  in  the  ratio  MN\  HN,  MNi  MS,  respectively. 

m 

Dem. — Since  K  is  the  double  point,  the  angle  AKa,  BKh, 
CKe  hare  the  same  bisectors.  These  (§  206)  are  the  doable 
lines  8,  S'.  Let  8,  8'  be  the  points  where  they  cut  AS  Then 
we  have,  Abeing  the  circumradius,  A8 :  8a::  A8' :  a8' : :  2R : 
QE. 

Since  Aa  ^  iAITa,  These  proportions  can  be  transformed 
into  the  f  olloving  : 

At:8ff^::  2£: E-^  ^OE : : MIT: EN 

A8'  8'E^: :  2R:R^\GE: : 2iN:ME. 

Ccr, — ^The  do\ble  lines  8,  8'  are  at  right  angles  to  each  other. 

Bsocabd's  Pababolje. 

353.  If  two  isqondl  lines  P  -  hy^O,  AjS-yeO  meet  the 
altitudes  {fig.,  §  3^)  BE^  CE„  in  the  points  Q,  R,  the  envelope 
of  QR  is  aparahok 

Dem. — The  eqution  of  QR  is 

a  on  A  -k^p  cosO+ycosB)  + 

1^{P  OS  J?+  y cos  C-a  cos^)  =  0.  (917) 

For  this  may  be  wnten  in  the  form 

(/5-ifcy)(cos-B-/«osC)-(ocos^-j3cos^)(ife»-l)«0, 

showing  that  it  pasts  through  the  intersection  ot  p  -  ky^O^ 
and  aooBA"  P  cosi«  0,  and  it  may  be  written  in  the  form 

(i/5  -  y)(Jc  cos  B  -os  C)  +  (y  cos  (7 -  a  cos^)(*» -  1)  «  0, 
showing  that  it  passeahrough  the  intersection 

hp  -y-0,  and  y  cos  C -  a  cos-4  «»  0, 
and  its  discriminant  wii  respect  to  £  is 

4a  cos^  (/J  cos-B  +  y  cc  C-a  co8-4)-(^  cos  C-v  y  cos  jB)'  »0. 

(918) 
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Car.  1. — The  points  Q,  R  divide  the  lines  BH^,^  CjS,  propor- 
tionally.   Eor,  evidently,  the  triangles  ABQ^  ACE  are  similar 

and 

JBQ:  CRiiABxACixBHj,:  CH^. 

Hence  BQiBRj,::  CB:  CR, 

Cor,  5. — By  giving  special  values  to  £  we  get  speoal  posi- 
tions of  QB  in  each  of  which  it  wiU  he  a  tangent.  Thus,  if 
it  a  0  we  get  a  s  0  as  the  tangent,  if  £  e  ao , 

fi  cobB  -^y  cos  C-  a  cos -4  =  0, 

that  is,  the  line  M^ffe  is  a  tangent,  and  hy  makii^  £  «  ±  1,  we 
see  that  the  internal  and  external  hisectors  of  tie  angle  BAG 
are  tangents. 

354.  If  P  he  the  point  which  divides  ABT^  u  the  same  ratio 
as  B  divides  (7^«,  the  envelopes  of  the  lines  tPj  PQ  will  be 
two  other  parabolsB  whose  equations  are  obtaiiyd  from  (918)  by 
interchange  of  letters,  viz., 

4j8  cos^(y  cos  C7+a  co8-4-^cosJ?)«(y  c^^  +  a  oos^)'. 

(919) 
4y  COB  C{a  cobA  +  P  cosB-y  cos  (7)a(a  ^-ff  +  /?008-4)*. 

(920) 
We  shall  denote  these  three  parabolsB  by  iTay^h  '"'„  respectively. 

355.  The  tymmedian  lines  AB",  BB',  CKIre  the  direeMcee  of 
the  three  parabola  tt.,  ir^,  v^  and  the  points  4  3i,  Ci  are  their  foci, 

Dem. — If  the  ratio  in  which  the  points  j{,  B  divide  the  lines 
BM^  CMc  be  equal  to  the  ratio  MIT:  JO/g  352,  QB  coincides 
with  $,  and  with  8'  if  equal  to  the  ratio  j^:  MR.  Hence  S,  S" 
are  tangents  to  the  parabola  tt^,  and  si^e  they  are  at  right 
angles  to  each  other,  their  intersection,  pe  point  JT,  is  on  the 
directrix.  And  since  the  internal  and  ql^mal  bisectors  of  the 
angle  BA  C  are  tangents  (§  353,  Cor.  2)Jnd  are  at  right  angles, 
the  point  A  is  on  the  directrix.    Henci^^iris  the  directrix  of 
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«-«.    Similarly,  BK^  CK  are  the  directrices  of  ir^,  ir«,  respec- 
tively. 

Again,  since  the  point  Oi  is  common  to  tlie  circumciroles  of 
the  triangles  BHC^  RjiEJEL^  each  of  which  is  formed  by  three 
tangents  to  ir«,  tfi  is  its  focus.    Similarly,  fti,  ^i  are  the  foci  of 

Abtzt's  Pababoub  (Second  Oroup). 

356.  These  touch  the  perpendicular  bisectors  of  two  sides  of 
the  triangle  of  reference,  and  the  internal  and  external  bisectors 
of  the  angle  fonned  by  these  sides.    Their  equations  are 

{(/8BinC+ysin-»)cosu4-asinui)»-sin>ui8in(J?-e)(/3»-y«). 

(921) 

{(ysin^  +  asinC)cos5-/9sinJ?}«=8in»J98in(C7--4)(7«-a«). 

(922) 

{(a8in-B+)8Bin-4)coB(7-y8inC}»«8in»(78in(ui-i)(a«-)8«). 

(923) 

The  subject  matter  of  §§  847-366,  are  chiefly  taken  from 
Brocard,  Jf&motrei  of  the  Academy  of  MontpeUier^  1886,  and  from 
Neuberg,  Jfatheeis,  vol  z.,  p.  166.  The  name  orthocentroidal 
is  due  to  Mr.  Tucker. 


1.  The  foci  of  the  Brocard's  panbolie  are  the  iBogonal  conjugates  of  the 
summits  of  Biocard's  second  tziangle. 

The  polsn  of  orthooentre  if  are  the  radii  OAf  OB,  00  of  drcumcircle. 

2.  The  foci  of  Artzt's  parabohe  are  the  summits  of  Brooard's  second 
triangle. 

3.  The  equations  of  the  lines  aai,  hbi,  ec\  are 

2a  cosul  sin  (3  >  (?)  +  /3  BUi(^  -  J9)  +  y  sin  ((7-  ^)  B  0,      (924) 

a  sin  (^  '  ^)  +  2/3  cos  J}  sin  ((7  •>  ^)  +  7  sin  (3  -  C)  =  0,      (926) 
a  sin (3-  (7)  +  ^Bin((7-^)  +  27COsCs£Q(^-jB)«0.      (926) 

4.  The  points  of  contact  ol  the  parabolse  ira,  *»,  r«  with  the  sides  of  ABC 
axe  their  points  of  intersection  with  the  line 

asec^  +  /3see2^  +  7Beo(7sO.  (927) 
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5.  The  direotrioee  of  Aitst's  pazaboko  are  the  mediaiiB  of  ABC, 

6.  The  side  60  of  the  txiangle  o^  U  a  tangent  to  the  parabola  «■«. 

7.  The  co-ordinates  of  the  point  ai  are    ^  tan  ^,  sin  (7,  sin  ^,       (928) 

8.  The  co-ordinates  of  the  point  a  are     |,  sec  (7,  secl^.      (929) 

9.  The  axis  of  perspectiTe  of  the  triangles  ABC^  PQB  ({  354)  is 

a/(cos^  -  ib  cos  jB  cos  (7)  +  i3/(cos  jB  -  ib  cos  (7 cos ^) 

+  7/(oos(7-A;cos^cosS)eO,   (930) 
when  k  is  yaiiable. 

10.  The  envelope  of  the  axis  of  perspectiTe  is  the  parabola 

4  (a  cos  ^  +  i9  cos  2? + Y  COS  (7)  (a/oos  ^  +  i9/cos  3 + 7/coe  (7) 
»  {a  (cos  BjcoB  (7  +  cos  (7/oos  3)  +i3  (cos  (7/cos  A  +oos^/coe  (7) 

+  7(coB^/cos£  +  cos^/oo6^)}*.  (931) 

The  form  of  the  equation  shows  that  it  touches  the  orthique  axis  and  its 
isogonal  transverse. 

11-14.  Prove  that  the  conic  (931)  is  a  parabola;  (2*)  that  it  is  inscribed 
in  the  triangle  ABO;  {S")  that  it  touches  the  double  lines  8,  8'  H  352) ; 
(4*)  that  its  directrix  is  the  join  of  the  orthocentze  and  symmedian  point. 

15.  Prove  that  the  equations  of  the  lines  joining  the  summits  of  ^£(7  with 
the  points  of  contact  of  the  parabola  (931)  are 

a  sin2^  sin  (B- C7)«/B  sin2^  8in(C7-^)  B7  sm2(7sin  (^-^). 

(932) 

16.  The  equation  of  the  line  Hai  is 

i9oosi3  +  7COsC7-2acos^  =  0.  (983) 

17.  The  axis  of  perspective  of  the  triangles  ahCf  ABO  is 

a(cos  jB  cos  (7- cos ^  cos  v/3)  +/3  (cos  C7 cos ^  -cos  £  cos  v/3) 

+  7(co8^  cos^-oosC7cosv/8)  sO.  (934) 

Eiepsrt's  Htpebboul. 

S57.  Upon  the  sides  of  a  triangle  ABC  are  described  three 
triangles  BCA',  CAB',  ABC  directly  similar ;  it  is  required  to 
inTestigate  in  what  cases  ABC,  A'BfO  are  in  perspective. 
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SoLTTTiOK. — ^Let  a,  Pi  y  be  the  normal  co-ordinates  of  the 
centre  of  perspective,  d,  ^ 
the    base    angles    of    the 
similar  triangles ;  then  evi- 
dently 

:-4C"sin(^-«) 
: :  aii0.mi{B  -ff) 
:  sin  ^.  sin  (^  -0), 
Hence 

a  sin^  cottf -/S  sin-B  cot^-  (acos^  -  j5cos-B)  =  0.     (1) 
And  eliminating  Oy  ff  from  this  and  two  similar  equations,  we  get 

a  sin  ^,     pBmB,     a  cob  A  -  p  cosB, 
PanBy    yanC,     pcosB  -ycosC,     =0. 
ysinC,     a  BID.  Ay     yCOs(7-acos^ 

This  detenninant  is  reduced  by  substituting  for  the  second 
column  the  difference  between  the  first  and  second,  and  then 
adding  the  second  and  third  rows  to  the  first,  and  we  get 

(a8in-4  +  )8sin-B  +  ysin  C) 
{aj8sin(^-^)  +  /Jysin(5-  (7)  +  ya  sin(C7- -4))  =0; 

the  first  factor  of  which  denotes  the  line  at  infinity,  and  the 
second  Eiepert's  hyperbola  (P).  In  the  former  case  the  lines  AA\ 
BB*y  CC*  are  parallel,  and  the  loci  of  the  points  A\  B\  C  are 
Neuberg's  circles  N^  iT^,  N^  In  the  latter  case,  the  triangles 
BCA'y  CABfy  ABC*  are  isosceles.  For,  adding  equation  (1) 
and  two  similar  ones  got  by  interchanging  letters,  we  get  cot  0 
=  cot  ^  and  tf  =  ^.    In  this  case  the  lines  AA\  BB\  CC\  are 

o  sin  (^  -  fi)  =  /J  sin  (-B  -  ^)  =  y  sin  ( (7  -  ^). 

Hence  the  co-ordinates  of  the  centre  of  perspective  of  the  triangle 
A'BC*  (called  Kiepert's  triangle),  and  ABC  are  1/sin  {A  -  tf), 
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l/sin (B  -  $),  l/siu {C-O).  Since  these  are  fanctions  of  9,  the 
point  they  denote  is  called  the  point  $  on  the  hyperbola  (F),  and 
their  inverses,  viz.  the  point  sin  {A  -  6),  sin  (j9  -  0),  sin  ( C-  0) 
is  the  point  on  the  line  OJT which  is  the  isogonal  conjugate  of  P. 

Car.  1. — Every  Kiepert's  triangle  is  orthologique  with  ABO, 
For,  since  the  perpendiculars  from  A',  B*,  C  on  the  sides  of 
ABC  meet  in  a  point,  the  perpendiculars  from  Ay  B,  C  on.  the 
sides  of  A!B*C*  meet  in  a  point  the  orthologique  centre  of 
A'BfC*  with  respect  to  ABC. 

Cot,  2. — If  the  vertices  of  a  E[iepert  triangle  A'B^C  be  points 
on  Neuberg's  circles  N^  N^y  N^^  the  lines  AA\  BB\  CC  meet 
at  infinity,  and  are  therefore  parallel  to  the  asymptotes  of  F. 
Hence  the  lines  AJ^y  AJ'a  (^g**  §  338)  are  parallel  to  the 
asymptotes  of  F. 

Cor.  3. — IfAiBxCiy  AiPtC%  he  two  JSReperfs  triangUi  whoee 
vertices  Aiy  A% ;  B^y  B% ;  Ciy  C%  are  inverse  points  with  respect  to 
Neuberg^s  circles  N„  iV^,  I^„  respectively y  then  the  corresponding 
points  Ply  PiOnV  are  the  extremities  of  a  diameter. 

For,  since  Aiy  A^  are  inverse  points  with  respect  to  N'^  (see 
jQg.,  §  338),  the  lines  AJ^j  AJ'a  s^^  the  bisectors  of  the  angle 
A1AA2,  that  is,  of  the  angle  B\AP% ;  but  AJ^y  AT^  are  parallel 
to  the  asymptotes  of  F.  Hence  P\Px  is  a  diameter.  As  a  parti- 
cular case,  if  Pi,  P%  be  the  points  whose  parametric  angles  are 
±  fr/3,  P\Pz  is  a  diameter. 

358.  Any  two  points  on  F  whose  parametric  angles  differ  by  a 
right  angle  are  collinear  with  the  centre  of  the  nine-points  circle, 
and  their  tangents  meet  on  OK. 

Bern. — Let  the  points  be  %  and  9r/2  +  B ;  then  (§  120,  Cor.  1) 
the  equation  of  their  join  is 

asin2(u4-«)8in(^-  (7)  +  )8sin2(J?- tf)  8in((7- Jt) 
+  y  Bin2((7- tf)  8in(^  -  ^)  =  0; 

and  this  is  satisfied  by  cos  {B  -  (7),  cos  (C  -  ^),  00s  {A  -  J?), 
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which  are  the  co-ordinaties  of  the  centre  of  the  nine-points 
circle. 

Again,  the  tangents  to  F  at  the  points  0,  9r/2  +  0  are  (§  120, 
(kr.  1), 

a  8in'(^  -  fl)  8m(J?  -  C)  +  i8  sin»(5  -  ^)  sin  (C-  -4) 

+  y  8in»(a-  d)  sin(^  -  ^)  =  0, 

acoB*(^-tf)8in(^-  C)  +  /8cos«(^-tf)8in(C-^) 

+  y  cos'CC'  -  tf )  sin U  -  J5)  o  0, 

which,  when  added,  give  the  equation  of  OK. 

Cor. — The  pole  of  OK  with  reject  to  V  ie  the  centre  of  the 
mne^ointe  circle, 

859.  Eiepert's  hyperbola  is  the  diametral  conic  of  the  triangle 
ASC  with  respect  to  the  line 

a  cos^  •{■  P  cos  JB  +  ycos  C7s  0. 

Dem. — ^Denoting  the  line  by  la-^-mfi  +  nyO;  then,  if  a 
transrersal  parallel  to  2a  +  mfi  -f  ny  a  0  meet  the  sides  of  JJBC 
in  £|,  ^,  jSi,  and  a  point  0  be  taken  on  it  such 

l/0J?i+l/0i2,+ 1/0^  =  0, 

the  locus  of  0  is  required.    Let  the  co-ordinates  of  0  be  a', 
)8',/;  then  (§61) 

OSi  =  a'n/(m  sin  C  -  n  sin  J?), 

0J2a  =  i8'0/C»  sin  ^  -  /  sin  C7), 

OBi  «  yQ/(2sin^  -  m  smA), 
where 

Oa^^  +  m*  +  n'-  2mn  cos  A  -  2»/  cos  B  -  2lm  cos  C. 
Hence,  substituting,  &c.,  we  get  the  equation  of  F. 
Cor. — The  diameter  of  the  triangle  corresponding  to 

a cosui  +  iS cos^  +  y  cos  C a  0 

18 

a/Bin(-5  -  C)  +  filuxL{C-A)  t  y/sin(-4  -  -5)  -  0, 
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and  tliis  is  a  diameter  of  T.    Hence  the  transversal  isogonal  to 
OK  IB  a  diameter  of  P. 

360.  If  any  transversal  meets  V  in  the  points  Oi,  0%^  and  OK 
in  ^8,  then  tf i  +  ^,  +  tf ,  =  nv.  (M'Cit.) 

Dem.— The  join  of  the  points  61,  0^  is  (§  120,  Cor.  1) 

Sa8in(^  -  61)  sin  {A  -  fl,)  sin(J9  -  C)  =  0, 
or 

Sa{co8(24  -  Si  -  tf,)  -  cos(tfi  -  62)]  sin(-B  -  C7)  =  0. 

Hence  substituting  the  co-ordinates  of  the  third  point,   and 

omitting  the  terms  containing  cos  (^1  -  ^2)  which  yaniah,  we 

get 

5  cos(2^  -Oi"  e2)an{A  -  0^)  sm{B  -  C), 
or 


S  sin(3^  -  ^1  +  ^a  +  tf,)  sin(^  -  C) 


-S  sin(u4  -  ^1  4  ^2  -  ^s)  8in(^  -  C)  «  0. 

And  since  2  sin  3A  sin  (J?  -  C7)  =  0,  2  sin^dt  8in(^  -  C)  «  0, 
2  cos  A  sm{B  -  C)  =  0,  this  reduces  to  sin  (fii  +  ^j  +  tf,)  =  0. 
Hence  tfi  +  ^a  +  ^3  «  »Mr.  (935.) 

The  following  are  the  parametric  angles  of  some  special  points 
of  r  and  OK:— 

1^.  6^,ir;centroidonrandsymmedianpointonOir,  0=0. 
2°.  iT,  i^ ;  Tarry's  point  on  T,  and  infinity  on  OK,  tf  =  ir/2  -  «. 
3°.  jPi,  Pa ;  isogonal  centres  on  T,  tf  =  ±  ir/3. 

4°.  5",  0;  orthocentre  on  F,  circumcentre  on  OiT,  tf=«-/2. 

(V.  1.  If  01  +  tfa  be  constant,  $t  is  constant.  Hence  a  chord 
PjP  joining  points  on  F,  the  sum  of  whose  parametric  angles  is 
constant,  passes  through  a  fixed  point  on  OK,  Hence  it  follows 
that  pairs  of  points  on  F,  the  sum  of  whose  parametric  angles  is 
giyen,  form  a  system  in  involution. 

Cor.  2.  If  01  +  02  ~  0,  0s  »  0  denotes  the  symmedian  point. 
Now  if  01,  0a  denote  the  points  P,  F'  on  F,  and  if  Q,  Q'  be  the 
corresponding  points  on  OK,  it  is  easy  to  see  that  PQ',  P'Q  each 
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meet  V  in  zero.  Hence  if  any  chord  of  r  passes  through  the 
symmedian  point,  the  diagonals  of  the  qnadrihiteral  formed  hy 
the  points  Py  P'^  and  their  correspondents  Q^  Q  on  OJTintersect 
in  the  centroid  of  the  triangle  ABC. 

Ccr.  3.  The  tangents  at  Q  and  ^to  V  intersect  at  JET. 

Car.  4. — ^The  diameter  PiP^  passes  through  K^  and  hisects  GH. 

861.  IfAiBiCxf  AJB%C%  he  UooKiepm'tU  triangles  whoeepara- 
fnetrie  angles  are  complemenU^  the  orthologique  centre  of  either 
and  ABC  ii  the  centre  of  perspective  of  ABC  and  the  other. 

(M'Cat.) 

Dem. — ^Let  the  parametric  angles  he  $if  0%,  then  the  equations 


of  ^1^1,  CCttae 

a{8inCdaA''aiiB  Bm2$i)  +  p{BmBeinC~aiiA  sin2tfi) 

-ysin(C-2fli)  =  0, 
a  sin  (^  -  $i)  -  i3sin(^  -  0^)  »  0, 
or  a  cos  {A  +  ft)  -  j8  cos  {B  +  ft)  =  0. 

And  these  are  perpendicular  to  each  other. 
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Cor, — The  Eiepert's  triangles  AiBiC^  AfB^Ctf  and  the  tri- 
angle ABCf  when  ^i  +  ^a  » 9r/2,  haye  a  common  axis  of  perqpec- 
tive  which  is  perpendicular  to  the  line  PiPs. 

From  §  360,  Cor.  1,  it  is  seen  that  the  centres  of  perspective 
of  the  triangles  taken  two  by  two  are  collinear  points.  Hence 
{Seqtiel,  p.  77)  they  have  a  common  axis  of  perspective. 

Again,  let  Pi,  Pt  he  the  centres  of  perspective  of  ABC  with 
AiBi Ci  and  A^B%C^^  respectively,  and  let  A^B^Ct  be  the  common 
axis  of  perspective ;  with  A^^  B^,  Cx  as  centres,  and  A^^  B^^ 
CiA  as  radii  describe  circles ;  then  the  radical  axis  of  the  circles 
Azj  Oi  is  the  perpendicular  from  A  on  the  line  Bi  Ci,  and  there- 
fore passes  through  P^  (§  348).  Similarly,  the  radical  axis  of 
the  circles  J?s,  Ci  passes  through  P%.  Hence  Pa  is  on  the  radical 
axis  of  the  circles  A^,  B^.  Similarly,  P|  is  on  the  radical  axia 
of  Az,  Bz,    Hence  the  proposition  is  proved. 

Cor.  2. — ^The  circles  A^^  B^,  Cz  are  coaxal. 

Htpebboli  r'. 

362.  Let  AiBiCi  he  the  triangle  whose  sides  touch  the  eireum- 
circle  of  the  triangle  of  reference  ABC  at  its  summits.  Thm  if 
AzBiCi  be  homothstic  with  ABC  with  respect  to  the  arcumcentro^ 
A%BzCt  is  in  perspective  with  ABC^  and  the  locus  of  the  centre  of 
perspective  is  a  hyperbola^  the  inverse  of  E%iler*s  line  of  ABC. 

(Jbrabbk.) 

Dem. — Azy  Pa>  C^  divide  the  lines  OAi^  OB^^  OCi  vel  the 

same  ratio.  Let  it  be  / :  m.  Now  it  is  easy  to  see  that  the  per- 
pendiculars from  Ai  on  the  lines  A  C,  AB  are  {IB  tan  ^  sin  ^ 
+  mBcoBB)l{l  +  m)  and  {lEtaxi  A  da  C  a-  mJR  cos  C)/ {I  -¥  m). 
Hence  the  equation  of  AA^  is 

/J (/tan -4  sin  C+  mcos  (7)  -  y(/tan-4  sin-B  +  mcosP)  «  0, 
or 

/(/Ssin  (7sin-4-y  sin-4  sinP) -m(7C0S^  oos-ff-j8  cos  (7oo8-4)«0, 
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which,  with  two  similar  equations  got,  interchanging  letters 
vanish  identically. 


Again,  eliminating  l,  m  between  any  two  of  these  equations, 

we  get 

jy^Pyan2A.an(B  -  C)  +  yamn2B  sin(C-  ^) 

+  a)S  sin 2C  sin  (^  -  ^)  =  0,  (936) 

which  is  the  isogonal  transformation  of  Euler's  line. 


1.  The  most  general  equation  of  an  equilateial  hyperbola  circumscribed  to 
the  triangle  of  reference  is 

0y{fi'oOBC-  y  cos  J?)  +  7a(7'cos-4-a'co8C)  +  aj3(ci'co«^-  /3'coe^)»0. 

(937) 

This  is  the  isogonal  transformation  of  the  diameter  of  the  circumcircle 
passing  through  a,  /3',  y,  and  includes,  as  particular  oases,  Eiepert's, 
Jerahek*s,  and  other  hyperholas.  Thus,  if  a$'y  denote  the  symmedian 
point,  it  is  Kiepert's  hyperbola ;  if  afi^y  be  the  incentre,  we  get  the  hyper- 
bola  of  }  342,  Cor.  1 ;  and,  if  the  orthocentre,  Jerabek's  hyperbola,  i  362. 

2o 
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2.  Prove  that  the  co-ordinates  of  any  point  of  the  hyperbola  (937)  may  he 
denoted  by  l/(a'+ A;cob^),  1/(3' +  A  cos  ^),  l/(y  +  it  cos  C),  when  it  is 
arbitrary.  (938) 

3.  PiroYe  that  the  locus  of  the  centre  of  the  conic 


Va(a'-f  *coe^)  +  V/3(3'+  *cos^)  +  y/y{y  +  *co8(7)  =  0, 

when  k  yaries  is 

a,     sin  ^,    0' an  C -k-  y' tin  B, 

/9,    sin  Bf     y'  tin  A  +  a  sin  C, 

7,    sinC;    a' sin  ^  4-3' sin  ^ 


=  0.  (939) 


4.  When  k  yaries,  prove  that 

Vo(a'+*COB^)  +  ^/fiifi'  +  kcoBB)  +  V^(y+TcosC)  =  0 

touches  the  line 

o/(/9'cosC-ycos^)  +3/(ycos^  -  a' cos  C7)  +  ^/(a' cos  J?  -  3' cos  ^)  =  0. 

(940) 

5.  If  afi^y  denote  the  symmedian  point,  the  conic  of  Ex.  3,  4  may  be 

written 

Vo8in(-4-6)  +  V38in(i?-e)  +  ^yBin{C-e)  =  0.  (941) 

8.  Prove  that,  when  0  =  ±  60%  one  focus  of  (941)  is  a  point  on 
Eiepert's  hyperbola. 

7.  If  Ai,  Bif  C\  be  the  points  of  contact  of  (921)  with  the  sides  of  ABC^ 
prove  that  the  axis  of  perspective  of  ABC^  A\BiC\  is  parallel  to 

acos^  +  3  cos^  +  7Cos(7a>  0. 

8.  If  Pbe  any  point  in  the  line  OK,  and  if  -4P,  BP,  CPmeet  BC,  CA, 
AB  respectively  in  A\  ^,  C*,  the  equation  of  a  conic  touching  the  sides 
at  A\  B*,  Cf,  respectively,  is 


Va/sin  (-4  -  e)  +  V3/8in  {B  -  e)  +  V7/8in  (C?  -  6)  -  0,         (942) 

when  0  is  the  parametric  angle  of  the  point. 
9.  The  locus  of  the  centre  of  (942)  in  barycentric  co-ordinates  is 


a{P  +  y-a)      b{y  +  a-B)      e(a  +  $-y) 
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10.  The  ftxis  of  penpeotiye  of  the  triangles  ABO,  A*VC'  in  Ex.  8  is 
a/sin  (^  -  tf)  +  iS/sin  (fl  -  6)  +  7/sin (C -  tf)  =  0,  (944) 

and  its  envelope  is 


Vasin (5  -  C)  +  V/5  sin(t7-  ^)  +  V-y  sin  (^  -  J)  =  0.      (946) 

11.  The  iBOgonal  transformation  6f  the  diameter  of  the  circumcircle  which 
passes  through  Tarry's  point  is 

i87  (sin 2^  -  sin2«)  sin(^  -  (7)  +  7a(sin2i^  >  Bin2«)  sin(C-  A) 

+  oiB  (sin  2(7 -  sin  2«)  sin  {A-B)^  0.  (946) 

Steiner's  Ellipse. 

363.  We  haye  already  given  the  equation  (852)  of  Steiner's 
ellipse.  Here  we  shall  give  some  of  its  most  important  pro- 
perties, in  particular  its  connexion  with  Eiepert's  hyperbola. 
Let  ABC  be  the  fundamental  triangle;  Q^  0,  H^  K 
the  centroid,  circumcentre,  orthocentre,  symmedian  point ; 
A'B'C\  AI'S'C*  the  complementary  and  anticomplementary 
triangles  ;  E^  E'  the  circumscribed  and  inscribed  ellipses, 
whose  centres  coincide  with  0\  GX,  OY  their  axes.  E  is 
called  the  Steiner  ellipse  of  the  triangle,  and  GX,  (jF  its 
Steiner  axes.  Let  A„  B„  C,  be  the  sym^triques  of  A,  Bf  C 
with  respect  to  G.  These  are  points  on  E,  Kow,  if  i2  be  the 
fourth  point  common  to  E  and  the  circumcircle,  the  chords  ABy 
OR  are  antiparallel  with  respect  to  GX\  but  AB  is  parallel  to 
Afi^,  Hence  the  circumcircle  of  the  triangle  AJB^C  passes 
through  R\  therefore  R  can  be  constructed,  and  hence  the 
lines  GX,  GT. 

Cor,  1. — The  circumcircles  of  the  triangles  ABC^  AJ^fi^ 
AJiC„  AB^Cg  have  jS  as  a  common  point. 

Cor.  2. — The  circles  osculating  E  at  the  points  A,  B,  C  pass 
through  R. 

Cor.  3. — If  the  same  reasoning  be  applied  to  the  ellipse  E' 
it  will  be  seen  that  the  nine-points  circles  of  the  triangles 
ABCy  GBCf  GCAy  GAB  pass  through  Q,  the  complementary 

2o2 
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of  R\    and  smce  these  circles  are  the  centres  of  equilateral 
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hyperbolas  circumscribed  to  the  corresponding  triangles,  Q  is 
the  centre  of  the  Xiepert's  hyperbola  of  ABC. 

Cor,  4. — R  is  the  centre  of  the  Kiepert's  hyperbola  of 
A*'B'C". 

Car,  5. — If  JETQ  be  produced  to  iV  until  QiV=  HQ^  the  point 
N^  which  evidently  is  on  F,  must  also  be  on  the  circumcircley 
since  JT'is  the  centre  of  similitude  of  the  nine-poinlib  circle  of 
ABC,  and  the  circumcircle,  and  Q  is  on  the  nine-points  circle. 

Def.— iVw  eaUed  Taret's  Ponra  (§  360,  2°). 

Cor.  6. — N\b  diametrically  opposite  to  ^  on  the  circurocircle. 

Cor.  7. — Tarry 's  point  is  the  centre  of  perspective  of  the 
triangle  formed  by  the  centres  of  Neuberg's  circles  N^  N^  If^ 
and  the  triangle  ABC. 

364.  8tsiner*s  axes  are  parallel  to  the  asymptotes  of  KieperVs 
hyperbola. 
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Dem. — The  Appollonian  hyperbola  of  any  point  in  the  plane 
of  a  conic  passes  through  the  feet  of  the  normals  from  that 
point,  and  has  its  asymptotes  parallel  to  the  axes  of  the  conic. 
But  evidently  the  Appollonian  hyperbola  of  the  point  H  with 
respect  to  Steiner's  ellipse  is  Kiepert's  hyperbola.  Hence  the 
proposition  is  proved. 

Cor. — If  R'  be  the  point  where  the  fourth  normal  from  H 
meets  Steiner's  ellipse,  RR  is  a  diameter  of  Steiner's  ellipse, 
and  OR  of  F. 

366.  If  the  line  OK  intersect  the  eireumdrole  in  P,  P',  the 
Simeon^ s  lines  ofF,  P'  are  the  asymptotes  of  Kieperfs  hyperbola. 

Bern. — P,  P'  are  the  isogonal  conjugates  of  the  points  at 
infinity  on  T.  Hence  if  PQ,  P'Q'  be  parallel  to  PC,  the  asymp- 
totes of  r  are  parallel  to  AQ^  AQ.  Now,  if  P„  P*  be  the  pro- 
jections of  Pon  £C,  CAf  it  is  easy  to  see  that  the  Simson's  lino 


A^R 


P^Py  is  perpendicular  to  A  Q.  Hence  the  lines  P^Pt,  P'aR'h  are 
parallel  to  the  asymptotes.  And  since  BP'^  =  C'P«,  and  AP^ 
«  CP'i,  they  must  be  the  asymptotes. 
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Car.  1. — Steiner's  axes  aie  parallel  to  the  Simson's  lines  of 
the  points  P,  P'. 

Cor.  2. — Since  M'Cay's  circles  are  the  loci  of  the  centroids  of 
equihrocardian  triangles  descrihed  on  the  sides  of  ABC  (§  340, 
Car,  1),  it  follows  that  if  through  the  centroid  of  -4PC  lines  be 
drawn  parallel  to  AJ„  AJ*^  (fig.,  §  338),  they  will  meet  the 
perpendicular  to  JBC  at  its  middle  point  in  the  highest  and 
lowest  points  of  one  of  M'Cay's  circles.  Hence  the  lines  from 
the  centroid  to  the  highest  and  the  lowest  point  of  one  of 
M* Cay's  circles  are  Steiner's  axes. 

366.  Sincie,  if  a  chord  of  a  hyperbola  be  the  diagonal  of  a 
parallelogram  whose  sides  are  parallel  to  the  asymptotes,  the 
other  diagonal  will  pass  through  the  centre.  Hence,  applying 
this  to  the  chord  GHoi  F,  we  get  the  following  proposition : — 


If  the  orthocentre  R  of  a  triangle  ABC  be  projected  on  the  axes  of 
Steiner,  the  join  of  the  projections  passes  through  the  points  Q,  JT, 
Pi,  Pj.  Conversely,  ♦/  upon  OR  as  diameter  a  circle  he  described^ 
the  lines  joining  O  to  its  points  of  intersection  with  the  join  of  Kto 
the  middle  of  GR  are  the  axes  of  Steiner. 

367.  If  AiByCi  and  N^N^N^  be  respectively  the  first  Brocard 
triangle  and  that  formed  by  Neuberg's  centres,  the  parametric 
angles  of  these  are  complementary.     Hence  the  corresponding 
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points  R  and  IT  are  collinear  with  0,  JV  is  the  centre  ortho- 
logique  of  AiBiCi  with  respect  to  ABC.  Hence  it  follows  that 
the  lines  AR,  RR,  CR  are  parallel  to  the  sides  of  AiBiCi. 
Hence  the  homologotts  aides  of  the  triangles  ABCy  AiBiCi  are 
antiparallel  with  reepeet  to  the  axes  of  Steiner.  Again,  if  Mi^ 
Hi,  Si  he  the  orthocentres  of  the  triangles  NBC,  NCA,  NAB^ 
the  quadrangles  ABCN,  JBTiJZiSifl'are  (fig.,  §  363)  symetriques 
vith  respect  to  Q,  Therefore  GA,  OHi  are  supplemental 
chords  of  r,  and  hence  are  antiparallel  with  respect  to  GX\ 
tierefore  OAi  passes  through  Hi,  and  hence  through  the  middle 
pint  of  AR, 

368.  Thb  Foci  of  Steinsb. 

Def. — Hie  foci  of  Steiner  of  a  triangle  are  the  foci  of  an  ellipse 

A 


which  touches  the  sides  of  the  triangle  at  their  middle  points. 
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Let  ABC  he  the  triangle,  A'B'C  the  ellipse  touching  the 
sides  in  the  points  -4',  B*^  C ;  JT,  K*  the  foci.  The  perpen- 
diculars from  Kj  K'  on  the  sides  of  ^J^C'meet  them  in  their 
points  of  intersection  with  the  circle  on  the  major  axis  of  the 
ellipse.  Let  JTi,  JTs,  K^  he  the  feet  of  the  perpendiculars 
from  K^  and  let  these  perpendiculars  meet  the  circle  again  in 

-^i>  ^i»  Ci. 

Now,  it  is  evident  that  talcing  K  as  the  centre  of  reciproca- 
tion, and  the  power  of  K  with  respect  to  the  circle  as  modulus, 
the  ellipse  will  reciprocate  into  the  circle,  and  the  triangle 
ABC  into  AiBiCi,  I  say  that  K  is  the  symmedian  point  oj 
A^B^C^. 

Bern. — Draw  tangents  to  the  auxiliary  at  th^  points.^i,  Bi^  Ci, 
forming  a  triangle  A2B2C2'  Now,  from  the  principles  of  reci- 
procation, these  tangents  are  the  polars  of  A'j  B\  C\  Hence 
the  points  A^,  B2,  Ci  are  the  poles  of  B*C,  CA*,  A'B*.  Again, 
since  the  lines  BC,  B'C  are  parallel,  their  poles  Ai,  At,  and 
the  centre  of  reciprocation  K  are  coUinear.  Similarly,  jffi,  -5i, 
iT  are  coUinear,  and  also  Ci,  Cz,  K. 

Hence  JTis  the  Gcrgonne  point  of  AtB^C^y  and  ther^ore  the 
symmedian  point  of  AxB^Cx.  (Q.  £.  D.) 

Cor,  1. — The  joins  of  the  summits  of  a  triangle  ABC  to  a 
Steiner  focus  are  inversely  proportioned  to  the  sines  of  the 
angles  suhtended  at  the  focus  hy  the  opposite  sides.  The  quad- 
rangles ITABC,  KAiBiCi  are  metapolar.  Hence  KA,  KB,  KC 
are  inversely  proportional  to  the  normal  co-ordinates  of  K  with 
respect  to  the  triangle  AJBx  C^ ;  but  these  are  proportional  to 
sin  ^1,  sin  Bx^  sin  Cx ;  and  the  angles  BKC,  CKA^  AKB  are 
the  supplements  of  -4i,  Bx,  Cx, 

Cor.  2. — If  G  be  the  centroid  of  a  triangle  ABC,  and  if  -4^,. 
BO,  CO  meet  the  circumcircle  again  in  (?i,   O^^  ^3,  6?  is  a 
Steiner  focus  of  OiOzOz, 

For  GxO,  0^0 y  O3O  are  inversely  proportional  to  AO,  BG, 
CO,  and  therefore  to  the  sines  of  the  angles  BGC,  CO  Ay  AGB, 
that  is,  to  the  sines  of  0^00^,  G^GGx,  OxGO^, 
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Cor.  3. — The  Steiner  foci  K^  JT'  of  the  triangle  ABC  are  the 
symmedian  points  of  their  pedal  triangles,  and  the  pedal  triangles 
are  median  reciprocals. 

For  the  triangles  KiK<i^^  and  AiBi  Ci  are  median  reciprocals, 
and  K\E*t^%  is  equal  in  every  respect  to  AyBx  C^. 

Cor,  4. — The  symmedimi  point  of  a  triangle  is  a  Steiner  focns 
of  its   antipodal  triangle ;    for  K  is  the  symmedion  point  of 

Cor,  6. — The  centroid  G  of  the  triangle  AiBiCi  is  a  Steiner 
focus  of  its  pedal  triangle  Gt,GtOg. 

For,  since  G  and  JTare  isogonal  conjugates  with  respect  to 
AiBiCit  the  lines  GG^,  GGf,,  GG^  are  inversely  proportional  to 
the  normal  co-ordinates  of  K  with  respect  to  AiBi  Ci,  that  is,  to 
sin^i,  sin^i,  sin  Ci ;  or  to  sin  G^GG^  sin  GfiG^^^  sin  GaGGf^. 

Cor,  6. — If  -fir be  the  orthocentre  oi  ABCy  and  on  HA^  HB, 
HC  lengths  HA'^  HB\  KC  be  taken  equal  to  the  correspond- 
ing altitudes,  ZT  is  a  Steiner  focus  of  the  triangle  A*Bf  C. 

Cor,  7. — If  O  be  a  Brocard  point  such  that  angle  QAB 
^  QBC  =  QCA,  and  if  lines  tlB,  QE,  tlF  be  parallel  to  the 
sides  BCf  CA,  AB,  and  terminated  in  i>,  H,  F  by  CA^  ABy 
BC,  respectively,  O  is  a  Steiner  focus  of  1)£F.  Easily  inferred 
from  Cor.  I, 

Cor.  8. — The  centroid  of  a  triangle  ABC  is  a  Steiner  focus 
of  its  second  Brocard  triangle  A^B^C^,  In  fact  G  is  the 
centroid  of  the  first  Brocard  triangle  AiByCif  and  AiBiCi, 
A^^Cz  are  inscribed  in  the  same  circle,  and  have  ^  as  a 
centre  of  perspective. 

Cor,  9. — If  through  the  points  B,  C  (fig.,  §  355)  lines  be 
drawn  parallel  to  AK^  through  C^  A  lines  parallel  to  BK^  and 
through  Ay  B  parallel  to  CKj  these  six  lines  touch  an  ellipse 
of  which  .£^  is  a  focus ;  the  ellipse  is  the  reciprocal  of  Lemoine's 
first  circle. 
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Car.  10. — If  through  the  points  B,  C  parallels  be  drawn  to 
the  median  of  the  triangle  BKC^  through  C,  A  parallels  to  the 
median  of  CKA^  and  through  Ay  B  parallels  to  the  median  of 
AKB,  these  six  parallels  touch  a  circle  which  is  the  inverse  of 
Lemoine's  second  circle. 

Cor,  11.  If  ^be  the  symmedian  point  of  a  triangle  ABCy 
and  0,  0«,  O4,  0,  the  circumcentres  of  ABC,  KBC,  KCA, 
KABy  the  points  0,  JT  are  the  Steiner  foci  of  the  triangle 
OuOi,0„  for  the  quadrangles  KABC,  00^0^0^  are  metapolar, 
and  0,  -ff'are  isogonal  conjugates  in  OaOhOc- 

Cor.  12. — If  JTi,  A'  be  the  points  of  intersection  of  the 
symmedian  AK  with  the  circumcircles  of  ABC,  KBC,  K^  is 
a  Steiner  focus  of  A'BC 

The  quadrangle  K^A'BCva  inversely  similar  to  00^0^,0^* 

BXEBOISBS. 

1.  If  Ma,  mb,  me  denote  the  medians  of  the  triangle  ABC,  A  its  area,  prove 
that  the  parameters  of  the  three  paraholae  which  can  be  described  each  touch- 
ing two  sides,  and  having  the  third  as  chord  of  contact  (called  Artzt's  fint 
group  of  parabolfls)  are,  respectively, 

2A»/Ma',     2A«/mft»,     2A«/«ie'.  (9*7) 

2.  Prove  that  the  envelopes  of  the  sides  of  Eiepert's  triangles  ({  357)  are 

{aa-'(by  +  efi)ooBA}^-  sin»^  (*«  _  1^) (/^i  _  y«)  =  0,  &c.    (948) 

This  is  called  Artzt's  second  group  of  parabolsB  (§  366). 
The  polars  of  the  circumcentre  0  are  the  altitudes  Aff,  BE,  CH, 

3.  Prove  that  the  parameters  of  Artzt's  second  group  are,  respectively, 

A  (*»  -  f»)/(2m«'),     A  (c»  -  fl2)/(2M6a),     A  (a«  -  **)/(2wc*) ;     (949) 
and  that  their  foci  are  the  summits  of  Brocard's  second  triangle. 

4.  Prove  that  the  envelope  of  the  axis  of  perspective  of  the  triangle  ABC 
and  Eiepert's  triangle  is  Eiepert's  parabola 


y/W-^a  +  V^(c»  -  a»)/8  +  >/(a«  -  V^)y  =  0,  (960) 

and  that  the  co-ordinates  of  its  focus  are 

l/sin  (B  -  C),     l/sin  (C7-  A),     l/sin  {A  -  B),  (961) 

*  The  subject-matter  of  Arts.  363-368  are  chiefly  taken  from  Nbvbbko 
ET  Gob,  Sur  Us  axes  et  Us  foyers  de  Steiner  (Gongr^  de  Paris). 
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6.  If  P,  Q  be  any  two  iaogonal  conjugate  points  in  the  plane  of  a  triangle 
ABC^  prove  that  the  diameters  through  A,  B,  Coi  the  circumcirdes  of  the 
triangles  AFQ^  BPQ,  CFQ,  respectively,  are  concurrent. 

6.  Prove  that  the  Brocard  angle  (»)  satisfles  the  equation 

sin^  COS (^  -t-  ^)  +  sin^  COS (^  +  ^)  +  sin  Ccos  ((7+  ^)  «  0. 

(Nbubbbo.)     (952) 

7.  Prove  that  the  Steiner  angles  Vi,  Ts  (}  339)  are  the  roots  of  the 
equation 

sinulsec(/f  +  ^)  +  sinJ9sec(J?  +  4>)  +  Bin  (7  sec  (C7  +  ^)  =  0. 

(M*Cat.)     (953) 

8.  If  «  be  the  Brocard  angle,  V\,  V%  the  Steiner  angles,  prove 

•  +  Fi  +  r2  -=  ir/2.  (964) 

9-12.  If  F,  F*  be  the  Steiner  foci  of  the  triangle  ABC,  o,  /5,  7,  o',  /8',  7' 
the  points  of  intersection  of  AF,  BFy  CF,  AF*^  BF,  CF'  with  the  ciicum- 
circle,  A\y  Bi,  d,  A'ly  B'\,  C'\  the  points  of  intersection  of  the  same  lines, 
respectively,  with  circumcirdes  of  the  triangles  BFC,  CFA^  AFB^  BFC, 
CrA,  AFB,  then 

1'.  P  is  the  centroid  of  ojBy,  F  that  of  afi'y  ; 

2^.  a  is  the  symmedian  point  of  AiBC,  jS  that  of  ABiC,  &c ; 

S"*.  The  Brocard  angle  of  the  triangles  AiBO,  A\BC .  .  .  is  equal  to  the 
first  Steiner  angle  of  ABC\ 

4°.  AF,  AF' ^\AB.AC.  (Nbubbro  and  Gob.) 

13.  The  orthocentre  of  the  triangle  formed  by  the  tangents  to  Kiepert*s 
hyperbola  at  the  points  A,  B,  C  is  the  centre  of  the  nine-points  circle 
(Bbocaad),  and  the  summits  of  that  triangle  are  points  on  Neuberg's  circles. 

14.  If  two  planes  be  inclined  at  a  given  angle,  the  Brocard  angle  of  the 
orthogonal  projection  of  any  equilateral  triangle  on  one  of  them  made  on  the 
other  is  constant. 

1 5.  Being  given  the  symmedians  of  a  triangle,  find  the  directions  of  its  sides. 

16.  Being  the  second  triangle  of  Brocard  A2BtC%  of  ABC^  construct  ABC, 

17.  Prove  that  the  foci  of  the  Lemoine  ellipse 

>^i/«?  +  V/3/m6«  +  Vt/w?  =  0 
are  the  centroid  and  symmedian  points. 

V 

18.  If  T^ThTt  be  the  triangle  formed  by  the  tangents  to  Jerabek*s  hyper- 
bob  (§  362)  at  the  points  A,  By  C,  the  axis  of  perspective  of  TmTtTt  and  ABC 
is  the  inverse  transversal  of  the  Euler  line  BO, 
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19.  If  i^  be  the  fourth  point  of  intersection  of  r*  with  the  drcumcircle, 
HN*  18  a  diameter  of  r'. 

20.  If  0  be  the  circumcentre  of  the  triangle  ABC,  prove  that  the  triangle 
formed  by  the  circumcentres  of  OBC^  OCA,  OAB  is  in  perspective  with 
ABC,  and  that  the  centre  of  perspective  is  the  isogonal  conjugate  of  the 
centre  of  the  nine-points  circle.  (Nbubbro.) 

21.  If  the  normals  at  ^,  ^^  (7  to  a  circumconic  of  the  triangle  ABC  be 
concurrent,  the  locus  of  the  centre  is  the  cubic 

a  0»  -  7»)/«  +  /8  (7*  -  «')/*  +  7  («•  -  /3«)/<J  =  0. 

Lbmma. — If  the  normals  meet,  and  if  0,  0,  tp  be  the  angles  made  by  BC, 

CAy  AB  with  the  lines  from  centre  to  middle  points,  cot  0  +  cot  ^  +  cot  f^=0. 

For,  let  a,  /3,  7  be  the  eccentric  angles  of  A,  B,  C,  then  the  equation 

of  ^C7is 

ajcos  J  (/S  +  7)/fl  +  y  sin  J  (i8  +  7)/*  =  cos  J()8  -  7) ; 

and  if  0  be  the  centre,  and  D  the  middle  point  of  BC,  the  equation  of  OD  ia 

a?  sin  J  (3  +  y)la-pcoei(fi  +  7)/^  =  0. 
Hence  for  the  angle  OBB, 

cot  e  =  (a«  -  ft2)  gin  (fi  +  y)l2ab. 
Similarly, 

cot^  =  (a>  -  ^)  8in(7  +  a)/2a3,     cot^^  =  (a'  -  ti^)  8in(a  +  /3)/2a^. 

But  since  the  normals  are  concurrent, 

«iii(i8  +  7)  +  «in  (7  +  a)  +  «"  (a  +  /3)  =  0. 
Hence  cot0  +  cot^  +  cot^^o. 

Now,  to  apply  this  to  the  question.  Let  a ,  fi',  7'  be  the  co-ordinatee  of 
the  centre  of  the  circumconic ;  and  the  co-ordinates  of  the  middle  point  of 
BC&TQ  0,  sin  0,  sin  B,  Hence  the  equation  of  the  line  joining  the  centre  to 
the  middle  point  is 

a{0^anB-  7  sin  C7)  -  /Ba' sin 5  +  70*  sin  C  =  0, 

and  the  equation  of  BC  is  a  «  0.    Hence 

cot0:=  {i3'sin^-7  8inC7+  a  sin (^  -  C)} /2a  sin S  sin (7; 
therefore 

2  cot  e  =  fi'ja  sin  C-  y/a'  sin  ^  +  cot  C?  -  cot  IT, 

which,  added  to  two  similar  equations,  gives,  after  omitting  accents, 

«(iB»  -  7«)/a  +  /3(7»  -  a')/A  +  7(«'  -  iB*)/«  =  0-  (»65) 

This  is  called  the  seventeen-point  cubic.  It  passes  through  the  summits 
of  the  triangle  of  reference,  the  middle  points  of  the  sides,  the  middle  points 
of  the  altitudes,  the  centres  of  the  inscribed  and  escribed  circles,  the  circum- 
centre, orthocentre,  centroid,  and  symmedian  point. 
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22.  ProYe  that  the  irogonal  transfonnation  of  the  line  joining  the  circum- 
centre  to  the  incentre  passes  through  Nagel's  point  and  through  the  Gergonne 
point. 

23.  II  the  perpendioulaiB  from  the  incentre  on  the  sides  of  the  triangle 
ABCisieQi  any  circle  concentric  with  the  incirde  in  a^  fi,  y,  the  locus  of  the 
centre  of  perspective  of  the  triangles  ABC,  afiy  is  the  isogonal  transforma- 
tion of  the  join  of  circumcentre  and  incentre. 

24.  Artzt*8  paraholffl  of  first  group  cut  each  other  in  the  centroids  A\  B*, 
C*  of  the  triangles  BCO,  CAQ,  ABQ.  Prove  that  the  areas  AB'C,  CA'B\ 
BA'C*  hounded  hy  the  three  paraholss  »  17 A/81 ;  that  the  areas  A  CBy  BA'C, 
CBfA  hounded  hy  a  side  and  two  paraholse  =  6A/81.     (db  Lonochamps.) 

25.  If  on  the  sides  BA,  GA  of  the  triangle  ABC  we  cut  equal  segments 
BB'y  CC'y  the  envelope  of  the  line  B'C  is,  in  hary centric  co-ordinates,  the 
parahola 

This  curve  touches  BC,  CA,  AB ;  the  focus  is  the  middle  point  of  the  arc 
BACcft  drcumcircle ;  the  axis  is  the  external  hisector  of  the  angle  BAC; 
the  parameter  =:2(b  —  e)  cos^  |  ^/sin  }  A .  (Mandabt.) 

26.  On  the  sides  BC,  CA,  AB  of  the  triangle  ABC  are  described  three 
segments  of  circles  containing  the  angles  A-^ip,  -9+^,  ^+^»  where  ^  is 
variable.    The  locus  of  the  radical  centre  is  Kiepert's  hyperbola.    (Tbscu.) 

27.  Each  line  X  contains  two  isogonal  conjugate  points  M,  M\  When 
the  line  X  turns  about  a  fixed  point  F,  the  points  M,  M'  move  upon  a  cubic 
passing  through  P.  The  seventeen-point  cubic  (Ex.  21)  corresponds  to  the 
centroid  taken  for  the  fixed  point  P. 

28.  In  £z.  21  find  the  locus  of  the  intersection  of  the  nonnals  at  A,  B,  C. 

29.  If  the  normals  at  the  points  of  contact  of  the  sides  of  the  triangle 
ABC  with  any  inconic  be  concurrent,  find  the  locus  of  the  centre,  also  of 
the  point  of  intersection  of  the  three  normals. 

Ans.  The  cubics  in  Exs.  21  and  28. 

30.  Let  xiy\eu  X2y%z%  be  two  points  Mi,  M%  of  the  line  X  sfx  +  ^y  4  A« = 0. 
If  the  join  of  the  isogonal  conjugate  points  of  JTi,  Mi  cut  X  in  the  point 
Mz  {xzy^,  prove  that  fxix^^  +  gyxyty^  +  M«aa3  =  0.  (Nbub«ko). 

31.  In  Ex.  30,  if  the  co-ordinates  of  the  two  fixed  points  of  X  be  denoted 
by  a3y,  a'fi'y',  and  the  co-ordinates  of  ifi,  Jfa,  Mz  by  (a  +  Aria',  ....), 
(a  +  My  ....),  (a  +  *8o', ....),  prove  the  relation 

mhhtkz  +  n  (*^a  +  hzki  +  hxki)  +  p  (Ari  +  *»  +  *»)  +  ^  =  0, 
where  m,  n,  p  and  q  are  constant.  (Nbubb&o.) 


CHAPTER  XV. 

INVARIANT  THEORY  OP  C0NIC8. 

PRELmiNABY   PbOPOSITIONS  AKD   DEFIiriTIOKS. 

369.  Dbp.  I.— If  ABC,  A'FC  be  two  trianglee,  the  equa- 
tions of  whose  sides  are 

a  =  0,    /3  =  0,    y-0;     a' =  0,    )8' =  0,    /  =  0, 

respectiyely ;  then  (§  56),  a,  p,  y  can  be  expressed  linearly  in 
terms  of  a',  ^,  y,  say 

y  s  A,a'  +  /i^'  +  Vzy. 

Then,  if  by  these  substitutions  the  equation  of  any  curve  be 
transferred  from  ABC  as  triangle  of  reference  to  A'B* (7 ^  the 
determinant  {Xifh^z)  formed  by  the  coefficients  of  substitution 
is  called  the  determinant  of  transformation  (Clebsch,  p.  167). 

Dep.  n. — ^Any  function  of  the  coefficients  of  the  equation  of  a 
curve  is  called  an  invabiant,  if  when  linearly  transformed  the 
same  function  of  the  new  coefficients  is  equal  to  the  old  function 
multiplied  by  some  power  of  the  determinant  of  transformation. 

Def.  hi. — ^A  covariant  is  a  function  of  both  coefficients  and 
variables,  which  remains  unaltered  by  transformation,  except  a 
factor  which  is  some  power  of  the  determinant  of  transformation. 

Def.  rv. — If  the  equation  to  be  transformed  be  in  line  co- 
ordinates, the  functions  which  remain  unaltered  by  transforma- 
tion are  called  contravariants. 
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DsF.  y. — A  function  whicli  contains  both  point  and  line  co-ordi- 
nates is  called  a  mixed  concomitant  (German  Zwischenformen.) 

Dep.  VI. — If  8i,  8%  be  two  fixed  conies,  then  the  system 
8i  +  k82  where  k  is  variable  is  called  a  pskcil  of  conies.  A 
system  li8i  +  I282  +  /s^s  consisting  of  three  fixed  conies  which 
are  not  of  the  same  pencil  with  variable  multiples  li,  l^,  h  is 
called  a  net  of  covics.  The  corresponding  systems  in  line  co- 
ordinates, viz.  Si  +  ^2s,  and  ^iSi  +  lA  +  k^  are  called,  respec- 
tively, a  TANGENTIAL  PENCIL  and  a  TANGENTIAL  NET  of  COnlcS. 

In  this  chapter  the  angles  of  the  triangle  of  reference  will  be 
denoted  by  Ai,  A29  ^»,  respectively,  and  its  sides  by  0i,  0%,  09. 

370.  Jl  81^  a,'  :=  0,  ^a  a  bj  =  0  be  the  equations  of  two 
conies,  and  if  by  linear  transformation  they  become  8iy  82^  it 
is  evident  that  the  pencil  81  +  k82  =  0  will,  by  the  same  trans- 
formation, become  8i  +  k82 »  0.  Hence,  if  A  be  determined  so 
as  to  make  8i  +  kS2  -  0  fulfil  some  special  condition,  such  for 
instance  as  to  represent  an  equilateral  hyperbola,  to  touch  a 
given  line,  &c.,  the  same  value  of  k  will  make  8i  +  k82  =  0 
fulfil  the  same  condition.  Now,  if  in  any  function  of  the 
coefficients  of  81  representing  a  property  of  81  we  substitute 
tfii  +  khu  for  Oil,  On  +  khzt  for  azt,  &c.,  the  resulting  equation 
in  k  will  represent  the  same  property  for  81  +  k82.  And  since 
the  value  of  k  remains  imaltered  by  transformation,  the  new 
equation  in  k  can  differ  from  the  old  only  by  a  factor.  (This  in 
all  cases  is  some  power  of  the  determinant  of  transformation.) 
Hmoe  the  coeffiewUs  of  the  several  powers  ofk  mil  he  invariants, 

371.  Given 

81  a  aiia?i«  +  iim«2»  +  029X2^  =  0,     82^  xi'  +  x^  +  xf  =  0, 

it  is  required  to  find  the  polar  reciprocal  of  81  with  reject  to  82, 
and  of  82  with  respect  to  81. 

Let  a/i,  x^2y  x^z  ^6  the  co-ordinates  of  the  pole  of  a  tangent  to 
81  with  respect  to  82^  Then  the  equation  of  the  tangent  must 
be 

tTix'i  +  x^2  +  x^2  -  0 ; 
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and  if  the  point  of  contact  be  ar"i,  a/\j  xf\y  it  mnst  also  be 

Hence,  comparing  coefficients, 

and  since  ip"i,  a/'2,  a/'a  are  the  co-ordinates  of  a  point  on  /Si,  sub- 
stituting their  values,  and  omitting  accents,  we  get 


(hifhBp^\  +  «33«ii«a'  +  <i\\<h^^  =  0, 


(966) 


which  is  the  polar  reciprocal  of  8i  with  respect  to  S%. 
Similarly,  the  polar  reciprocal  of  S%  with  respect  to  Sx  is 


«u'a?i*  +  «2j*3?a'  +  (hA^^  =  0. 


(957) 


Lam^s's  Equation. 

372.  Th'BB  conies  of  the  pencil   Si  -  kS^  «  0   represent  line 
pairs, 

Dem. — Let  Si  a  «/  =  0,  82^  h^  =  0,  then  the  discriminant 
of  Si  -  hS^  is 

«11   -  hilly        (hi  -  ^^12,        «13  -  ^^18> 
«21-^*21,       «W-^*22,       «M-^23,         =0; 

or, 

Ai  -  A;®!  +  *»®2  -  >^i^a  =  0, 

where  Ai,  A2  are  the  discriminants  of  a«^,  ^.^,  respectively, 

Hence  the  condition  that  Si  -  kS^  =  0  may  denote  a  line  is 

Ai  -  *®i  +  ;P®2  -  ^Aj  =  0,  (958) 

which,  giving  three  values  of  ife,  proves  the  proposition. 
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The  line  pairs  are  the  three  pairs  of  opposite  aides  o£  the 
quadrangle  whose  summits  are  the  points  of  intersection  of  ^i, 
8%.  Their  equation  is  formed  by  eliminating  k  between  (958) 
and  8i  *  kS%  s  0.    Thus  we  get 

Aifif,'  -  SiSt^Si  +  0,S,i8i«  -  A,flf,»  -  0.  (969) 

U  8t-0  denote  a  line  pair,  At  vanishes,  being  the  discrimi- 
nant, and  equation  (958)  reduces  to  the  quadratic 

•       Ai-40|  +  iW>i-O,  (960) 

showing  that  through  the  points  of  intersection  of  a  conic  8i 

and  a  line  pair  8%  can  be  drawn  two  other  line  pairs,  their 

equation  is  found,  by  eliminating  k  between  (960)  and  8i  -  k8%j 

to  be 

AiS,*  -  &i8z8i  +  eaSi«  -  0.  (961) 

If  iS,  a  0  be  the  square  of  a  line,  say  (X.)',  then  not  only  does 
As  vanish  identically,  but  also  0^,  and  0i  becomes  A>?  or  2i ; 
then  the  equation  (958)  reduces  to  A^  -  kXi  «  0,  and  only  one 
line  pair  can  be  drawn,  viz., 

Ai(X.)«-aiSi  =  0,  (962) 

which  will  evidently  be  the  tangent  pair  to  8i  at  the  points 
where  it  meets  kg.  This  will  give  the  equation  of  the  asymp- 
totes if  A«  B  0  be  the  line  at  infinity. 

The  equation  (958)  is  the  fundamental  one  in  the  invariant 
theory  of  conies.  It  was  first  given  by  Lam6,  in  his  JExamm^ 
des  IHffhenU%  Mithodet.  See  Fiedlbb's  Translation  of  Salmon's 
Conic  Sections.    I  shall  call  it  Lamp's  EauATioK. 


t.  Find  the  equation  of  the  bisectors  of  the  angles  of  the  line  pair 

the  axes  being  oblique* 

2h 
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The  equation 

a^  +  |f*  +  2«ycoe»-  f*as  0 

represents  a  circle.    Hence  the  quadratic  in  k^  which  is  the  dieoriminant  of 

a^  +  2  A«y  +  4y*-*(«*  +  y*  +  2«ycoi«i-r»)eO; 

'  (a  -  k)x^  +  (^  -  it)y>  +  2(A  -  itco8«)ay  -I-  ifer*  «  0, 

will  gire  two  line  pairs  which,  from  the  property  of  the  circle,  wfll  be  such 

that  each  pair  will  consist  of  parallel  lines,  and  also  such  that  one  pair  will 

be  perpendicular  to  the  other.    Now,  if  we  make  r  m  0  in  the  equation  of 

the  circle,  each  line  pair  will  become  a  perfect  square ;  but,  if  r  «=  0,  the 

discriminant  is 

(a  -  k){b  -  ifc)  -  (A  -  it  oos»)*  -  0, 

and,  eliminating  A,  we  get  the  square  of  the  pair  of  biseeton 

{(a  coe«  -  A)**  +  (a  -  A)«y  +  (A  ~  &  cos  w)y>}*  -  0.       (96S) 

2.  Find  the  locus  of  the  intersection  of  normals  to  an  ellipee  at  the 
extremities  of  a  chord  which  passes  through  a  given  point  afi. 
Let  the  ellipse  be 

then,  if  the  normals  meet  in  x'y\  their  feet  are  the  points  common  to 

«»/a»  +  y*/4»  -  1 «  0 
with  the  Apollonian  hyperbola 

2  {c^9y  +  b*if'x  -  a^x'if)  s  0 

ci  the  point  iff\    Hence  taking  these  eonics  for  8\,  5s,  respectiyely,  we 

get 

Ai=-l/(««3«),    ei  =  0,    e» =-(*«*'» +4y »-«*),    At— 2aVtf»«'y'; 

and  forming  the  equation  of  the  three  line  pairs  (959),  substituting  a,  i9  lor 
«y,  and  remoying  accents,  we  get,  after  a  alight  reduction, 

+  (aV  +  »«y»  -  ^){a^Bx  -  *«oy  -  fl»a3)(«»*«  +  a«/3»  -  a»A«)»  -  0.    (964) 

This  denotes  a  curve  of  the  third  order ;  but  if  a  «  0,  or  jB  «  0,  that  is,  if 
the  point  be  on  either  axis,  itiea  conic,  the  axis  itself  being  in  this  case  a  part 
of  the  locus.  The  locus  also  reduces  to  a  conic  if  the  point  aiS  be  at  infinity, 
that  is,  the  locus  of  the  intersection  of  normals  at  the  extremities  of  parallel 
chords  of  a  conic  is  a  conic--a  proposition  which  may  be  inferred  from 
equation  (647)* 
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CiLLCULATioir  OF  Iktabiakts. 

373.  1^.  Calculate  the  invariantfl  for  the  conios 
«ii«i*  +  «»««*+ tfiA** 0,  and  «i*+ a?,*  +  «i«  - 0. 

Aa»l.    Hence  Lamp's  equation  is 

(*-tfii)(*-««)(*-a»)-0.  (966) 

2^.  Form  Lamp's  equation  for 

^iw.  Ai-^(-4u  +  ^»+-4»)  +  *»(<iii  +  a,a  +  <i»)-Jt"-0.    (966) 
3^.  Form  Lamp's  equation  for  the  ellipse 

and  the  circle  ' 

.(«-iPO'+(y-y')'-»^-o. 

An».  >/(fl^  -  *)  +  y'»/(5»  -  ife)  +  r»/it  - 1  -  0.  (967) 

Hence 

Ai«-1/(««J»),    0|-(ar^-ts^-a»-J«-f»)/(«»3«), 

e,-«^/a«  +  j^/3»-l-r»(a»+i»)/(aW),  A,«-r». 

4°.  Calculate  the  inyariants  for  the  parabola 

y*  -  4ax  =  0, 

and  the  circle 

(«-«')*+(y-y')»-r»-0. 
Ans,-^ 

Ai=-4<i^,  0i=-4fl(«  +  «'),  0,«/»-4a!r'-r*,  A,a-f». 

5^.  Calculate  the  invariants  for  two  conios,  respectively, 
inscribed  and  circumscribed  to  the  triangle  of  reference. 

8i  -  V«i'  +  hW  +  iM  -  2  J,3,»>a^  -  23s*i«^i  -  2bib^Xt  =  0. 

5,-2 (tfjjav^  +  «Bi«^i  +  <»i»«i«2) -0  ; 

then 

Ai  =  -  4  J/5a*V,  ©1  =  4 J Ais  (tftt*i  +  «» A  +  <hA), 
^«-(tfaai  +  a»Ja  +  a,A)»,  Aa«2«i,«a,<?,i.  (968) 

2h2 
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From  these  values  it  follows  that  the  condition  that  two  conies 
are  so  related  that  a  triangle  may  be  inscribed  in  one,  and 
circumscribed  to  the  other,  is 

4Ai0,=0x».     (Catlbt.)  (969)     . 

In  conuezion  with  this  may  be  stated  the  following  theorem : 
— ^  two  given  conies  he  euoh  that  a  variable  triangle  eon  he 
insmbed  in  one,  and  eireumeerihed  to  the  othoTy  there  ie  given 
another  eonie  to  which  the  triangle  ie  antipolar. 

For  if  _ 

S,  ■  2  {Ottfc^  +  Ozix^i  +  ai^Xt)m  0, 
then  the  conic 

M>»^W^W^O  (970) 

On        Oa  Oii 

reciprocates  8i  into  8%^  and  is  therefore  given. 

Or,  more  generally^  the  three  special  relations  whidjl  a 

triangle  can  have  with  respect  to  a  conic  are  to  be  ineeribedy 

droumeoribed,  or  antipohr^  then  the  theorem  is  true,  that  it  a 

variable  triangle  be  connected  with  given  conies  by  any  two  of 

these  relations,  it  is  connected  with  a  third  conic  given  by  the 

remaining  relation.    For  example,  the  Brocard  ellipse  is 

and  Kiepert's  hyperbola  is 

x^  sin  (^2  -  ^s)  +  x^x  sin  {A^  -  AC)  +  XxXi  sin  (^i  -  A^  es  0, 
and  the  conic 

is  antipolar,  and  reciprocates  one  into  the  other. 

6°.  Calculate  the  invariants  for  the  Brocard  ellipse,  and  the 
Brocard  circle 

Ane.        Ai  =  -  4/(^1  V^s'),  ©i  ■»  -  W  +  «,•  +  a^^yaia^z, 

At=-i(«^tfaa,)(tfx«+fl,«  +  fl,«-3ax»«,V)-         (971) 
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In  tenns  of  fhese,  and  of  the  drcnmradias,  can  be  e^ressed 
Beyeral  metrical  relations  in  the  recent  Geometry  of  the  triangle. 
Thus,  if  p,  p'  denote  the  radii  of  the  Lemoine  and  Brocard 
circles,  respectiyelyy 

px»— AiA,/(ai*.  (972) 

Taot  ImrABiAirr  ot  two  Conios. 

374.  If  the  fonr  points  common  to  two  conies  <8ii  8%  be 
Aj  B,  Cf  2>,  and  k^  k^y  k^  the  roots  of  Lam6's  equation ;  then 
the  three  line  p^irs 

are  AB ,  OB,  BC.AB,  OA.BB,  respectiyely ;  but  if  any 
two  of  the  points  A,  B,  C^  D  coincide,  say  A,  B,  two  of 
the  line  pairs  will  coincide,  viz,  BC.ABy  and  CA.BB, 
each  of  which  will  become  A  C .  AD.  Hence  if  8i  touch  8%  there 
will  be  only  two  distinct  line  pairs.  Hence  Lam6's  equation 
will  hare  a  pair  of  equal  roots.  Therefore  the  condition  of 
contact  of  8i  and  8^  called  their  Taet  invariant  is  the  yanishing 
of  the  discriminant  of  Lam6's  equation,  yiz., 

4  (SAA  -  0i*)(3Aa0j  -  ^•)  -  (9AxA,  -  0i®a)»  •  0 ; 
or 

VV  +  9AiA,  (2©!®,  -  SAiA.)  -  4  ( A A» + A,®!*)  -  0.   (978) 

Cor.  1. — If  <9i  »  0  the  tact  inyariant  is 

27AiAa*f4e,»-0.  (974) 

Car.  2.— If  A3  m  0,  the  tact  inyariant  is 

0i»  -  4Ai0,.  (976) 

When  A^^O  8t  denotes  a  line  pair,  and  the  equation  (975) 
is  the  condition  that  81  should  touch  one  of  these  lines. 
We  haye  met  this  equation,  §  373,  4^,  as  the  condition  that  a 
triangle  can  be  described  about  8ij  haying  its  summits  on  8%,  of 
which,  it  is  easy  to  see,  the  present  is  a  particular  case. 
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BXBB0I8B8. 

1.  Find  tlie  tact  invaxiant  of  the  ellipse 

and  the  Apollonian  hjperbdla 

Since  the  Apollonian  hyperbola  passes  through  the  feet  of  nonnals  from 
d^y'  to  the  ellipee,  its  contact  with  the  ellipse  denotes  that  two  of  the 
nonnals  coincide,  and  therefore  that  x'y'  is  the  corresponding  centre  of 
omratnxe.  Hence,  foiming  the  tact  invariant,  and  omitting  aocents,  we 
hare  the  eVolute  of  the  ellipse,  Tix., 

(aV  +  *«y»  - 1^)»  +  27a«3V*V*  «  0.  (976) 

2.  Find  the  taot  innaitfit  ol 

and 

It  is  Evident  that  the  centre  of  the  circle  is  at  the  distance  r  from  the 
ellipse.  Hence,  if  we  form  the  tact  invariant,  and  omit  accents,  we  get 
the  parallel  to  the  ellipse  at  the  distance  r,  yiz. 

27  ««*V*  +  4  (a»«»  +  *V»  +  f^a«  -  *»«»  -  ay )» 
+  18a»*V(a?«+ y«- a»- 4»-.H) 

(a»A«  +  *V  +  raa»-*>«a-aV)»-0.  (977) 

Cor.— In.  the  preceding  equation ;  arranged  according  to  the  powers  of  r^, 
the  coefficient  of  the  second  term  contains  the  factor 

(a«  -  24«) ««  +  (2««  -  b^)  y«  +  (a«  +  ^)  A  (978) 

Hence  this  equated  to  a  constant  is  the  locus  of  points,  the  sum  of  the 
squares  of  whose  normal  distances  to  the  ounre  is  given,  which  is  therefore 
a  conic. 

3.  What  is  the  tact  invariant  of  the  inscribed  conio 

and  the  circumscribed 

^inXiVz  -t-  flsi^i^i  +  Alibi's  B  0.        ' 

Am:  (023*0*  +  («si^)*  +  («i2*8)* = 0. 
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OSOULATIOK  07  TWO  CoKIOB. 

875.  It  the  conies  8i8^  osculate,  Lamp's  equation  will  have 
three  equal  roots.    Hence 

3Ai,  01,  ®b>  3At  are  in  6^P; 
therefore 

®i  =  3(Ai»A,)*,     €^.8(AiA,»)*, 
dAi0,t.0,*,     SAsei-^e,*,     9AiA,=  0i^.         (979) 


The  eentree  of  the  six  cirdes  which  can  be  desczihed  through  any  point  to 
otcnkte  a  given  conio  lie  on  a  conio.  (Malbt.) 

Taking  the  giyen  point  as  origin,  and  the  axes  of  oo*ozdinate8  parallel  to 
tfaoee  of  the  eonic,  the  equations  of  the  conic  and  circle  may  be  written 

«ii»*  +  ffny*  +  2«i3« + 2«28y  +  «M  «  0, 

«»+ y*-  2d;i«-  2yiy  «  0. 
Hence 

Ai  ■■  aiiOftOat — «ii«tt'  -  oas^siS 

8i  =  onPn  -  «»'  +  fl38«ii  -  flsi'  +  2ananafi  +  S^uonyiy 
e»=  -  (an»i'  +  aiiyi'  -  2ati«i  -  2033^1  -  an), 
Ai--(«i»  +  yi*). 
Theee  Talues  aubstituted  in  SAies-  61'^  0  give 

8  (auOnffss  -  aiifl»«  -  anOn*)  («»«i* + «iiyi'  -  2fl3i«i  -  2anffi  -  an) 
+  (2aa<isia?i  +  2aiiaMyi  +  Onoss  -  «m*  +  ff88«ii  -  flti*)'  «  0.      (980) 

Oor,  1.— If  the  centre  be  origin  and  the  conic  a  rectangular  hyperbola, 
0n  B  0,  oti  -  0,  and  an  +  on  =  0,  and  the  conic  (980)  ooinoidea  with  the 
giyen  one.  Hence  the  centres  of  the  osculating  circles  of  an  equilateral 
hyperbola  which  pass  through  its  centre  lie  on  the  hyperbola.         {Ibid,) 

Car,  2. — If  either  an  or  om  vamsh,  that  is,  if  the  giyen  conio  be  a  parabola, 
the  conic  of  centres  will  be  a  parabola. 

ISTAXIAHT  AnGLSS  OT  TWO  ConCS. 

376.  The  roots  of  Lamp's  equation  are  connected  with  three 
angles  in  terms  of  which  some  of  the  invariants  and  coyariants 
can  be  expressed.  In  order  to  show  this,  let  the  conies  Si^  8% 
be  referred  to.  their  common  antipolar  triangle.      Thus,  let 
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and  let  $i,  0%,  9%  denote  the  angles  (§  45,  Ex.  6)  of  tlie  anhannoiiic 
ratios  of  the  .three  quartets  of  points  in  which  the  sides  of  the 
antipolar  triangle  are  intersected  hy  the  two  conies.  Then  to 
determine  0i  we  must  find  the  anharmonic  ratio  of  the  points  in 
which  the  side  Xi  is  intersected  b  j  8i  and  8^.  For  that  purpose 
we  have  the  pencil  formed  by  the  line  pairs 

Thus  we  get 

COS*  J  ft  =  (a„4  +  ajyi4a„iat,i. 
Hence 

sinVi  =  -(«»-  «»)V4«»««». 

Now  denoting  the  roots  of  Lamp's  equation  hjkift^kif  these 
are  (§  373,  1^)  On,  On,  a»,  respectiTely.    Hence, 

sinVi  «-{k,  -  fe)V4*3^,  Rin«ft  =  -  (ifc^  -  *,)V4iA, 

Hence  the  discriminant  of  Lam6's  equation  is 

-  64ili»(sin»ft .  sin»ft .  sin»ft)/A,*  -  0, 

or  omitting  the  multiplier  -  64AiVAs'  which  is  numerical,  the 

discriminant  is 

sin'ft .  sin'ft .  sin*ft  »  0, 

and  as  each  sin'd  is  the  product  of  two  anharmonic  ratio^  we 
have  the  following  theorem : — 

The  tact  invariant  of  two  conies  it  the  product  ofeix  anharmonic 
ratioSy  and  the  vanishing  of  some  one  of  these  ratios  is  a  necessary 
condition  of  the  contact  of  the  conies. 

Cor.  1. — From  the  yalues  of  the  invariant  angles  we  get 

Hence 

ft+ft  +  ft-nir.  (981) 

That  is  the  bum  of  the  three  invariant  angles  of  two  conies  is 
some  multiple  of  v. 
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Car.  2. — 11  9  be  the  reciprocal  of  8^  with  respect  to  8i,  and 
if  we  form  the  invariant  angles  for  8%,  8'^  we  get  20u  20t,  20^. 
Similarly,  if  8"  he  the  reciprocal  of  8i  with  respect  to  8'  the 
invariant  angles  for  8"  and  8^  are  SOi,  303,  SO^t  &o.  Again,  if 
8r  denote  the  conic  which  reciprocates  8i  into  8%,  the  invariant 
angles  ef  8r,  8tBxei$i,  i$2,  iOzj  &6. 

Cor.  3. — ^The  envelope  of  the  line  X.  s  0,  cat  harmonically  by 

8it  8t,  is 

(cos tfi/iei*)Xi»  +  (cosft/i,*) V  +  (oos0,/;Ei*)  V  -  0.     (982) 
This  is  easily  inferred  from  equation  (862),  page  371. 

Cor.  4. — The  locns  of  points  whence  tangents  to  8^  8%  form 
a  harmonic  pencil  is 

(ii* cos ft)a:i"  +  {k  cos 0a)«i*  +  (*i* cos  0,)fl^* «  0.     (983) 

377.  Tojind  the  anharmonie  ratio  of  the  pencil  oflinee  drawn 
from  any  point  of  the  eonie  8i  -  k8t  mO  to  the  four  points  common 

to  8u  8%.  {QjJVDELPmQZBL.) 

Let  the  points  he  A^  S,  C,  D.  If  T^y  T,  denote  the  tangents 
to  iSi,  8%  at  one  of  these  points,  say  A^  then  Tx  -  hT^  -  0  will 
be  the  tangent  to  /Si  - 1^8%  •  0  at  ^,  and  ^i,  ^  ^  being  the 
roots  of  Lamp's  equation, 

Tx  -  hT^  «  0,     li  -  hT%  =  0,    Ti  -  i»7i  «  0 

will  be  the  equations  of  the  lines  AB^  AC^  AD,  respectively. 
Hence  the  anharmonie  ratio  of  the  pencil  drawn  from  a  point 
consecutive  to  ^  on  /9i  -  k8%  to  the  four  points  A^  B^  C,  I),iB 

{h  -  k,){k,  -  iti)  :  (A  -  hXkx  -  k),  (984) 

and  therefore  this  will  be  the  anharmonie  ratio  of  the  pencil  from 
any  point  of  8i  -  k8t  to  the  four  common  points. 

Gundelfinger's  solution  is  given  in  Fiedler's  translation  of 
Salmon's  Conic  8ection8,  vol.  ii.,  p.  668. 

378.  Find  the  loeue  of  the  centres  ofM  the  conies  ofihe  pencil 


474  Invariant  Theory  of  Conia, 

Let  ir'i,  g^tj  af^  be  the  centre ;  then  the  line  at  infinity  will  be 
the  polar  of  ^ix^^^.    Hence  we  get,  if  X  be  some  constant, 

(Oii  -  h)x^i  »  X  sinu^i,     {on  -  ^)^t  »  X  sin^s, 
(Oa  -  i&)d/|  B  X  sin^. 

Hence,  eliminating  h  and  X,  and  omitting  accents,  we  get,  after 
replacing  Ou,  On,  a^  by  the  roots  of  Lamp's  equation 

(^-t)sin^i     {k^-hOfsaiAt  .  (^-*,)8in-4,     .^ 

— ^— — ^■^— —     +   ——————   +    .  «  V. 

^1  ^  ^S        .    . 

Or,  in  terms  of  the  invariant  angles  of  §  876, 

sin^i.sin^i      sin  ^4$.  sin  ^      sin  ^9.  sin  03     ^ 

ki^.Xi  Jci^.x%  ^^-^ 

(986) 

Def. — ^The  anharmonio  ratio  of  fonr  conies  of  a  pencil  is  the 
enharmonic  ratio  of  the  tangents  at  a  common  point. 

Cor.  1. — The  anhaimonic  ratio  of  any  four  conies 

iS,  -  A'iS, «  0,     «|  -  V'St «  0,  &c,, 

is  (if  -  V'){M"  -  i^W  -  if  ")(*"  -  **)•  (^86) 

It  is  equal  to  the  anharmonic  ratio  of  the  ooire^nding 
points  on  the  conic  (985). 

Cor,  2. — The  reciprocal  of  (985)  with  respect  to  (988)  is 
v/8in37r3n2?JT^  +  v/sin  At ,  sin  2O2  ."«j 


+  v/sin  At .  sin  20, .  «^  e  0,  (987j 

and  its  reciprocal  with  respect  to  (982)  is 


\/sin^i tan 01.071  +  v/sin^^a  tan^s.^Cs  +  v^sin^ttan^a.^  «  0. 

(988) 

Cor.  3. — The  fourth  common  tangent  of  the  conies  (987), 
(988)  is 

sinu^i  tan0i .  Xi     sin  At  tan  0*  .Xt     smAt  tan  0, .  x^ 


cos  20s  -  cos  20,     cos  20,  -  cos  20i      cos  20i  -  cos  20, 


0. 
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CoNics  EAJUfoincALLT  Inscbibed  ahd  Ciroukscbibsd. 

879.  DsF. — A  etmte  m  said  to  be  harmoniedUy  inscribed  in  or 
eiretmscribed  to  another  when  it  is  inserted  or  cireumseribed  to 
a  triangle  antipolar  with  respect  to  the  other,  (See  Smith,  Pro- 
eeeHngs  of  the  London  Mathematical  Society ,  vol.  ii.,  p.  87.) 

380.  If  the  invariant  %i  vanish,  the  conic  8%  is  harmonically 
circumscribed  to  8i^  and  8i  is  harmonically  inscribed  in  8%. 

l>em.—Let        /Si  »  fl.V=  0,     ^«V«0; 
then 

Hence  0i  yanishes,  if  a^  an,  an^  bu,  b^  (33  each  separately 
vanish ;  that  is,  if  the  equations  of  81,  8^  be  of  the  forms 

«ii«i' +  «>»««' +  «»»«»•- 0,     2(J»a!^  +  *jiavPi  +  JiaJFi«i)-0; 

or,  when  8%  is  harmonically  circumscribed  to  81* 
Again,  0|  vanishes,  if 

each  separately  vanish,  which  will  happen,  if  81,  8%  can  be 
written  in  the  forms 

v^flii«i  +  -/i^  +  y/aafl!^  m  0, 
Sii«i»  +  bt^*  +  btA*  «  0 ; 

and  in  this  case  8%  is  harmonically  inscribed  in  82* 

Cor,  1. — ^If  a  conic  82  harmonically  circumscribe  81,  then  81 
is  harmonically  inscribed  in  8%. 

Cor.  2. — If  each  of  two  conies,  81,  8%  be  harmonically  circum- 
scribed to  a  third  conic  8^  every  conic  of  the  pencil'  81  -  k8t  is 
harmonically  circumscribed  to  8, 

Cor.  3. — If  each  of  three  conies  81,  8%,  8z  be  harmonically 
circumscribed  to  5,  every  conic  of  the  net  li8i  +  lt8t  -f  kSz  is 
harmonically  circumscribed  to  8, 
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Car.  4. — If  S  B  aX'  =  0,  S^aJ^O  be  two  conies  in  point 
and  line  co-ordinates,  respectivelj,  then,  if  2  be  harmonically 
inscribed  in  8,  0a*»O.  For,  the  coefficients  <wt^-'a2^^  ftc., 
in  01  are  the  coefficients  of  the  tangential  equation  of  5|. 

Cor,  5. — If  8i^  82i  8^  be  three  conies  given  by  their  trilinear 
equations,  and  Si,  Ss,  2)  conies  in  tangential  equations;  and 
if  each  of  the  latter  be  harmonically  inscribed  in  each  of  the 
former,  then  each  eonic  of  the  tangential  net 

is  harmonically  inscribed  in  each  conic  of  the  trilinear  n^ 

li8i  +  kSt  +  kSi  =  0. 


1.  Find  the  condition  that  the  circle  (*  -  «')*  +  (y  -  y')*  -  r»  «  0  may  be 
hannonically  circumBciibed  to  the  eonic 

The  invariant  ei  s  0  gires 

In  this  result,  if  we  remoye  accents,  we  get 

COB»  +  y«)-20'x-2^+^  +  J?-Cy«  =  0,  (989) 

which  becomes  the  orthoptic  oirde  when  r  vanishes. 

C&r, — ^A  circle  circumscrihed  hazmonically  to  a  conic  cuts  its  orthoptic 
circle  at  right  angles. 

2.  Find  the  condition  that  {x~xy-^{y-y^*^f*^0  may  be  inscribed 

harmonically  in 

ajt*+*y»  +  2Aa?y  +  2y«+lJ^  +  <?  =  0. 

The  tangential  equation  of  the  circle  is 

(x'\  +  yV  +  I)«  -  r»(X«  +  /»*)  =  0. 

Hence,  fonning  the  invaziant,  we  find  the  required  condition 

where  8o  is  the  power  of  the  point  «*/  with  respect  to  the  conic.    Hence,  if 
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the  radius  of  the  circle  be  given,  the  Iocub  of  its  centre  is  a  conic  concentric, 

and  homothetic  with  the  giyeb  conic. 

I 

3.  Find  the  locus  of  points  whence  tangents  to  the  conies  s«*  =  0,  V  «  0 
form  a  harmonic  pencil.    (Coknpare  (  266.) 

The  tangent  pair  from  a  poiiit  yxytyi  to  the  conic  V  =  0  is,  equation  (400), 

+  22{Btit/iV%  +  ^laysyi  -  ^23yi'  -  Buyiyz)x%9t  =  0. 

Now,  by  the  conditions  of  tbe  question,  these  form  a  line  pair  harmonically 
circumscribed  to  a.*.    Hence  the  invariaxlt  ei  of  a«*  =  0,  and  this  line  pair 
must  Tanish.    Hence,  formi4g  the  inyariant,  and  writing  «i,  «i,  «i  f or  yi 
y%i  ytf  ^0  g^  the  required  locus,  vis., 

2{AnBit  +  AnSn  -  2AnBn)tfi* 

+  2X(Ai%Bti  +  AnBi2  -  AnBu  -  AnBn)xiXi  «  0.      (990) 

This  equation  was  first  giyen  by  Staudt,  in  the  Niimberger  Programm 
ior  1834.  Its  importance  as  a  ooTariant  was  first  pointed  out  by  Salmon  in 
the  Cambridy0  and  DuhUn  MathemaHedlJoumdly  ?ol.  ix.,  p.  30.    He  denoted 

4.  Form  the  coyariant  ^for  Brocard's  ellipse  and  Kiepert*s  hyperbola. 
Am.        (sin  (A%  -  ^j)/fli  +  sin  (Ai  -  ^O/oa  +  sin  (^i  -  At)M 

{  sin  (^1  -  ^t)  «i«s + sin  (^8  - -^s)  «i«i + flin  (^a  -  ^i)  d^i } 
-  sin  (^1  -  At)  sin  {At  -  At)  sin  (At  -  Ai) 

\ainji(At-At)     attm{At^At)     a8sin(^i-^)| 

6.  If  four  equilateral  homothetic  hyperbolas  haye  a  common  point,  and  be 
harmonically  circumscribed  to  the  same  conic,  the  poiots  of  intersection  of 
any  pair,  and  those  of  the  remaining  pair  lie  on  an  equilateral  hyperbola. 

(PSOFBSSOR  GUKTIS,    8. J.) 

For,  taking  the  common  point  as  origin  of  coordinates,  and  the  four 
hyperbols  as  Si,  St,  St,  Si,  where 

Simai(i^-y*)  +  2hixy+2yix  +  yiy^0, 

5i«aj(*«-y»)  +  &c., 

we  haye,  from  the  giyen  conditions,  four  equations  of  the  form 

ai  {A'B)'¥  2AiJr  +  2yi&-\-  2/iFm  0. 
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»o. 


0. 


ThcnfoTO 

«li    *i»    fh    /i» 

tff,    At,    9h   fh 

0»9      hs,     gtf     fi, 
««»     Ail     ffii    A 

Henoe,  multiplying  the  first  oolumn  by  a^  -  y*,  the  seoond  by  2xit,  the 
third  by  2x,  the  fourth  by  2y,  and  adding  the  second,  third*  and  fouiih 
columns  to  the  first,  we  get 

^Ij  All  ^ii  fh 

8%^  ^  9h  /«! 

^ii  Aj,  ^s,  /», 

Sit  A4,  g^  fi 

Or,  as  it  may  be  written, 

hSi  -  Wa  +  Wt  -  4^4  =  0. 

Hence  the  equilateral  hyperbola  l\8i  -  hS%  s  0  passing  through  the  inter- 
section of  5i,  St  is  identical  with  ^1  *  kfii  passing  through  the  inteneotioQ 
of  Sz  and  Si, 

6.  If  two  conies  iSi,  ^  be  homothetio,  and  harmonicaUy  cironmscribed  to 
a  given  conic  S',  tibeir  common  chord  passes  through  the  centre  of  8'. 

(Pbofbssor  Gxtbtis,  S.J.) 
From  the  hypothesiB  we  have 

«i/«s  =  Ai/A«  «  bilht 
and 

aiA'  +  2Aiir  +  *iB'  +  2fir  +  2^i6r  +  tfie?*  =  0, 

tfU'  +  2htH'  +  w + syvp  +  2g%0'  +  iJjcr  -  0: 

Therefore 

But  ^7^'i  -^7^'  A^  ^®  co-ordinates  of  the  centre  of  S\  Hence  the  pro* 
position  is  proved. 

7.  If  a  vaiiable  conic  be  harmonically  inscribed  in  four  oonics,  the  locus 
of  its  centre  is  a  right  line. 

From  the  hypothesis  we  bare  four  relations  of  the  form 

-rfa,/(7+  BbilC+  iShilG-k-  2F/ilC-^  2(7yi/6?+  ci  =  0; 

and,  eliminating  AjC,  BjCf  SjC,  we  get  a  linear  relation  between  OlCtaid 
FjC.  This  includes  Newton's  theorem  as  a  particular  case  that  the  centre  of 
a  conic  inscribed  in. a  given  quadrilateral  ntoves  on  a  right  line. 
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Otheb  Pbopxbties  of  Hahhoitic  Coirics. 

881.  J^a  conic  S^  m  hi^^  +  ft»iv^  +  in^^i  «■  0,  ciicumscribe 
hannonioally  the  conio  8i  ■  «.'  =  0,  the  centre  of  perspective  of 
any  conic  inscribed  in  8^,  and  its  polar  reciprocal  with  respect  to 
8iie  a  point  on  8%*  (Salkoit.} 

Taking  tlie  triangle  of  referenoe  as  the  one  inscribed  in  8%^ 
the  aides  of  its  polar  reciprocal  with  respect  to  8i,  are,  re- 
spectively, 

aiiXi  +  Oito^  +  OiA  »  0,    fl««i  +  a«|{r,  +  Om*,  «  0, 
anXi-k-Ot^  +  Of^t^O; 

and  the  co-ordinates  of  the  centre  of  perspective  of  the  triangle 
of  reference,  and  that  formed  by  these  lines  are  l/^n,  1/^su 
1/Jtu ;  cmd  these  substituted  in  8%  satisfy  it  in  virtue  of  the 
relation 

®i  =  Auhz  +  Anh»  +  Anhi  =  0. 

Again,  if  the  tangential  equation  of  8i  be 
and 

then  the  axis  of  perspective  of  the  triangle  of  reference  and  its 
polar  reciprocal  with  respect  to  82  is 

and  the  condition  that  this  should  touch  81  is 

AJ^  +  AtJtti  +  ^u^u  =»  0,  or  01  a  0. 

Hsnce  the  envelope  of  the  axis  of  perspeetive  of  any  triangU  cir* 
eumsorihed  to  8^  and  its  polar  reciprocal  toith  respect  to  8t,  is  the 
conic  81. 

Cor, — ^From  the  foregoing  demonstration  we  infer  that  if  two 
triangles  he  polar  reciprocals  with  reject  to  a  eonic^  and  if  one  of 
them  he  the  triangle  of  reference^  the  co-ordinates  of  the  axis  of 
perspective  are  the  inverses  of  the  coefficients  of  the  rectangUe  x^y 
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x^iy  XiX%  in  the  equation  of  the  eonie,  and  the  eo-ordinatee  of  IA# 
eentre  ofperepeetive  are  the  eoejfieients  of  the  reetanglee  A^,  A^, 
XiXg  in  ite  tangential  equation. 

382.  If  %i^0^  the  eovariant  FofSi  and  8%  ie  the  poUr  red- 
proeai  of  8i  mth  reepeet  to  8^* 

Bern.— Let 

Si  =  «ii«i*  +  an^ct^  +  a^^  0,     i^  ■  «|«  +  a!^'  +  a^*  =  0 ; 

then  01  =  OiiOn  +  atfi^^  +  OnOu, 

But  the  polar  reciprocal  of  8x  with  respect  to  £ft  ia  (§  371) 

Hence  in  general  the  polar  reciprocal  of  8^  with  respect  to  i%  is 

e,iSfa-JF'=0,  (991) 

which  reduces  to  ^b  0,  when  ®i  s  0. 

Cor. — If  01  B  0,  any  tangent  to  8x  is  cut  harmonically  hy  8^ 
and^. 

383.  i)^0s»O,  the  harmonio  envelope  ^  of  8^  and  ^  (m  §  286) 
ie  the  reciprocal  polar  of  8%  with  reject  to  8i. 

The  tangential  equation  of  ^  is  (eq.  862) 

(«»  +  08.)^  +  («tt  +  «a)  V  +  («ii  +  ««)  V  =  0. 
Hence  its  trilinear  equation  is 

(<»»  +  «ii)(«ii  +  fl22)a?i*  +  (flii  +  an){an  +  «»)«i* 
+  (a»  +  <^)(fl»  +  tfii)ii^'  =  0. 
Kow,  the  polar  reciprocal  of  82  with  respect  to  81  is 

«ii V  +  onW  +  «»V  =  0,    or    O  -  (tfii  +  fl»  +  «»)  5i  «  0. 


Invariant  Theory  of  Conies.  481 

Hence  in  general  the  polar  reciprocal  of  8%  witli  respect  to  /9i  is 

*  -  0,iSi  =  0,  (992) 

which  reduces  to  <^  «  0,  when  €1^  vanishes. 

Cor,  If  ®3  =  0,  the  pencil  of  tangents  is  harmonic,  which  can 
be  drawn  from  any  point  of  i8|  to  jSi  and  ^. 


1 .  ProTe  that  the  Biooaxd  ellipse  is  hannonically  inscribed  in  the  Jerabek 
hyperbola. 

2.  Proye  that  the  conio 

Vjri8in(^i-^+Va!8iin(^8-tf)+Vfl^sin(^s-tf}B0 

is  harmonioally  inseribed  in  Eiepert's  hyperbola. 

8.  Confltnict  a  conio  0*  passing  through  three  given  points  A^  3,  C,  and 
harmonically  circumscribed  to  two  giyen  oonios  Su  S2.  (Suith.} 

CoNSTBucnoM. — ^Let  Xi,  Xs  be  the  centres  of  perspectire  of  the  triangle 
ABO,  and  its  reciprocals  with  respect  to  Si,  S%;  then  <r  passes  through  the 
fiye  points  A,  B,  C,  Xi,  Xt. 

4.  Find  the  diwriminants  of  jP  and  ♦. 

Am,—  AiA8(eie2-AiA3)  and  6161 -Ai As.  (993) 

5.  Determine  a  conio  o*  passing  through  two  points,  and  harmonically 
circumscribed  to  three  given  conies.  (Smith.) 

6.  Determine  a  conic  <r  passing  through  a  given  point,  and  harmonically 
circumscribed  to  four  given  conies.  (^^-) 

7.  Determine  a  oonic  hazmonioally  circumscribed  to  five  given  conies. 

(Ibid.) 

8.  Determine  a  conio  which  divides  five  given  segments  harmonicaUy. 

(J0MQUIB&B8.) 

9.  Prove  that  the  ^  of  the  Brocard  ellipse,  and  the  oonio 

is  Eiepert's  hyperbola. 

2i 
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GOHICS  FOB  WHICH  <5^  Aim  6b  YASJSR. 

384.  If  we  form  Lain6'8  equation  for  the  conies 

we  get 

Hence,  for  these  conies,  0i  «  0,  ®t  a  0.  Conversely,  if  two 
conies  be  connected  by  the  relations  0|  s  0,  <gl,  «  0,  theiar 
equations  can  be  written  in  the  forms 

Hence  we  have  the  following  theorem: — ^If  a  conic  8i  touch 
two  sides  ABy  AC  oi  a  triangle  ABC  at  the  points  B^  C,  and 
a  conic  8%  touch  the  sides  BC^  BA  at  the  points  (7,  A^  then — 
1^.  An  infinite  number  oftriangUi  eon  he  inscribed  in  eith&r  and 
eireumeeribed  to  the  other  {equation  969).  2^.  An  infinite  number 
of  triangles  eon  he  inscribed  or  circumscribed  to  either  that  unU  ha 
antipolar  with  respect  to  the  other.  3^.  Ihe  reciprocal  of  8i  tciih 
respect  to  8^^  the  reciprocal  of  8%  with  respect  to  8i,  ^  conie 
which  reciprocates  8i  into  i9s,  and  the  covariants  Fond  ^  are  all 
identical. 

365.  The  three  conies 

are  such  that  any  of  them  is  the  polar  reciprocal  of  another  with 
respect  to  the  third,  if 

(hihnCsi  =  ^^81^12.  (994). 

This  is  easily  verified. 

Dkf. — A  system  of  conies  satisfying  the  relation  (994)  is  called 
a  harmonic  system^  and  the  invariant  (994)  their  harmonic  in- 
variant 

Cor, — Any  two  conies  8i,  82,  whose  invariants  61,  6^  vanish, 
form  with  their  covariant  F  a  harmonic  system. 
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386.  The  inyariants  Oi,  ^  for  the  Brocaid  ellipse 


and  the  Jerabek  hyperbola 

sin  2Ai  sin  {At  -  A^^  +  sin  2^a  sin  {At  -  Ai)x^ 
+  sin  2At  sin  (2^1  -  A^XiXt »  0 
are  all  to  a  factor 
cos  Ai  fan  {At  -  A^  +  cos  ^s  sin  {At  -  Ai)  +  cos  At  sin  (^1  -  ^t) 

and  its  square,  each  of  which  is  equal  to  zero.    Hence  the 

Brocard  ellipse,  the  Jerabek  hyperbola,  and  their  covariant  F 
form  a  harmonic  system. 
The  covariant  jPis 

ajj*  x^  x^ 

{at*-at*)aji2Ai  "*"  {a^^ai*)dn2At  "^  («i*  -  ««*)  sin  2^, '  ^' 

(995) 


1.  Find  the  conio  which  fonns  a  hannonio  ay  stem  with  any  two  of  Aitst^s 
parabole,  whoee  equatioofl  in  haiyoentiic  co-ordinates  aie 

x\*^Ax^^^    «^'B4d;t«i,    «i"-4«i*»; 

and  prore  that  it  ia  a  hyperbola. 

2.  The  conic 

V«i8in(^i-9)  +  V«tBin(^t-9)+  VS^SMT^aO, 

Kiepert's  hyperbola,  and 

flPi*sin  (uli  -  a)  sin  (At  -  ^t)  +  xfmji^At  -  ^)  dn  (-4a  -  A\) 
+  ss'nn  (^s-  9)Bin  (^1  -^s)  s  0 

form  a  harmonic  Bystem. 

3.  The  inoixole,  the  hyperhola,  which  ia  the  isogonal  tranafonnation  of 
the  right  line  passing  through  the  inoentie  and  oironmoentre,  and  the 
parabola 

ai«iV(««  -  «»)  +  «»*«»/(«»  -  «i)  +  «i*8V(«i  -  «<)  -  0 

form  a  baimonio  system. 

2i2 
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4.  If  8u  S%,  Sz  foim  a  faannonlc  system  of  cooicfly  and  if  «i^«i  be  a 
triangla  inscribed  in  Si  whose  sides  touch  8t  in  the  points  as,  bt,  ^,  the 
sides  of  the  triangle  a%bwH  touch  St  m  0$,  bt^  eg,  and  the  sidea  of  a^b^o^ 
touch  ^1  in  ai,  bi,  ci ;  then  the  lines 

otosy  ^^8,  etfit  are  concuxrent,  and  meet  on  ^i ; 

agai,  bzbi,  oafii  „  „  „       St; 

«i«ti  bib§f  eict  99  ft  f»        ^»« 

(Kobhlbb's  £zercisee.) 

Pokcelbt's  Theoiudc. 

387.  To  find  the  condition  that  a  triangle  may  be  in£cribed  in 
8ti  whose  sides  toucli  the  conies  8i  +  kiStf  Si  +  ktStj  8i  +  i^Ss- 
Let 

8i  m  x^  +  x^  +  «s*  -  ^x^  -  2x^1  -  2xia!t  -  2iiat^t^ 

~  2kt!atiX^i  -  2haitiKiXt »  0, 

8t  B  2a2^Jh^  +  2a^x^i  +  2aj3^iXt »  0. 

Then  it  is  evident  the  line  Xi^O  is  touched  by  the  conio 

8i  +  ii8t^0; 

for,  if  we  put  Xi^^O  ia  8i  +  ki8t  -  0,  we  get  a  perfect  squaze. 
Similarly,  ««  «  0  is  touched  by  8i  +  it8t  =  0,  and  Xt  by 

^1  +  h8t  -  0. 

Now,  forming  the  invariants  for  8i  +  k8t »  0,  we  get 

Ai  =  -  (2  +  kiOn  +  *ta»i  +  fe«ia)*  -  2kiktktfltt^(h»f 

01 «  2  (fl„  +  <?8i  +  «i«)(2  +  *i«»  +  ^1  +  i^Ou) 

+  2aMifiki<hi  {kikt  +  *A  +  *b*i), 

€^  -  -  (Ow  +  «si  +  «!»)*  -  2(*x  +  4i  +  ii)a»a,iflx„ 

As  =  2<h^iait. 

Hence  the  required  condition  is 

-  4  { Ai  +  ifeiWiA,)  {<^  +  (^j  +  4,  +  i^)  A,}.       (996) 
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Cor.  1. — If  a  variable  triangle  be  iiucribed  in  a  given  conio  8%^ 
and  two  of  its  sideB  be  touched  by  two  conies  of  the  pencil  Si  +  tStt 
then  the  envelope  of  the  third  side  may  be  either  of  two  conies 
of  the  pencil.  For,  if  ifci,  JK,  in  equation  (996)  be  given,  we  have 
a  quadratic  to  determine  ^. 

Cor.  2.— If  ii^O^  i^»0,  and  h^tf  we  get,  from  (99G)  the 
condition  that  a  triangle  inscribed  in  8%^  two  of  whose  sides 
touch  8if  may  have  its  third  side  tangential  to  iSi  +  kS^,  vis., 

01*  -  4Ai9i  <-  4k^At. 

Hence,  eliminating  k,  the  envelope  of  the  third  side  is 

4AiA,«i  +  (01*  -  4Ai®,)  8t  -  0.  (997) 

888.  The  condition  that  a  variable  triangle  may  be  circum- 
scribed to  a  conic  %,  and  have  its  three  summits  on  the  conies 

is  found,  as  in  §  887,  to  be 

{»i-?.(*ii«  +  iWt  +  *A)r 
-  4  {8i  +  hkJkA]  {^.  +  (*i  +  fe  +  k,)8,],        (998) 

where  8i,  0i,  02,  St  are  the  coefficients  of  Lam6's  equations  for 
the  tangential  pencil  2i  +  kS»  «  0. 

Cor.  1. — If  *i «  0,  ^2  =  0,  ij «  i,  we  have  the  condition  that 
a  triangle  circumscribed  to  Sa,  and  having  two  summits  on  2i, 
may  have  its  third  summit  on  Si  +  k^  »  0,  viz., 

fli*  -  4iA  «  4i8i?^  (999) 

Cor,  2. — ^If  8if  82  be  the  trilinear  equations  of  2i,  Sa*  we  get 

easily 

tfi-AA,     8i-Ai»,     fla-AA,     ?i  =  A,«. 

Hence,  from  (999),  we  get 

^2*  -  4Aaei  -  4AAa* ; 
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and,  elimmating  h  between  this  and  the  trilinear  eqnatioiL  of 

we  get 

leVAiiSi  +  4A,  {^  -  4As€4)  ^+  (<^'  -  4AA)*  i^. »  0, 

(1000) 
which  18  the  locns  of  the  third  summit  of  a  triangle  circnm- 
scribed  to  8%^  two  of  whose  summits  more  on  81. 

EaxTAiiOHS  or  Coiocoir  Elxicents. 

389.  Dbi. — If  kiXx  ±  A^ ±  Xf^ ^0  h$ih$  $quatunu  ofthefimr 
9%de$  of  a  itandard  quadrilateral^  the  eum  of  the  squares  of  these 
sides  equated  to  aero  is  the  equation  of  a  eonie  eatted  the  fourteen- 
point  eonie  of  the  quadrilateral.    We  shall  denote  it  by  Z. 

Let  heVc^  be  the  quadrilateral,  ABCita  diagonal  triangle  is 
the   triangle    of   reference; 
then  if  its  sides  «' 

XiXi'-X^-X^^  0, 
X^-k^-kiXi^*  0, 
K^'-kiXi-X^^  0, 
^1^1  +  A^  -h  X^  B  0 

be  for  shortness  denoted  by 

^  Pf  y>  $9  respectiyely,  we 

have  a  +  ZS  +  y  +  SaO.     Hence  a*  +  /J*  +  7*  +  8*«0  may  be 

written  in  the  form 

o^  +  j8y  +  ya  +  oS  +  j88  +  y*  =  0, 

fiinoa  we  can  subtract  (a  +  /3  +  y  +  8)'  ■  0  ;  or,  in  the  form 

/8y  +  08  +  ()8  +  y){a  +  8)  =  0. 

Or,  flince  o  +  8  »  -  QS  +  y),  in  the  form 

08y  +  a8)-08  +  y)«-O. 

Hence  Z  has  double  contact  with  )3y  +  08  a  0,  the  chord  of 
contact  being  /3  +  y  «  0;  that  is,  has  double  contact  with  a 
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conic  passiiLg  through  the  extremities  h^  V^  Cy  (f  of  two  diagonals 
of  the  quadrilateral,  the  third  diagonal  being  the  chord  of  con- 
tact ;  but  a  conic  passing  through  two  pairs  of  opposite  summits 
of  a  complete  quadrilateral  has  the  third  pair  as  harmonic  con- 
jugates. Hence  we  infer  that  each  pair  of  opposite  summits  of 
file  quadrilateral  are  harmonic  conjugates  with  respect  to  Z^ 
Again,  forming  the  sums  of  the  squares  of 

Xi^i  i  \^  ±  Xft^^s  0, 
ve  get 

XiV  +  KW  +  A,a^* «  0. 

Hence  the  triangle  ABC  is  antipolar  with  respect  to  Z,  and 
therefore  each  side  is  cut  harmonically.  Hence  we  have  the 
fallowing  theorem : — Ths  fourteen-jpoint  conic  cuts  the  diagonaU 
oj  the  quadrilateral  in  the  double  points  of  the  three  involutions 
aa'.BC;  bV,  CA ;  <  AB. 

390.  If  we  eliminate  8  from  a*4  i8^+  7^  -f  S'b  0  by  means  of 
a  +  ^+y  +  SaO,  the  equation  of  Z becomes 

Bence  J?  meets  y  where  it  meets 

Agun,  the  product  of  the  three  lines  c'a,  0/^  db  is  aj3  (a  +  /3), 
say  ^(a,  )8)  a  0 ;  and,  forming  the  Hessian  of  this  (see  Salmon's 
AlgAra^  4th  edition,  p.  183),  that  is, 

1^ '  d^  "d^Td^^ 
wegffc 

o»  +  i8»  +  a^. 

Hence  if  Z,  If  be  the  points  in  which  Z  meets  the  side  y  of 
the  qt&drilateral,  the  anharmonic  ratios  (b'afcL),  {b'afcM)  are 
the  inuginary  cube  roots  of  unity,  and  similar  properties  hold 
for  ead  of  the  remaining  sides  of  the  quadrilateral.  Hence  we 
see  thab  Z  passes  through  fourteen  remarkable  points^  namely, 
two  on  each  side,  and  two  on  each  diagonal. 
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391.  B  is  required  to  find  the  equation  of  the  four  common 
tangents  of  the  conies 

Let  2i,  Sa  be  the  tangential  equations  of  Si^  8% ;  then  two 
conicB  of  the  pencil  2i  +  k%t  can  be  described  to  pass  thiougl 
any  given  point.  For,  if  Ai,  A2  be  the  discrimuiants  of  0.',  bj, 
the  trilinear  equation  of  2i  +  k^  is 

Since  this  is  a  quadratic  in  h,  we  see  that  two  conies  of  the 
pencil  2i  +  ^Sa  can  be  described  to  pass  through  any  given 
point;  but  if  the  given  point  be  on  any  of  the  four  commoi 
tangents  of  81  and  82,  these  conies  will  coincide.  Hence  th3 
quadratic  in  k  will  be  a  perfect  square.  Hence  the  equatioi 
of  the  four  common  tangents  is 

jP  -  4AiA,fl,V  «  0.  ( 1001 ) 

Cor. — Since  the  equation  (1001)  is  of  the  form  JP  -  LM-  0. 
it  represents  a  locus  touching  the  conies  a^ »  0,  h^^Q  in  th) 
points  where  they  meet  F.  Hence  jP  passes  through  the  eiglt 
points  of  contact  of  the  conies  with  their  common  tangents. 

392.  If  the  conies  /Si,  8%  of  §  391  be  referred  to  their  comnon 
antipolar  triangle,  their  equations  will  be  of  the  forms 

81  a  OiiXi^  +  Onps^  +  a^^  =  0, 

82  a  OFi*  +  Xf  +  a^»  =  0, 

and  then 

/'a  011  (flaa  +  flss)  «i' +  «a  («88  +  »ii)  «»' +  flas  (<hi  +  «»)  a^*  «  C 

These  substituted  in  equation  (1001),  the  equations  of  tb  four 
common  tangents  of  iS^i  and  8%  will  be  found  to  be  the  product  of 
the  four  lines 


Xi  v/0ii(0M  -  fl»)  ±  ^  v/«a(«»  -  «ii)  i:  «8  a/«sj(«ii  -  «»)«  0. 

Hence  the  quadrilateral  formed  by  the  four  tangents  is  a  £Candard 
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quadrilateral,  and  the  equation  of  its  fourteen-point  conic^  wUch 
we  shall  call  the  f onrteen-point  conic  of  the  two  given  conies, 
Sly  82^  i» 

Oil  (Oaa  -  fl»)  «i"  +  Oaa  («»  -  «ii)  «2' +  «»  («!!  -  tfaa)  a%"  =  0. 

(1002) 
Cor.  1. — The  fourteen-point  conic  of  two  given  conies  is  har- 
monically circumscribed  to  each. 

Cor.  2. — If  the  conies  81,  82  be  given  in  the  forms 

aua?i*  +  fl3»«a*  +  a^  =  0,     iu«i*  +  *»«?,»  +  bn/Xh?  «  0, 

their  fourteen-point  conic  wiU  be 

2aiiJn(flB^»-«885«)«i'  =  0.  (1003) 

Cor.  3. — ^The  fourteen-point  conic  of  8if  8t  in  terms  of  8iy  8i, 
and  Fy  is 

2A,  (0i»  -  3 Ai(g>,)  Si  +  2 Ai  (0,»  -  3A30i)  82  +  (9AiA»  -  ©A)  ^=:  0. 

(1004) 

393.  To  find  the  tangmtial  equation  of  the  fow  points  common 
to  the  eoniee 

81  a  a.»  -  0,     8t^  V  =  0. 

The  condition  that  the  line  X«  »  0  shall  touch  a^  «  0,  is 


Oily  Olfy  a^y  \ 


1> 


^'jlj  Ozi}  Otiy  Xj, 

Oily       Ojsiy       Ofiy       A^, 
my        ^»        ^>       0 


0. 


If  in  this  we  substitute  On  +  kbu,   a^  -i-  hb^y  ftc.,  for  Ony 

013,  &c.,  we  get  the  condition  that  A.  shall  touch  81  +  k8%  «  0, 

viz., 

Si  +  iM>  +  *»Sa «  0, 

where  S19  2s,  and  ^  are,  respectively,  the  tangential  equations 
of  8iy  8iy  and  the  envelope  of  the  line  which  cuts  them  harmo- 
nically.   Kow,  since  this  equation  is  a  quadratic  in  £,  two  conies 
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of  the  pencil  8i  +  k8t »  0,  can  be  described  to  toach  A.  »  0 ; 
bat  if  As  passes  thion^  one  of  tlie  four  points  common  to  8i 
and  iSs,  it  is  evident  that  these  two  conies  will  coincide.  Hence 
the  equation  of  the  four  common  points  is  the  discriminant  of 

Si  +  4*  +  «, 
equated  to  sero,  vis., 

^  -  42iSs  -  0.  (1005) 

894.  If 

we  haTc 

♦  -  (tfn  +  fl»)  Xi«  +  (<?»  +  «ii)  V  +  (Oil  +  fl»)  A,«  «  0 ; 

and,  snbstitnting  in  equation  (1005},  we  find  the  four  common 
tangents  to  be 

kiy/an-a»  ±  Atv^^T^  *  K^/  -  0. 

(1006) 
If  we  form  the  sum  of  the  squares  of  these  eqaations,  we  get 

(^  -  «»)  V  +  («»  -  tfii)  V  +  («ii  -  <?»)  V  «  0. 

(1007) 
Or,  in  point  co-ordinates, 

(«ii  -  «a8)(«ii  -  On)  ^i  +  («»  -  «88)(tf»  -  «ii)  «i* 

+  (<%  -  «ii)(^  -  fl«)«s*  «  0. 

(1008) 
This  is  the  fonrteen-line  conic  of  the  given  conies. 

Cor.  1. — The  eight  tangents  to  two  conies  at  their  points  of 
intersection  envelope  another  conic  ^.    See  equation  (1006). 

Cor.  2. — ^The  fonrteen-line  conic  of  two  conies  is  harmonically 
inscribed  in  each. 

Cor.  8. — ^The  fonrteen-line  conic  of  two  conies  5i,  8%  in  terms 

of /S„  /S|,  and^is 

%t8i  +  %i8t  -  dJP"  0. 

(GuvniumroxR.)    (1009) 


I 
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1.  Find  the  equation  of  Hie  fonrth  common  tangent  to  the  conios 

V^isin^i  +  y/xtonAt  +  Vd^sin^s  »  0, 

y/xi  006 ^1  +  V«lC06^t  +  ^XzQO^At  a  0. 

Am.  sijmn  {At  -  Am)  +  x^/sin  (^s  -  Ai)  +  «i/an  (^i  -  At)  «  0.    (1010) 

2.  The  eovariant  jP  of  the  two  oonics  of  Exercise  1  ie  the  nine-point 
ciiole. 

8.  The  oontxaTaiiant  ♦  of  the  same  eonice  is 

Xi^sin*  {At  -  At)  +  At*  sin*  {At  -  Ai)  +  A«*  sin*  (^i  -  At) 

+  2\tXaBin^ssin^s  +  2\t\i  tan  At  mnAi  +  2xiA»8in^i8in^ia  0. 

(1011) 

4.  Find  the  equation  of  the  four  tangents  to  8i,  where  8t  intersects  it. 

Let  the  points  of  intersection  be  A,  B,  C,  D,  and  let  iSTj  be  the  polsr  reci- 
procal of  St  with  respect  to  Si ;  then  the  tangents  to  Si  at  A,  B,  C,  D  will 
be  oommon  tangents  to  ^i  and  ^t*    Thus  we  find,  if 

the  fi)ur  common  tangents  to  be 

flu  V(tfit-aia)«i  ±  «»  V(att-aii)d^  ±  an  ^{an-onixt^O. 

(1012) 

The  product  of  the  four  tangents  in  terms  of  Si,  St,  and  Fib 

{9iSi  -  AiSt)*  -  ^AiSi  {etSi  -  JO  *  0.  (1013) 

6.  State  the  special  lines  which  the  fourteen-line  oonio  of  a  quadrangle 
touches. 

(AAjJtJt 


TfiUKQLB. 

395.  Let  8if  8t  he  two  conies  given  hy  their  general  egmtume, 
jR  ii  required  to  reduce  them  to  the  forme 

OiiXi*  +  fl»i,»  +  a»X,»  =  0,     Zi*  +  -5i*  +  J![;»  -  0, 
reepeetivehf. 

SoLimoir. — Since 

8i » oiiXi^ + ottXt*  ■¥  onXt*  =  0,  iSa  B  Xi*  +  z;»  +  z;« «  0, 


^ 
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the  discriminant  of  8i  -  hS^  is  equal  to  the  discriminant  of 

OiiZi*  +  (h,X^  +  fl„X,»  -  Jt(Xi«  +  Xt*  +  Xj») 

=  («ii  -  *)(«»  -  *)(<?»  -  *). 

Hence  On,  Oa,  Oss  are  the  roots  of  Lam6's  equation,  and  are 
therefore  given.    Again,  since 

8i  m  auXi*  +  flaXj^  +  flKj^»,    8^ «  Xi»  +  X,»  +  ^», 
the  coyariant  Pof  8i  and  /Ss 

=  «u  («»  +  «»)  ^i*  +  «»(«»  +  Oil)  Xa«  +  «»  (Oil  +  «»)  ^". 

Hence  we  have  the  three  equations 

<hi(««  +  «88)-Xi'  +  «m(«88  +  «ii)  ^a*  +  <^(«ii  +  fl»)  Ji* « -K 

Hence      (ou  -  fl«)(aii  -  Oss)  Xi»  =  fluSi  +  fl««8s^«  -  i^,    (1014) 

(<%  -  flssX^n  -  «ii)  ^%*  =  tfa-S^i  +  flssanfi,  -  F,     (1016) 

(«»-«ii)(tf»-«»)-3:,«Ba8,5fi  +  <ixia„S,-JF'.    (1016) 

Hence  the  squares  of  the  sides  of  the  antipolar  triangle  of  81^  8t 
are  covariants. 

Cor. — ^By  adding  the  equation  1014-1016,  we  get  the  equation 
of  the  fourteen-line  conic  of 

81,  82 «  ®%Si  +  01/8^2  -  SF=  0. 

896.  Since  the  sides  of  the  antipolar  triangle  are  expressed  in 
terms  of  81,  82,  and  F^  it  follows  that  all  the  covariants  of  iSi, 
8%  can  be  so  expressed,  but  all  cannot  be  expressed  rationally  in 
terms  of  these.  For  example,  the  conies  (985),  (987),  (988). 
Again,  the  conic  which  reciprocates  81  into  82  may  be  any  one 
of  the  four 

v/aua?!*  ±  \/a^X2^  ±  \/«wars^  =  0, 
either  of  which  cannot  be  expressed  rationally  in  terms  of  8iy 


0. 
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Sty  F;  but  from  equation  1014-1016,  we  see  that  their  product 
can,  yiz,,  this  is 

fl»,  0,  Oil,         OnSi  +  a^tfi^iA-F, 

Oztf  Oil,  0,  anSi-^auOnSt-Ff 

thiSi+OitanSi-F,  anSi+atgOiiSt^F,  <?siSi+«ii«»^»-J^,  0 

(1017) 

Mutual  Powsr  ov  two  Conigs. 

397.  If  i8i-Xi«0,  i8*-A  =  0  (where  8 m Xi*  +  x^^ -¥ x^^ « 0, 
and  Zi,  Za  are  lines)  be  two  conies  having  double  contact  with 
the  same  conic,  or,  for  shortness,  say  inscribed  in  S ;  then 

iS»-Zi  +  ifc(»-Z,)-0 

denotes  a  conic  passing  through  the  two  points  in  which  the 
common  chord  Zi  -  Z»  ^  0  meets  them,  and  forming  the  discri- 
minant of 

SI-Zi  +  A(iSi-Z,)n:0 

after  clearing  of  radicals,  we  get 

(1  -  «,)*»  +  2 (1  -  ^a)*  +  1  -  iffi  =  0,       (1018) 

where  jS^i,  82  denote  the  powers  of  the  poles  of  Zi,  Z^  with 

respect  to  /S,  and  B^  the  power  of  the  pole  of  Zi  with  respect 

to  Z9.    Kow,  since  the  equation  (1018)  is  of  the  second  degree 

in  ky  two  line  pairs  can  be  drawn  through  the  intersection  of  the 

conies 

flf-A»  =  0,     S-Z,*  =  0 

with  their  common  chord  Zi  -  Z^  «  0,  each  having  double  con- 
tact with  8.  It  is  evident  these  line  pairs  will  coincide,  if 
Zi  -  Z9  meet  8  -  L^  in  consecutive  points ;  in  other  words,  if 
S-'L^^O  touch  S-Lt^mO.  Hence  the  condition  of  contact 
of  fi-A'  and   8^V  is  the  discriminant  of  (1018)  with 
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respect  to  i.     Therefore  the  tact  inTariant  ot  S-  Lf  a  0, 
iS  -  Z,*  =  0  is 

(1  -  J2u)»  -  (1  -  8i)  (1  -  /^)  -  0.  (1019) 

We  should  have  got  the  same  result  if  we  had  worked  with 

the  equations 

iS»+Zi  +  *(SI+A)  =  0; 

but  with  either  of  the  forms 

i8fiTZi  +  ife(Si±Z,)  =  0, 
the  result  would  he 

(1  +  J2u)«  -  (1  -  8i)  (1  -  «,)  =  0.  (1020) 

Hence  there  are  two  tact  invaiiants  for  two  conies  insciibed  in 
the  same  conic. 

398.  If  we  put 

1  -  iZia  »  \/(l-i80(l-i^0-cos^i, 
and  denote  the  roots  of  equation  (1018)  by  in  k,  we  get 

e"**-  =  tijh.  (1021) 

Similarly,  if  we  form  the  discriminant  of 

S4?Zx  +  *(iS*±Z,)-0, 
denote  the  roots  of  the  resulting  equation  in  A  by  i^,  £4,  and  put 

1  +  -fitt  =  v/(l-i8i)(l-i^)cos^», 
we  get 

e*^*  =  *,/*».  (1022) 

"Sow,  if  ^1  Bff-/2y  we  haye,  from  (1021),  ki/kt «  -  1,  and  the 
chords  of  contact  with  S  of  the  two  line  pairs  which  can  be 
drawn  to  touch  ^S through  the  intersection  of  Zi-Zb«0  with 
8-Zi  form  a  harmonic  pencil  with  Zi  and  Zf  Similarly,  if 
^s »  W^>  ^®  chords  of  contact  with  8  of  the  line  pairs  through 
the  intersection  of  Zi  +  Za  with  8^Zi^  touching  8  form  a 
harmonic  pencil  with  Zi  and  Zg.    Hence  it  appears  that  what 
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ooTresponds  in  the  geometry  of  two  conies  inscribed  in  the  same 
conic  to  two  circles  cutting  orthogonally  are  two  conies  whose 
angle  ^^^  which  we  shall  call  their  anharmonic  angle,  is  right, 
and  by  an  extension  of  the  term  we  shall  say  that  the  conies 
cnt  orthogonally. 

399.  Dep. — We  ihatt  call  1  -  £»  the  mutual  power  of  the  eoni^ 

S^tLi^O    and    Sitl^^O, 

where  the  eigne  are  either  iothpJue  or  both  mimUf  and  1  +  jBu  the 
mutual  power  of 

Si^Zi^O    and    iSfi  ±  Z|  -  0, 

where  the  eigne  are  different. 

The  mutual  power  of  two  conies  inscribed  in  the  same  oonio 
may  also  be  called  their  orthogonal  invariant^  since  its  Tanishing 
is  the  condition  of  their  cutting  each  other  orthogonally. 


Fbobenius's  Thbobw. 

400.  If  (7i,  Cs . . .  (70 ;  (7'i,  C'l . . .  C'^  be  any  two  systems 
of  fiye  conies  inscribed  in  the  same  conic  8,  and  if  the  mutual 
power  of  any  two  C^,  C\  be  denoted  by  mn\  then 


11', 

12', 

18', 

14', 

16', 

21', 

9f 

»> 

9i 

» 

31', 

)} 

ff 

if 

l> 

41', 

>f 

ii 

»y 

ti 

51', 

}» 

>> 

if 

» 

»0. 


(1023) 


This  is  an  extension  to  conies  inscribed  in  the  same  conic  of 
the  fundamental  theorem  in  a  Memoir  by  Herr  Q.  Erobenius, 
''  Anwendungen  auf  die  Geometric  des  Maasses  " — CreWe  Jour- 
nal^ Band  79,  pp.  185-247. 
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Demu — ^Let 

C'x- S-Co'.)*,     C',  =  5-(»'.)»,  &c. ; 
theiii  multiplying  the  determinants 


0 

«l 

0% 

(H 

0 

-«1 

-«« 

-fls 

0 

h 

h 

h 

0 

-Jl 

'h 

-5, 

0 

Ci 

c% 

Cz 

0 

'Ci 

-Ct 

-^ 

0 

di 

dt 

dz 

0 

-d, 

-* 

-* 

0 

ei 

H 

^ 

0 

-*i 

-^ 

-^ 

the  proposition  is  evident. 

The  foregoing  proof  is  adapted  to  the  case 'where  the  mutual 
power  is  of  the  form  1  -  B^ ;  but  if  it  should  be  of  the  form 
1  +jSu,  the  necessary  alteration  is  obvious. 

401.  If  the  anharmonic  angle  of  the  conies  C^,  C'n  be  denoted 
by  rnn',  it  follows  from  the  equations 


l--B,a-'/(l-Si)(l-S,)cosi^„ 

1  +  i?ia  =  }/{l  -  50(1  -  St)  cos^„ 

that  the  determinant  (1023)  can  be  transformed  into  the  follow 

ing:— 

cosir,    cos  12',    cos  13',    cos  14',    cos  15', 

cos  21',        „             „            „            „ 

C08  31',         „             „            „            „ 

»0. 

cos  41,        „             „            „            ,, 

C0B5V,        „             „            „            „ 

(1024) 
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402.  If  the  second  system  of  conies  coincide  with  the  first, 
we  have  for  any  five  conies  inscribed  in  the  same  conic 

1,  cos  12,     cos  13,     cos  14,     cos  15, 

C0821,     1,  cos23,     cos  24,     cos  25, 

cos  31,     cos  32,     1, 


cos  34,     cos  35, 
cos  45, 


=sO. 


cos  41,     cos  42,     cos  43,     1, 

cos  51,     cos  52,     cos  53,     cos  54,     1 

(1025) 

Car.  1. — The  condition  that  four  conies  should  cut  a  fifth 
orthogonally  is 


1,  cos  12,  cos  13,  cos  14, 

cos  21,  1,  cos  23,  cos  24, 

cos  31,  cos  32,  1,  cos  34, 

cos  41,  cos  42,  cos  43,  1, 


=  0. 


(1026) 

Cor.  2. — If  the  conic  ft  touch  the  other  four,  the  last  row 
and  the  last  column  of  the  determinant  (1025)  become  iinits. 
Hence,  by  subtracting  each  of  the  first  fonr  columns  from  the 
fifth,  we  get  a  determinant  which  is  equivalent  to  the  follow- 
ing:— 

sinH(12),     sinH(13),     sinH(14), 

sinH(23),     sinH(24), 


0, 


8inH(21),     0, 

sin»i(31),     8inH(32),     0,  sinH(34), 

sin' i  (41),     sin*  i  (42),     sin»i(43),     0 


=  0, 


(1027) 
or  the  product  of  the  four  factors 

sini(14)sini(23)±8inj(24)sini(31)±sinj(34)sini(12)  =  0, 

(1028) 

which  is  the  condition  that  four  conies  should  be  tangential  to  a 

2z 
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fifth.     If  we  substitute  for  sin  ^  (14),  &c.  (§  401),  this  equatdou 
becomes,  after  clearing  of  fractions, 


V^v^(l  -  ^i)("l  -  S,)-{1  -Eu)  y/V{l  -  ^,)(1  -  iS,)-(l  ^Mn) 

±  two  similar  terms  got  by  interchange  of  suffixes  »  0. 

(1029) 

403.  To  find  the  eqtuUum  of  a  conio  inscribed  in  a  given  conic  S, 
and  touching  three  given  conies  C^  C%,  Ca,  also  inscribed  in  S. 

Let  the  equations  of  (7i,  Cz^  Cj  be  S^  =  a„  8^  =  h„  S^—c„ 
respectively,  and  W  be  the  required  conic.  Take  any  point 
^'ij  ^29  ^z  on  W,  and  let  Ci  denote  the  tangents  from  x\,  ar'^,  x\ 
to  S.    Then 

denotes  a  conic  having  double  contact  with  8  and  touching  W. 
Hence  the  equation  (1029)  holds  for  the  four  conies  Ci,  C^,  C^, 
Ci ;  and  it  is  easy  to  see  that  ^4  «  1,  and 

^Ois^i  +  a^i  +  a^' 

Hence,  making  these  substitutions  in  (1029),  and  omitting 
accents,  &c.,  the  equation  of  W  is 


v/(7x{v/(l-^0(l-^'3)-(l-i^»)} 

±  y  C7,|^(l  -  S^){1  -  S,)  -  (1  - i23i))" 

±  VC^[V{1  -  S,)(l  -  S,)  -  (1  -  J2„)}  -  0. 

(1080) 

This  equation  was  first  obtained  by  me  in  1866  by  considera- 
tions of  Spherical  Geometry.  An  independent  proof,  founded  on 
the  properties  of  quartic  curves  having  two  double  points,  was 
given  in  my  Bicircular  Quartics,  read  before  the  Eoyal  Irish 
Academy  in  1867.  The  foregoing,  by  the  method  of  mutual 
power  is,  perhaps,  the  simplest  that  has  been  yet  given. 
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The  allied  but  different  problem  of  describing  a  conic  having 
double  contact  with  a  given  conic  8^  and  touching  three  other 
conies  each  having  double  contact  with  8^  was  previously  solved 
by  Professor  Gayley,  Crelle,  vol.  xzziz. 

Obihoooital  Govics. 
404.  The  result,  of  the  operation 


d 


d 


dxi  dx2         dof^ 

performed  on  the  conic  8h-a^  =  0  is  a  eonio  orthogonal  to  8h  -  a^. 
For,  performing  the  operation  and  clearing  of  fractions,  we 
get  OaSh  -  a^  s  0,  and  the  orthogonal  invariant  (§  399)  of  this 
and  Sh-a,-Q  vanishes,  which  proves  the  proposition. 

405.  If  iSi±a.  =  0,  8i±h,  =  0,  8ii±c^^0  be  three  conies 
inscribed  in  8^  it  is  required  to  £nd  the  equation  of  a  conic  J 
cutting  them  orthogonally. 

Let  ai,  os,  03  be  the  co-ordinates  of  the  pole  of  <7'with  respect 
to  8 ;  then  denoting  for  shortness  the  given  conies  by  Wu  ^3, 
JFi,  respectively,  we  must  have  (§  404) 

dJT,         dW,         dW, 
dxi  dx2  dxz 

dxi  dx^  dx^ 

dxi  dx^  dx^ 

Hence,  eliminating  ai,  03,  03,  the  required  conic  is 

dWi      dWi      dWy 


dx^  ' 
dW\ 

dXi' 

dW\ 
dxi' 


dx2* 

dW\ 
dx2  ' 

dW, 
dxt' 

2k2 


dx^ 

dx^  ' 

dW^ 
dx^ 


=  0. 


(1031) 
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Substituting  for  JFi,  JFi,  W^  their  values,  and  taking  into 
account  the  yarious  combinations  arising  from  the  double  signs 
in 

we  get  four  conies  orthogonal  to  the  conies 

We  shall  denote  them  by  cT",  t/i,  t/i,  Ji?  respectively.  If  in 
(1031)  we  put  S»  -  a^  Sh-  h^  8^  -  c.  for  ?Fi,  JT,,  »^,  we 
easily  get 

8^i    Xi,    x^j    x^j 

1,  «!,        02,         ffs, 

1,  5i,        ^21         ^8, 

1,  Ci,        ^2,         tfj 


=  0. 


(1032) 


Ji,  7i,  «^8  «ir6>  respectively,  obtained  from  this  by  changing 
the  signs  of  the  a's  in  the  second  row,  of  the  ^'s  in  the  third, 
and  of  the  ^'s  in  the  fourth  row. 

406.  If  the  minors  of  the  determinant  {(h^t^)  be  denoted  by 
the  corresponding  capital  letters,  we  see  that  the  co-ordinates  of 
the  pole  of  the  chord  of  contact  of  J^and  8  are 

Ai-¥  Bi-\-  Ci,    -4a  +  j5,  +  C2,    -4,  +  ^,  +  ft, 

or  S-^i,  S-^a,  S^3,  respectively;  but  these  are  evidently  the 
co-ordinates  of  the  point  of  concurrence  of  the  common  chords 
««  -  ^«  K^  ^Mi  Om  -  <is  of  the  three  conies 

Hence  we  have  the  following  theorem: — ThepoUs  of  the  ehordi 
ofeontaot  of  J,  Ji,  t/i,  c/i  with  8  are  the  four  radical  centres  of  the 
conies 

S-(a.)»  =  0,     ^-(3,)»  =  0,     ^-(O'  =  0. 
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407.  The  polar  of  the  point  S^d  S^2)  S^s  with  respect  to 
S  -  («,)*  is  easily  found  to  be  the  determinant 


«„ 

Xiy 

«», 

a?8, 

1, 

«i, 

«2, 

«3, 

1, 

K 

K 

^3, 

1, 

Cu 

^2, 

<?3 

=  0, 


(1033) 


If 


and  this  is  evidently  the  common  chord  of  J  and  8  -  (<i«)*' 
Hence  we  have  the  following  construction  for  the  conies  J^  Ji^ 
Jit  Jz  exactly  analogous  to  the  method  of  describing  a  circle 
cutting  three  circles  orthogonally,  viz. :  From  any  radical  centre 
draw  tangents  to  the  conies 

^-(a.)»,     8-{K)\     S^icY; 

then  the  six  points  of  contact  lie  on  the  corresponding  ortho- 
gonal conic. 

408.  Tojind  the  loeuB  of  the  double  points  of  the  net 
Ai(5fi  -  a.)  +  X^CiSi  -  K)  +  A,(^i  -  O  -  0, 

K{Sl  -  a,)  +  X,{81  -  h,)  +  X,{8^  -0  =  0 

has  a  double  point  it  must  consist  of  a  tangent  pair  to  8. 
Hence  it  must  be  of  the  form 

k  +  X.  +  X.V^i- 5:^_Li£f!±^U  0. 

Therefore,  putting    R  ■  \/ JvTSV+^,     we  have 
Xia.  +  XjJ.  +  v.  =  (Xi  +  A»  +  K){3cfiXi  +  af^  +  scf^lR. 
Hence,  comparing  coefficients,  we  get 

Xi  {a^R  -  ar'i)  +  X«  {hR  -  a^O  +  X,  {c^R  -  af^)  =  0, 
Xi  {a^R  -  «',)  +  Xa  {h^R  -  ar',)  +  X,  {ctR  -  a/2)  *  0, 
Xi  («jfi  -  ic'i)  +  X4  (M  -  a^'s)  +  Aj  (CaiZ  -  «',)  =  0. 
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And  eliminatiiig  Ai,  A^,  X,,  we  get 

01^  —  a/i,     hiR  —  a?'i, 

tfi5  -  a?'i, 

a^R  -  a/a,     ^i2  -  a;',, 

c,i2  -  *'„ 

^A  —  4/3,     b^R  —  ar  J, 

e^R  -  a:',, 

=  0. 


If  we  subtract  the  second  column  from  tlie  first,  the  third  from 
the  second,  we  get  a  determinant  which  may  be  written 

R^      tfi  —  ©1,     hi  —  Cij    CiR  —  iTi, 

0%  -  Jsj    ^8  -  Czy    e^R  -  ar's 

Hence,  dividing  by  jS*,  expanding,  and  putting  8^  for  jB,  and 
omitting  accents,  we  get 

which  is  evidently  the  conic  J,    Hence  the  locus  of  the  double 
points  of 

is  a  conic  cutting  5*  -  a,,  S*  -  8„  S^  -  ^,  orthogonally. 


Jacobiaks. 

409.  Given  three  eontoe,  /Si,  829  8^,  it  is  required  to  find  th^ 
locus  of  a  point  whose  polars  t^ith  respect  to  these  conies  are 
concurrent. 

If  we  denote  the  differentials  of  8r  with  respect  to  Xiy  x^^  x^y 
respectively,  by  8r^^\  5/*\  5/'^,  it  is  evident  we  shall  have  to 
eliminate  o/i,  sif^t  ^s  between  three  equations  representing  the 
polars  of  the  point. 

Thus  we  get  the  determinant 

8J^'\    8,^^ 


8i^'K 
^»^'^     8,^'\    iS,f'> 


=  0. 


(1084) 
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If  any  tliree  tenuoy  functions /i,  /s,  fz  be  given,  the  detenninant  formed 
with  their  first  differentials  was  much  employed  by  Jacobi,  and  called  by 
him  iheii  functional  determinant.  This  name  has  been  altered  by  Stltsstbr 
to  that  of  Jaeobian,  in  honour  of  tbat  great  Mathematician. 

410.  The  Jaeobian  of  three  eoniee  is  the  locus  of  the  double  points 
on  lines  cutting  the  conies  in  involution, 

Bern. — ^Let  A  be  any  point  of  the  Jaeobian  of  Su  8%^  8^,  or 
say  J{Si,  8i,  83) ;  then,  by  definition,  the  polars  of  ^  are  con- 
current. Let  tbem  meet  in  B ;  then  the  polars  of  B  meet  in  A, 
Hence  ^  is  a  point  on  the  Jaeobian ;  and  since  A,  B  are  conju- 
gate points  with  respect  to  each  conic,  the  line  joining  these 
points  is  cut  in  involution  by  the  conies,  and  Ay  B  are  the 
double  points  of  the  involution. 

The  following  is  another  geometrical  definition  of  J{Siy  8%,  8^)^ 
viz. : — It  is  the  locus  of  the  double  points  of  all  the  conies  of  the  net 

A\S\  +  X3O2  +  A^08  =  0. 

For  the  co-ordinates  of  the  double  points  must  satisfy  the 
three  equations 

Xi^i^^)  +  Xa^2^'^  +  K8z^^^  =  0,     Xi5i(«)  +  Xa/Sj^')  +  AaSa^*)  =  0, 

XiiSi^')  +  XaiSa«»)  +  X^-Ss^')  =  0 ; 

and,  eliminating  Xi,  Xa,  X9,  we  get  «7*(jSi,  8%^  8^)  =  0. 

411.  n 

Si  =  <j,»  =  0,     5,  a  y  =  0,     8i^  e/  =  0, 
then 

J{8u  Sa,  8z)  =  (tfiVs)**. .  i, .  <?,  =  0,  (1 035) 

where  (aibiC^)  is  an  abbreviation  for  a  determinant. 

Hence  J{8i,  82,  8^)  is  a  curve  of  the  third  order.  It  sometimes 
breaks  up  into  a  line  and  a  conic,  and  sometimes  into  three 
lines,  viz. — 1°.  If  81,  82,  8^  have  two  points  common,  say  M, 
Nf  then  the  polar  of  any  point  P,  on  MN",  with  respect  to  each 
of  the  conies  8iy  82,  8^  passes  through  the  harmonic  conjugate 
of  F  with  respect  to  JU,  iV";  therefore  the  line  MNi&  a  part  of 
the  Jaeobian,  which  must  therefore  break  up  into  a  line  and  a 
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conic.  This  explains  why  the  Jacobian  of  three  circles  is  a 
circle,  viz.,  the  three  circles  have  the  cyclic  points  common, 
and  the  Jacobian  is  their  orthogonal  circle. 

2°.  If  one  of  the  conies,  say  Szj  be  the  square  of  a  line  Z', 
then  J{8xi  St,  X*)  contains  Z  as  a  factor.  Hence  J'{Si,  8%,  Z*) 
breaks  np  into  a  line  and  a  conic. 

In  this  case,  if  L  he  the  line  at  infinity,  J{8i,  82, 1?)  consists  of 
the  line  at  infinity,  and  of  the  locus  of  the  centres  of  all  the  conies 
of  the  pencil  8i  +  k8i  =  0. 

For,  if  d/i,  d/jj  ^z  he  the  co-ordinates  of  the  centre  of  Si  +  kS^, 

(where,  after  differentiations,  a^i,  sc^%,  af^  are  substituted  for  Xi, 
x%,  z^  must  represent  the  line  at  infinity ;  that  is, 

dTi  sin  wii  +  0^  sin  ^3  +  ^  sin  A^  =  0. 

Hence,  if  A  denote  some  constant, 

iSi<»  +  h8t^''>  =  \  sin  A„     ^i^')  +  kS^^^)  =  X  sin  ^„ 

5iW  +  ^52W  =  Xsin^s. 
Hence,  eliminating  k  and  X,  we  get 

S,^'\  S2^'\  sin^i, 
8i^^\  82^^\  sin  ^3, 
5iW,     S2^'\    sin^. 


=  0,         (1036) 


which  proyes  the  proposition. 

As  a  particular  case,  if  82  be  any  circle  whose  centre  is  at  a 
point  hk,  and  Z  the  line  at  infinity,  then  J{8i,  82,  Z)  is  the 
Apollonian  hyperbola  of  the  point  hk. 

3°.  If  8u  82,  82  have  these  points  common,  J(8u  82,  8^)  con- 
sists of  the  three  lines  joining  these  points. 

4^.  If  Si,  82, 82  have  a  common  autopolar  triangle,  J(8u  8t,  82) 
denotes  the  three  sides  of  the  triangle.    This  will  be  evident  by 
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forming  the  Jacobian  of  three  such  conies.  Thus  the  Jacobian 
of  iSi,  Sii  and  their  covariant  F  consists  of  the  three  sides  of  the 
antopolar  triangle  of  8^  82*    If 

Si  a  OiiXi^  +  flttiTa'  +  flaaa?8'  =  0,     82^  x^  +  x^  +  a?,', 
then  J  a  (tfn  -  Am)  («»  -  <»3s)  («»  -  «ii)  ^i^»«s.  ( 1037) 

Hence  (§  395), 

J^  +  (tfii-Si  +  tfaa^as-Sj  -  F)  {OnS^  +  ffaaOii'^a  -  F)  {a^8x 

+  «ii«a52  -  i^)  =  0, 
or         J^mF^-F^  (0,5i  +  ©i5a)  +  F(^^2®iSi^  +  Ai©a5,») 
+  (®i0i  -  3AiA,)  5x5,  -  AiAjI  AjiSi'  +  Ai5,») 

+  iSi/Sa  { A2(2Ai08  -  ®i»)  5i  +  Ax(2Aa0i  -  0,*)  5a) . 

(1038) 

412.  To  find  the  envelope  of  a  line  cutting  three  eoniee  Si,  82,  8t 
in  involution. 

Solution.— Let  81  s  a.'  =  0,  82^  V  ^0,  S3  a  <?.»  =  0  be 
the  conies ;  through  5i,  82  draw  any  conic  li8i  + 1282  cutting 
5,  in  the  point  pairs  if,  JV;  if',  iV^'.  Join  iCV,  ir'i\r',  and 
produce.     Kow,  since  MN'is  a  line  cutting  three  conies  iSi,  5i, 


liSi  +  ^^3  of  a  pencil,  it  is  cut  in  involution  by  them.  Hence 
MIfis  cut  in  involution  by  81,  82,  8^;  and  similarly  for  M'N', 
Let  the  equations  of  MN,  M'N*  be  X^  \!^ 
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Now,  since  the  line  pair  A« .  X'«  pass  throngli  the  intersectioii 
of  the  conies  li8i  +  h^t  =  0  and  8^  -  0,  we  must  have  for  some 
Talue  of  4  • 

that  is,  we  must  have 

Hence,  comparing  coefficients,  we  have  six  equations  of  the 
type 

From  which,  eliminating  l^  hi  h,  X'l,  X'j,  X's,  we  get  the  deter- 
minant 

<»ii>     ^iii     ^ii>     ^i>      0,     0, 

<*a2i     ^M>     <^»     0,       A2,    0, 

(hS}      ^33)       ^»       0,         0,       X3 
2«23»     2^23,     2^33,    0,  A3,      Aj, 

2fl8i,  2J31,  2<?3i,  A9,      0,     Xi, 
2aia,  2*12,  2<?ia,  A,,      Xi,    0 


=  0.        (1039) 


This  is  called  the  Heiimite  envelope  of  the  net  ^i5i  +  hS%  +  k^i. 
It  is  evident  the  same  equation  is  the  envelope  of  the  line  M'N' ; 
but  ifiV.  M'N%  or  X, .  X',  denotes  a  line  pair  of  the  net  hSi  +  l^S^ 
+  hSi,  Hence  the  Hermite  curve  is  the  envelope  of  all  the  line 
pairs  of  liSi  +  4^2  +  h^z  =  0. 

Cor.  1 . — If  the  points  If,  iVcbincide,  J/'iVwillbe  a  tangent  to  S^, 
and  the  point  of  contact  will  be  a  double  point  of  the  involution. 
Hence  it  is  a  point  on  J{Si,  82^  8^).  Therefore  the  points  of  inter- 
section of  cT'with  8z  are  the  points  of  contact  of  the  conies  of  the 
pencil  li8i  +  /2^2  which  touch  ^3 ;  but  /being  of  the  third  degree, 
and  8^  of  the  second,  there  will  be  six  points  of  intersection. 
Hence  six  conies  of  the  pencil  li8i  +  ^^2  touch  89, 
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Cor,  2. — The  locus  of  a  point  whence  tangents  to  the  conies 
8u  S2,  Si  form  a  pencil  in  involntion,  is 

m 

-4ii>  ^i\j  On,  a?i,  0,  0, 
-4a>  ^mi  Ca>  0,  X2,  0, 
-^88>      -^S8)       ^88»      0,        0,      ajj, 

2^a,  2^a,  2C7a,  0,      x^,   x^, 

2^31,  2^31,  2C31,  «8,     0,    a:,, 

2^13,  2^12,  267,3,  a:.,     a?„    0 

Cor.  3. — The  Hermite  curve  of  >8fi,  S^^  ^%  in  Aronhold's  nota- 
tion is  the  product  of  the  three  determinants 


=  0.      (1040) 


«!    Ix    ^1 

Ix  Ci  \i 

Ci   Oi  \i 

tfj    ^2    A2 

X 

hi  Ci  X3 

X 

C%   02   X2 

=  0.    (1041) 

As    ^8    ^8 

h  H  K 

(^  Oi  X^ 

418.  In  the  same  manner  as  we  have  the  Jacobian  and  the 
Hermite  curve  of  three  conies  in  point  co-ordinates,  so  we  can 
have  a  Jacobian  and  a  Hermite  curve  of  three  conies  in  line  co- 
ordinates. Thus  the  Jacobian  is  either  the  envelope  of  lines 
whose  poles  with  respect  to  the  three  conies  are  coUinear,  or 
the  envelope  of  the  double  lines  of  pencils  in  involution  formed 
by  pairs  of  tangents  drawn  to  the  conies ;  and  the  Hermite  curve 
is  either  the  locus  of  points  whence  tangents  to  the  conies  form 
a  pencil  in  involution,  or  the  locus  of  all  the  double  points  of 
the  tangential  net  formed  by  the  three  conies. 

414.  We  have  seen  (§  380,  Cor.  5),  that  if  2i,  2a,  Sj  be  the 
tangential  equations  of  any  three  conies,  each  harmonically  in- 
scribed in  each  of  the  conies  >Si,  82^  S^f  then  every  conic  of  the 
tangential  net  /i5i  +  /2S2  +  h^  is  harmonically  inscribed  in  every 
conic  of  the  trilinear  net  piSi  +P2S2  4  ^3^3.     Now,  suppose 

PiSi -^^  piSi  +  PiSi  =  0 

to  break  up  into  a  line  pair  A, .  X'.  intersecting  in  P,  then  each 
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of  the  conies  ISi,  2s,  ^3  will  be  harmonically  inscribed  in  X. .  XV 
Hence  A,,  X'«  are  harmonic  conjugates  to  the  pairs  of  tangents 
from  P  to  the  three  conies  2i,  Ss,  ^3.  Hence  the  tangents  from 
P  to  2i,  2j,  Sa  form  a  pencil  in  involution,  and  X^  X',  are  the 
double  lines.  Hence  the  locus  of  Pis  the  Jacobian  of  81,  8%,  8^j 
and  also  the  Hermite  curve  of  Sd  ^9  Ss.  Also  the  envelope  of 
X„  X'.  is  the  Hermite  curve  of  8^  82,  8z,  and  the  Jacobian  of 
2i,  S3,  ^3 ;  or,  as  they  may  be  stated, 

J{S,8^8,)  ^  Ja^(2iS,2,), 

(1042) 

/(2A5,)  -  ^(^i««^,). 


C0NTEAVASIA2rrS. 

416.  The  equation  Xi*  +  X^*  =  0  is  the  product  of  the  two 
imaginary  factors  Xi  +  tX^  ='0,  Xi  -  iXj  =  0.  Hence  the  factors 
being  each  satisfied  by  the  co-ordinates  0,  0,  are  the  equations 
of  the  cyclic  points  (§§  62,  72).  In  other  words,  Xi*  +  X,*  =  0 
is  the  condition  that  the  line  \ix  +  Xay  +  X3  =  0  should  pass 
through  these  points.  Now,  if  2,  S'  be  the  tangential  equa- 
tion of  two  conies,  the  discriminant  of  2  +  ^2'  is 

and  the  discriminant  of  2  +  ^(Xi*  +  X3')  is 

Ai*  +  Ml  (flu  +  022)  +  ^{OiiOn  -  tfi3«) ; 

but  if  2  =  0  be  the  tangential  equation  of  a  conic  in  Cartesian 
co-ordinates,  flu  +  022  =  0  is  the  condition  that  it  represents  an 
equilateral  hyperbola,  and  anOn  -  <^\2  -  0  the  condition  that  it 
represents  a  parabola.  Hence,  if  in  any  tangential  system  of  co- 
ordinates we  find  the  invariants  of  a  conic,  and  the  cyclic  points, 
03  »  0  is  the  condition  of  the  conic  being  an  equilateral  hyper- 
bola, and  ®i  B  0  for  a  parabola.     Then,  since 

O  H  Xi» + Xa'  +  X3*  -  2X3X3  cos  -4i  -  2X3X1  cos  -4,  -  2X1X3  cos  -4,  •  0 
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is  (§  62)  the  equation  of  the  cyclic  points  in  trimetric  co-ordi- 
nates, if  we  fonn  Lam6's  equation  for  2  +  Isil,  we  get  the  con- 
dition for  an  equilateral  hyperbola 

<*!!  +  ^22  +  ^3  -  2rt33  COS  u^i  -  2a^i  cos  Ai  -  2eiia  cos  A^  «  0. 

(1043) 
For  a  parabola, 

All  Bin'^i  +  Azi  sin'^2  +  ^ss  sin'^s  +  2^2»  sin  At  sin  A^ 

+  2 An  sin  A^  sin  Ai  +  2-4i3  sin  -4,  sin  -^a,  or  (-4g,n^)*  =  0. 

(1044) 


1.  The  condition  that  an^i'  +  022:^2'  +  oss^s'  ->  0  should  be  an  equilateral 
hyperbola  is  an  +  <>33  +  ^ss  =  0.  But  this  is  the  condition  that  the  co- 
ordinates of  the  incentre  and  ezcentres  should  be  on  the  curye.  Hence 
the  locus  of  the  incentres  and  ezcentres^of  all  autopolar  triangles  of  an 
equilateral  hyperbola  is.  the  hyperbola  itself. 

2.  The  condition  that  anxt^  +  asi's^i  +  ^12^1^3  «  0  should  be  an  equi- 
lateral hyperbola  shows  that  an  equilateral  hyperbola  which  passes  through 
the  summits  of  a  triangle  passes  through  its  orthocentre. 

3.  If  8if  82  be  equilateral  hyperbols,  every  curve  of  the  pencil  81  ■¥  k8t 
IB  an  equilateral  hyperbola. 

4.  The  conic  x^l{a^  —  as')  +  x^j{a^  -  ai')  +  x^l{ai^  —  02')  =  0  which 
reciprocates  the  Brocard  eUipse  into  Eiepert's  hyperbola  is  a  parabola. 

416.  The  eovariant  F  of  any  eonie,  and  the  eycUe  points  is  the 
orthoptic  circle  of  the  conic. 

For  jPs  0  is  the  locus  of  points  whence  tangents  to  the  conic 
form  a  harmonic  pencil  with  lines  to  the  cyclic  points.  Hence 
the  tangents  must  be  at  right  angles,  and  therefore  F^  0  is  the 
orthoptic  circle.  Its  equation  is  got  by  substituting  for  ^n, 
-^13}  &c.,  in  equation  (990)  the  coefficients  of  Xi',  kf,  &c.,  in 
the  equation 

nHXi*  +  V  +  V-2XaA,  008^1-2X3X1 008^2-2X1X2  cos -45  =  0, 
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which  denotes  the  cyclic  points.    Thus  we  get  the  orthoptic 
circle  of  a,*  =  0  to  be 

2  (-4a  +  -4n  +  2^38  cos  ^i)  x^ 

+  22  (-4ii  cos^i  -  -4ia  cos -4a  -  Ayi  cos  A^  -  -4j,)avcs  =  0. 

(1045) 

To  show  that  this  equation  represents  a  circle,  it  may  be 
written  in  the  form 

sin  Ai  sin  A2  sin  A^ .  x^^  \x^  (-4^  +  -4s, 

+  2-423  cos  -4i)/8in  -4i  +  — } 

=  {A^^y .  {x^z  sin  Ai  +  x^i  sin  A2  +  XyX^^  bIu  -4,). 

(1046) 

If  a^  B  0  be  a  parabola,  {A^^)^  =  0,  and  the  locus  reduces  to 
'Zxi{Ati  +  u43,  +  2u4a  cos-4i)/sin-4x  =  0,        (1047) 
thus  giving  the  equation  of  the  directrix. 


1.  The  orthoptic  circle  of  a«*  +  kb^  »  0  is  the  net 

C«  +  *^  +  Jc^Ch  =  0,  (1048) 

when  4^  -  0  IB  the  orthoptic  circle  of  the  conic  which  is  the  envelope  of  lines 
•cutting  a«^  and  h^  harmonically. 

2.  Proye  that  the  directrix  of 

jri*/(«2'  -  «3')  +  ara^'/Cfls'  -  ai«)  +  ar,«/(tfi«  -  a,')  =  0 
is  the  diameter  of  Brocard. 

3.  Prove  that  the  directrix  of 

flixi*/(«s  -  «»)  +  a%X2^l{(h  -  ai)  +  fljars'/C^'i  -  fli)  =  0 
is  the  line  joining  the  incentru  and  circumcentre. 

4.  If  Sly  St,  Si  be  the  differentials  of  the  conic  S  with  respect  to  «i, 
jcs,  xzf  prove  that  its  orthoptic  circle  is 

BtS=Si'^-{'S2^  +  S;?-^2StSzOoaAi-\-2StSiCOBAf¥2SiS2COBA9. 

(Cathcabt.) 
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Foci. 

417.  Tlie  disciiminant  of  2i  +  k%%  =  0  is 

This  equated  to  zero  furnishes  three  values  of  k  which,  when 
substituted  in  2i  +  k%t  -  0,  gives  the  equations  of  the  thrive 
pairs  of  opposite  summits  of  the  complete  quadrilateral  formed 
by  the  common  tangents  of  2i,  S2.  If  S3  »=  0  denote  a  point 
pair,  say  /,  /,  Aa  vanishes,  and  we  have  a  quadratic.  This 
gives  two  values  of  k  which,  when  substituted  in  2i  +  ^Sa  =  0, 
gives  the  two  pairs  of  opposite  summits  of  the  quadrilateral 
formed  by  the  tangents  from  /,  /  to  2.  Hence,  if  /,  tT"  be  the 
cyclic  points,  these  summits  will  be  the  foci,  one  value  of  k 
corresponding  to  the  real  foci,  and  the  other  to  the  imaginary 
or  antifoci. 

418.  When  Sa  =  0  denotes  the  cyclic  points.  Si  +  iSa  =  0  is  the 
tangential  equation  of  a  conic  confocal  with  Si.  Hence,  form- 
ing the  corresponding  equation  in  point  co-ordinates,  we  get  the 
general  equation  of  a  conic  confocal  with  81.    Thus  we  get 

A,5i  +  ^F+;t>©i-0, 

where  F  denotes  the  orthoptic  circle  of  ^1,  and  ®i  the  condition 
that  81  should  be  a  parabola.  Hence,  forming  the  discriminant 
with  respect  to  k,  the  equation  of  the  foci  is 

F»  -  4Ai0iiSr,  =  0.  (1049) 

If  81  be  given  in  Cartesian  co-ordinates,  the  equation  of  the 
foci  is 

{^,5 («*  +  y»)  -  2A^iX  -  2^aay  +  ^n  +  u^aa)'  =  4AiiSi. 

(1050) 
This  is  obtained  by  putting  A*  +  /a*  for  Sa- 

419.  If  Si  =  0  be  a  parabola,  and  Sa  »  0  the  cyclic  points,  0] 
vanishes,  and  Lam6's  equation  reduces  to  Ai  +  ^a~0.  Then 
eliminating  k  between  this  and  Si  +  ^Sa,  we  get 

0aSi-AiSa  =  O.  (1061) 
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Hence,  for  Cartesiaii  co-ordinates,  the  equation  of  the  foci  is 

which  must  resolve  into  two  factors,  one  of  which  denotes  the 
focus  at  infinity,  and  the  other  the  finite  one.  One  factor  must 
ohviously  he  ^31X1  +  A^^  »  0,  and  the  other,  which  represents 
the  finite  focus,  is 

Xi{(aii  +  a«)^ii  -  Ai}/^3i  +  A«{(aii  +  <Ib)-4b  -  ^i]IA^ 

Hence  the  co-ordinates  are 

C^n  +  (hi)  An  -  Ai       (jhi  +  «a)^»  -  ^i 
(«ii  +  On)  Asi      '  (Oii  +  Osa)  Ays 

(1052) 

For  trimetric  co-ordinates,  since  the  co-ordinates  of  the  focus 
at  infinity  are  the  differentials  of  ®i  or  (-4^^^)*  with  respect  to 
sin-^i,  8in-42,  sin-^s,  say  0/^\  ©i^'^,  ©1^'^,  we  get 

(©3^n-AO/0i<^^     (®3^a-AO/0iW,     (©,^,3  -  AO/®!^. 

(1053) 

Thus  the  co-ordinates  of  the  focus  of  the  parabola 

are 

ai  sin'(-43  -  Ai)f     a3sin'(-4,  -  -4i),     fl38in'(-4i  -  A^) 

(1054) 
And  the  co-ordinates  of  the  focus  of 


«ia?iV(tf2  -  «3)  +  «2^V(«8  -  «i)  +  <h«8V(«i  -  ffj)  =  0 


are 


sin'  J  {Ai  -  -is),     sin'  J  {A^  -  -4i),     sin'  i  (-4,  -  ^,). 

(1055) 

These  are  the  co-ordinates  of  the  centre  of  the  hyperbola 
which  is  the  isogonal  transformation  of  the  line  joining  the 
incentre  and  circumcentre  of  the  triangle  of  reference. 
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DoxTBLE  Contact. 

420.  If  two  conies  Siy  82  have  doubU  eantaetf  their  eovariant  F 
is  a  oonie  of  the  pencil  hSi  +  ^^^2  ■>  0. 

Dem. — Let  the  triangle  formed  by  the  common  tangents  and 
the  chord  of  contact  be  the  triangle  of  reference ;  then  the 
equations  of  81,  8%  may  be  written 

and  the  eovariant  F  will  be 

which  is  of  the  desired  form.  The  same  thing  may  be  seen 
geometrically,  since  F  intersects  81,  82,  where  they  are  touched 
by  their  common  tangents,  that  is,  where  they  meet  their  com- 
mon chord,  it  passes  through  the  points  common  to  81,  82,  and 
belongs  to  the  pencil  li8i  +  I282  =  0. 

421.  If  81,  82  have  double  contact,  the  Jaeohian  of  81,  82,  and  F 
vanishes  identically. 


-For  J{8^,  82,  F) 


8i^'\  82^'^  F^'\ 
8i^^\  ^,<»),  FW^ 
8,^^\     82^%    J'^') 


(1056) 


And  since  (§  420)  Fsh8i  +  /^/S,,  if  we  multiply  the  first 
column  of  this  determinant  by  li,  the  second  by  I2,  and  subtract 
their  6um  from  the  third,  the  remainders  yanish.  Hence  the 
proposition  is  proved. 

8econd  Identical  delation. — If  the  conies  81,  82  have  double 
contact,  Lame's  equation  has  two  equal  roots,  and  the  double 
root  substituted  in  iSi  +  kS2  =  0  gives  the  square  of  the  chord  of 
contact.    Therefore,  for  that  value  of  k  the  reciprocal  of  8i  +  iS2 

2l 
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yanishes  identically.     Also  the  differentials  of  Lam6's  with 
respect  to  k  yanisli.    Hence  we  hare 

Si  +  ^*  +  it»Sa  =  0, 
0,  +  2k&2  +  3A«A8  «  0, 
3^1  +  2Jls®i  +  ^>03  =  0. 

Hence,  eliminating  k,  we  get 

2i,      *, 

®i,       202, 

3Ai,     201,     0, 

Third  and  Fourth  Identical  Relatiom, — If  two  conies  have 
double  contact,  their  reciprocals  have  donble  contact.  Hence 
if  we  employ  2i,  2s  instead  of  jSi,  8%,  we  get  the  two  following 
identities : — 

2/^^  5,(»5,  ^^'\ 
2i<^>,  23W,  ^12), 
2iW,    S^i'),    <E>w 


I 


2„ 
3A„ 


0. 


(1057) 


0. 


(1068) 


03,  2^201,     3A2, 

3Ai,     2Ai02,  0, 


0. 


(1059) 


CoNics  Conjugate  wrrn  respect  to  a.  QxTAnaiLATESAL. 

422.  Dep. — A  conic  is  said  to  he  conjugate  with  respect  to  a 
quadrilateral  when  the  polar  of  any  summit  passes  through  the 
opposite  summit. 

Let  the  pairs  of  opposite  summits 
be  A,  A';  JB,  B';  C,  C";  and  a,»  =  0, 
the  conic  referred  to  the  triangle 
ABC,  then  the  polar  of  the  point 
A  is 

aiiXi  +  Ou^Cj  +  ai,a?j  =  0. 
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And  since  this  must  pass  through  A*^  A'  is  the  intersection  of 

OiiXi  +  013^3  +  «i3a?j  =a  0  and  Xi  =  0, 

and  therefore  the  intersection  of 

ai2^2  +  ^19^8  =  0  and  Xi  »  0. 

Hence  A'  is  the  intersection  of 

^l<h\  +  ^s/^w  and  a?i. 
Therefore  the  line 

passes  through  A'.     Similarly,  it  passes  through  B*  and  C 
Henc-e  the  equation  of  A!B*G*  is 

A'B'C  is  the  axis  of  perspective  of  the  triangle  ABC  and  its 
polar  reciprocal. 

423.  The  equation  of  the  conic  can  he  expreeeed  eymmetrieally 
in  terms  of  the  equations  of  the  four  sides  of  the  quadrilaterdl. 

Dem. — Put    a?4  =  a?,/tf2s  +  ^l<h\  +  ^s/«i2.     Then  we  have 

Hence  the  equation  of  the  conic  may  he  written 

or  niiXi^  +  m^i^  +  m^^  +  m^^  =  0.         (1060) 

Reciprocally,  any  conic  whose  equation  is  of  the  form 

miX?  4  m^  +  n^^  +  m^xj^  =  0 

is  conjugate  with  respect  to  the  quadrilateral. 
For  the  polar  of  the  point  y  is 

Wh^i^i  +  m'^y%  +  m^x^z  +  m^p:^^  «  0. 

Hence  the  polar  of  the  point  A  (ya  =  0,  ys «  0)  passes  through 
^'(a?i  =  0,  OTa^O). 

2l2 


516  Invariant  Theory  of  Conies. 

Cor.  1. — ^If  a  conic  divide  two  diagonals  of  a  complete  qnadri- 
lateral  faannonicallj,  it  divides  the  third  diagonal  harmonically. 

(HsssB.) 
Cor.  2. — ^If  the  coefficients  mi,  m^j  m,,  m^  of  equation  (1060) 
be  all  equal,  the  conic 

miXi*  +  nh^i*  +  ffiaor,*  +  m^Zi*  =  0 

is  the  fourteen-point  conic  of  the  quadrilateral. 

For  the  equations  of  the  sides,  expressed  in  terms  of  the  aides 
of  the  diagonal  triangle,  are  of  the  forms 

and  when  these  are  substituted  for  Xi,  Xt,  x^,  Xi  in  equation 
(1060)  if  mi  =  nh^nh-mif  it  will  be  seen  that  the  diagonal 
tiiangle  is  autopolar  with  respect  to  the  conic. 

Cor.  3. — The  discriminant  of  the  conic  (1060)  is  5  —  =  0. 

mi 

424.  Any  three  eotiies  are  conjugates  with  respect  to  an  infinite 
number  of  quadrilaterals. 

Dam. — It  is  possible  in  an  infinite  number  of  ways  to  choose 
the  equations  of  four  lines  Xi,  x^y  x^^  x^^  so  that  any  three  conies 
Si,  829  Si  can  be  expressed  in  the  forms 

miXi*  +  m^fh*  +  WaTa'  +  m^Xi*  =  0,     n^Xi^  +  n^  +  n^^^  +  n^o^A's  0, 

PlXi^  +  i?2^2*  f  P3^3^  +  Pi,Xi^  =  0. 

For  each  of  these  equations  contains  explicitly  three  indepen- 
dent constants,  and  each  of  the  lines  Xiy  X2,  x^^  Xi  implicitly  two 
independent  constants.  We  have  thus  seventeen  constants  at 
our  disposal,  while  the  conies  ^1,  S2,  Sz  contain  only  fifteen 
independent  constants.     Hence  the  proposition  is  proved. 

Cor. — If  a  quadrilateral  be  conjugate  with  respect  to  three 
conies,  its  six  summits  are  points  on  the  Jacobian  of  the  conies. 

425.  Since  the  four  lines  Xi,  x^,  x^,  Xi  are  connected  by  an 
equation  of  the  form  A„  =  Xi,  and  we  may  suppose  the  constants 
Xi,  As,  As  included  in  ^1,  X2,  x^f  so  that  the  relation  may  be  written 
Xi  +  X2  -k-  Xz  +  Xi  =:  0.     Then,  if  we  solve  for  Xi\  x^,  x^,  x^  from 
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the  equations  of  the  conies,  and  denote  the  determinants 
(OTjns^i),  {nitn^pi),  (Win,|?a),  {niin^pi),  by  Ai,  -4,,  ^3,  ^4,  re- 
spectively,  we  get  Xi^,  x^,  x^\  x^  proportional  to  -4i,  -4j,  -^3,  -^4. 
Hence,  substituting  in  ari  +  «»  +  a?3  +  2:4  =  0,  we  have  the  con- 
dition  that  the  conies  /Si,  82^  S^  have  a  common  point,  yiz. 

or,  cleared  of  radicals, 

(2^i»  -  2S^i^a)*  =  6^AlJ^A^A^.  (1061) 

The  right-hand  side  of  this  equated  to  zero  is  an  invariant 
whose  vanishing  denotes  that  the  conies  have  an  autopolar  tri- 
angle. For  if  AiA^A^Ai  =  0,  some  one  of  its  factors  must  be 
zero,  say  Ai ;  then  the  conies  can  be  expressed  in  terms  of 
^1}  x%i  ^Z'  In  this  case  it  is  easy  to  see  also  that  it  is  possible 
to  determine  ^i,  ^,  Jg,  so  that  liSi  +  /giS^s  +  l^Sz  may  be  a  perfect 
square. 

NnXBEBS  OF  DffDEPENDENT  ImTABIAlTTS,  ETC.,  OP  TWO  CONICS. 

426.  It  has  been  proved  by  Gordon  (see  Clebsch,  p.  291 ; 
French  translation,  Eenoist,  p.  362)  that  two  conies  5i,  8^ 
given  by  their  trilinear  equations  have,  including  themselves, 
twenty  concomitants.  These  are — 1°.  Four  invariants,  namely, 
the  coefficients  Ai,  ©i,  ®a»  ^3  of  Lam6's  equation.  2®.  Four 
covariants,  namely,  81^  82,  F^  and  the  covariant  J^  which  repre- 
sents the  three  sides  of  the  autopolar  triangle  of  8^^  8%. 
8^.  Four  contravariants  2i,  S3,  $,  and  the  Jacobian  of  Si,  S^  ^y 
which  represents  the  three  summits  of  the  autopolar  triangle  of 
81, 82.  4°.  Eight  mixed  concomitants  (German  Zwischenformen). 
These  contain  both  point  and  line  co-ordinates,  and  may  be 
regarded  as  covariants  of  the  two  conies  iSi,  8%  and  the  line 
X,  =s  0.     They  are  as  follows  : — 


1°.  The  Jacobian  ifi 


8,^'\  8,('\  8,^'\ 
82^'^,  82^'\  /Sr^w, 


« 0.  (1062) 


618  Invariant  Theory  of  Conies, 

This  denotes  the  locus  of  a  point  whose  polars  with  lespect 
to  /9i,  8%  meet  on  A«.  It  is  also  the  locus  of  the  poles  of  A, 
with  respect  to  all  the  conies  of  the  pencil  8i  +  hS% »  0.  For 
the  standard  forms  of  8iy  8%  its  equation  is 

Kifln  -  <hi)  ^^  +  K{(h»  -  «ii)  «8«i  +  Ki^n  -  fl23)  «i«a  =  0. 


2°,  The  reciprocal  form  iVis 


V'\  Si^^  Si<'), 
S,(^\  S,w,  2,w, 


=  0    (1063) 


expresses  the  equation  of  the  line  joining  the  poles  of  X,  with 
respect  to  Si^  82^  or  it  may  be  interpreted  as  the  envelope  of  a 
line  whose  poles  with  respect  to  81^  8^  are  coUinear  with  the 
point  Xs  s  0.    For  the  standard  forms  the  equation  is 

(hi  {(hi  -  ^)  A^Asa?!  +  028  (<*33  -  «ii)  XjAiiCj  +  033  {an  -  a^)  kiX^  =  0. 

(1064) 
8°.  The  line  JTi,  whose  pole  with  respect  to  8%  is  the  same  as 
the  pole  of  A;.  =  0  with  respect  to  81,    For  the  standard  forms 

JTi  a  ehiAi^?!  +  OnA^a:,  +  a^X^pi^^  =  0.  (1066) 

4^.  .The  line  K2,  whose  pole  with  respect  to  iS^i  is  the  same  as 
the  pole  of  A«  =  0  with  respect  to  82.    For  the^standard  forms 

J^a  9  (hiOztKi^i  +  ^''iiAf^  +  (hi(hik^  =  0.       (1066) 

5^.  J{8ij  JTi,  \g)  differentiations  being  performed  with  respect 
to  Xi,  X2,  x^. 

6^.  J{82y  K2y  A.)  differentiations  being  performed  with  respect 

to  X\^  X2t  x^» 

7^.  </(Si,  Ki,  A»)  differentiations  being  performed  with  respect 

to  Aiy  A2,  A,. 

8^.  i7'(2s,  JTsi  A«)  differentiations  being  performed  with  respect 
to  Ai,  A,,  A«. 
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For  the  standard  forms,  these  mixed  concomitants  are,  respec- 
tively, 

{On  -  (hs)  ^iKK  +  («»  -  an)  ^^1  +  (<»ii  -  On)  x^KiX^  =  0.     (1 067) 

<hi*(«a2  -  «3s)«i\^  +  OnXon  -  an)aA^i  +  «»'  («ii  -  «2a)«8XiA«  -  0. 

(1068) 

aii(aa  -  asi)hs^^  +  <i22(«88  -  <»u)  A^a^i  +  fl»(aii  -  fl»)  Ajariic,  =  0. 

(1069) 

<laflM(«2a-flw)Xi«2a:8+^'88«ii(<^-^ii)  A4av?i+  <»ii«»(<»ii  -  «m)  Xaa?i«a  «  0, 

.    (1070) 

EXEBOISES. 

1.  If  two  iriangles  be  autopolar  with  respect  to  a  conic,  their  six  BummitB 
lie  on  another  conic. 

Let  a  conic  8  be  desciibed  through  three  summita  of  one  triangle  and 
two  Bummita  olthe  other,  which  we  take  for  triangle  of  reference.  Then 
because  S  circunscribes  the  first  triangle  an  +  oga  +  ^ss  =-  0,  and  because  it 
goes  through  tro  summits  of  the  triangle  of  reference  an  =  0,  od  ss  0. 
Hence  ass  ~  0,  aid  therefore  S  goes  through  the  remaining  summit. 

2.  In  the  samecase,  the  six  sides  of  the  triangle  touch  a  conic. 

3.  The  Jacobiai  of  any  conic,  its  orthoptic  circle,  and  the  line  at  infinity, 
giyes  the  axes  of  te  conic. 

A,  li  Whe  the  Jusobian  of  the  conic  a*'  b  0,  the  circle 

and  the  line  at  infinty,  the  discriminant  of  ^will,  after  remoTing  accents, 
be  the  axes  of  ««*  =0. 

6.  Any  two  trianges  in  perspectiye  are  polar  reciprocals  with  respect  to 
some  conic. 

6.  If  a  triangle  beiutopolar  with  respect  to  a  conic,  its  circumcircle  cuts 
the  orthoptic  circle  oxhogonally. 

7.  If  iS  s  a«'  s  0,  ue  conic 


(         an.asi\ 


passes  through  all  thepoints  of  intersection  of  non-coiresponding  tides 
of  the  triangle  of  ref eince  and  its  self  reciprocal  with  respect  to  S, 

(Nbubi&o.) 
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8.  If  two  of  the  vertices  of  a  self-conjugate  triangle  'with  respeot  to  8 
lie  on  S^f  the  locus  of  the  third  vertex  is  e'iS  -  AiS*  =  0. 

Dbv. — Th$  locus  of  a  point  whence  tangenU  to  a  conic  make  a  gimi  angU 
%9  called  the  isopno  cukvb  of  the  conio. 

9.  If  8  he  the  conic,  X  its  orthoptic  circle,  prove  that  the  isopic  curTo* 
for  the  angle  ^  is 

10.  If  the  lines  A«  =  0,  X's  =  0  intersect  on  the  conic  a«'  «  0, 

011 1      013|      AlSy      ^1)      a'ii 
021}      On,      033,      XZi      A>'2| 

«si,     aj2,     «M,    X8,    Vs,        =0.  (1071) 

A.i»      As,      ?iSf     0,      0, 
X'l,     X'j,     X's,     0,      0 

11.  Transform  the  central  conies 

aii«i*  +  onXi^  +  2ai2X\x%  =  1,    bnxi*  +  iaaa:*'  +  2ft3i«i«!i  «  1 

to  a  system  of  common  conjugate  diameters. 

12.  The  points  of  section  of  two  concentric  conies  lieon  two  diametera 
which  form  a  harmonic  pencil  with  their  pair  of  ommon  conjugate 
diameters. 


Method  op  Idxntitibs. 

To  demonstrate  certain  properties  of  conies  it  is  ofta  useful  to  consider 
the  equation  of  the  curve  under  two  different  forms.  The  following  exer- 
cises will  illuBtrate  the  method : — 

13.  V.  It  a  conic  S  pass  through  the  points  of  infrsection  of  the  conioa 
8i  and  S2,  and  also  through  those  of  the  conies  Sz  tai^if  the  eight  points  of 
intersection  of  the  conies  Si  and  Sz,  S2  and  Si,  lie  01a  conic. 

For  the  identity    aSi  -  bSz  s  cSz  -  dSi  gives  aS-  cSt  s  bSz  -  d8i,Ac^ 

Cor. — The  intersections  of  the  three  pairs  of  oppfiite  sides  of  a  hexagon 
inscrihed  in  a  conic  lie  on  a  right  line. 

If  ABCDEF  he  the  hexagon,  and  we  take  for  1,  8%,  83,  Si  the  pairs  of 
lines  {AD,  BC),  {AS,  CD),  {AD,  EF),  {DE,  M),  the  conic  a8i  -  c8% 
consists  of  the  line  AD  and  the  line  pasi^g  through  the  points- 
{BC,  EF),  (AB,  DE),  {CD,  AF), 
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2f*.  Let  xiyizi,  Xfy2Z%^  ...  be  the  trilinear  co-ordinates  of  six  points 
A\y  Aiy ...  on  a  conic  ^.  Then  from  the  six  equations  of  condition  we 
got 
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Adding  to  the  first  column  multiplied  by  A.'  the  successiye  columns  mul' 
tiplied  respectively  by  /u^  y\  2fir,  2y\,  2A/a,  the  elements  of  the  first  column 
become  {\Zi  +  iiyi  +  w*)*  or  8i*  (i  =  1,  2,  . . .  6).  Developing  this  determi- 
nant according  to  the  elements  of  the  first  column,  if  ^i,  B29  . . .  denote  the 
corresponding  minors,  we  shall  have  the  relation 

J181'  +  ^282'  +  ^s«a'  +  ^484*  +  ^6«5'  +  ^eJe'  =  0, 

which  should  be  true  for  all  values  of  X,  /i,  v. 

Now  Zi  is  proportional  to  the  distance  of  the  point  Ai  from  the  line 
Xz  -V  fiy  +  vz  =  0  \  thus  there  exists  a  homogeneous  linear  relation  between 
the  distances  of  six  points  on  a  conic  from  any  line  in  its  plane. 

Let  us  now  consider  A,  ^,  ^  as  tangential  co-ordinates.  The  equation 
8<  =  0  represents  the  point  Ai ;  from  the  identity  (1)  we  conclude  that  the 
equations 

J181*  +  ^j52*  +  ^383'  =  0,     BiZi^  +  ^6«6»  +  Bttt*  =  0 

are  identical.  Kow  each  represents  a  conic  autopolar  with  respect  to  the 
triangle  iiMs  =  0,  or  iiMe  —  0.  Then  if  two  triangles  AiAzAs^  BiBtBz 
are  inscribed  in  the  same  conic,  they  are  also  autopolar  with  respect  to 
another  conic. 

9*.  From  (1)  the  equations 

are  identical;  the  first  represents  a  conic  autopolar  with  respect  to  the 
complete  quadrangle  A]A%AiAi  (two  opposite  sides  are  conjugate  with 
respect  to  the  curve)  ;  the  second  represents  two  points,  harmonic  con- 
jugates with  respect  to  ^5  and  ^6>  Then,  if  a  conic  be  inscribed  in  a  quad- 
rangle ^i^2^3^4,  there  exists  on  a  chord,'.^6'<^6  two  points  if,  if,  which  are 
separated  harmonically  by  the  couples  {A1A2,  AzAi)^  {AiAz^  A%Ai)^ 
(AiAi,  AtAz).    This  is  the  theorem  of  Detarffuet. 
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4*.  If  fiz  pun  of  points  AiAi\  AtAt  ....  be  conjugate  witH  reepect  to 
■a  coniCy  wo  eaa  deouMutnte  es  above  tbat  we  haTO  identicdly 

^i»iar+  BtMt  + . .  .  +  BtZM  =  0, 
wfaere  >■  =  Axj  +  /Ay,-  +  icj,  8.-  =  Ajr^'  +  #iaf.'+vXi'»  Ac. 

5*.  If  8isaJ  =  0,    ^s»«'  =  0,...S^>i/«'»0 

be  tax.  conies  barmonically  drcomscribed  to  tbe  same  oonk,  their  eqnataons 
are  connected  by  an  identical  relation  XliSi  »  0. 

Dem. — Let  2  =  0  be  the  tangential  equation  of  the  oonic  to  which  ^i, 
S3,  Ac.,  are  hannonically  dxcnmBciibed,  then  we  haT6  six  eqaatioDs  con- 
sisting of  the  piodocts  of  2,  and  the  coefficients  of  ^1,  St,  Ac. ;  and, 
aatiiig  the  coefficients  of  2,  we  get  the  determinant 
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=  0. 


Now,  multiplying  the  columns,  respectively,  by  xi\  X2\  Sz\  2xtXz,  ^rt/ci, 
'2xiXtf  and  adding  to  the  first,  the  determinant  will  be  changed  into  one  whoee 
first  column  will  be  Si,  Si,  . ..  S^.  Hence,  denoting  the  minors  of  an,  ^n, 
&c.,  by  /i,  hf  &c.,  we  have  2liSi »  0. 

Cor.  1 . — If  Si,S2,">  S%  represent  line  pairs,  we  have  P.  Ssrrbt^s  theorem 
that  if  six  line  pairs  xix'u  x^x't, . . .  x^'t  be  conjugates  with  respect  to  the 
same  conic,  they  are  connected  by  a  linear  relation  ihxix'i  s  0. 

Offr,  2.  —If  the  line  pairs  coincide,  Serret's  theorem  becomes — **  If  six 
lines  wi,  X2,. ,  .xthe  tangents  to  the  same  conic,  their  squares  are  connected 
by  a  linear  relation  S/ixi*  =  0." 

Cdr,  3.— If 

/i«i*  +  fe«»'  +  hxt^  =  0,     and    hxi^  +  to'  +  to*  =  0, 
by  addition,  hxi^  +  to'  •  •  -  to'  »  0, 

and  we  have  the  theorem  of  Ex.  1,  If  two  triangles  be  autopolar  with  respect 
to  the  same  conic,  their  six  sides  touch  another  conic. 
Cor.  4.— If  2/i«i'  =  0,  then 

hxi^  +  to'  +  to'  +  to'  =  -  (to'  +  to'). 
Hence  the  left-hand  side,  equated  to  zero,  denotes  a  line  pair  forming  a  har- 
monic pencil  with  x^  x^  and  dividing  harmonically  the  three  diagonals  of 
the  quadrilateral  formed  by  xi,  xt,  X3,  Xi, 


Invariant  Theory  of  Conies.  523 

C&r,  6. — If  xi,  x%i  xzy  Xi,  xt  be  any  fiye  lines,  no  three  of  which  are  eon- 
ourrent,  and  /i,  ^,  .  . .  /s  multiples  which  make  ^\X\^  a  perfect  square,  the 
enyelope  of  the  line  whose  square  it  denotes  is  a  conic  which  touches  the 
fiye  lines. 

14.  ProYe  that  the  tan^ntial  equation  of  the  centre  of  the  conic  a^  »  0  is 

^.^riB^  =  0.  (1072) 

16.  If  a  cirde  be  harmonicallj  circumscribed  to  a  parabola,  the  locus  of 
its  oentre  is  the  directrix. 

16.  If  a  cirde  of  giyen  radius  be  harmonically  inscribed  in  a  parabola, 
the  locus  of  its  centre  is  a  parabola. 

17.  Transform  the  conic 

8m(xi^^x%^'VXi^)^(i   (§406) 

to  the  triangle  formed  by  the  poles  of  the  lines  a«  «  0,  &«  «  0,  Cm  -  0. 

The  substitutions  are : — 

xi  =  aiX\  +  h\Xz  +  c\XZi 

x%  =  a2a?i  +  ^a  +  cjOTj, 

x^  s=  ti^\  +  hi!K%  +  ^3373. 
Then 

S  B  8\X\*  +  8^%^  +  8i^^  +  2Rt3flc^z  +  2Rz\x^\  +  2Bi^iXt  =  0, 

(1073) 

and  the  equations  of  the  four  conies  /,  /i,  J%y  Jz  cutting  orthogonally  the 
conies  flf-  (a,»),  8-  {h»)\  8  -  {c,)\  {  (406),  are 

8-(xx  ±X2±xzf  =  0.  (1074) 

18.  The  equations  (1074)  can  be  expressed  in  terms  of  the  anharmonic 
angles  of  the  conies ;  for  we  haye 

/s(l-iSi,  l-82y  1-8%,  1-^83,  1-J?8i,  l-i2i2)(«i,«a,  *8)'  =  0. 

(1076) 
And,  putting 

l-JJM  =  V(l-5a)(l-5i)C08  4fi, 

1  +  J?a  =  V(l-52)(l-iS8)  cos  f  1,  &c. 
Then,  if 

8\  =  COS^/»i,      82  =  COs'pj,      8z  «  C08'/»3, 

we  get 

/  a  (1,  1,  1,  -cos^i,  -cos^^,    -cosif's)('i8inpi,  a^sinpa,   «isinpi)*  =  0. 

(1076) 

J\  a  (1,  1,  1,      cos  i(ri,  -  cos^'s)  -  cos^^'s)  {x\  siupi,  x%  sin  pa,  Xz  sin  ps)*"  0. 

(1077) 

/{■(I,  1,  1,  -cosif^'i,     0061^,    -oosif^'sX^isinpi,  aPawnpa,  «s8inps)»  =  0. 

(1078) 

«73b(1,  1,  1,  -ooeiff'i,  -cosif^'a,      cosf8)(«i8inpi,   x%t&sipi,  arssinpa)'  =  0. 

(1079) 
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19.  Each  of  the  four  orthogonal  conies  J^  Ji,  J%y  /s  has  double  cojotact 
with  four  other  conicB,  the  chords  of  contact  being  in  each  case 

xivaxipi±  X2farip%±  Xztxn.^=^(i,  (1080) 

20.  Through  three  given  points  can  be  described  four  conies,  each  haTzng 
double  contact  with  a  given  conic  S, 

This  is  a  particular  case  of  the  four  orthogonal  conies  J^  Ju  Ji,  Jtt  UAinely, 
when  /S -(«,)•,  8-(b»)^,  8-{cgY  denote  line  pairs;  but  we  can  give  an 
independent  proof.     Thus,  let 

5  s  ifi*  +  ara'  +  x:?  -  2xiXz  cos^i  -  2xzxi  qioaA%  -  2dri«s  cos jla  =  0. 

Then  the  four  conies  are 

S~{xi  ±  a:a  ±  r3)»  =  0.  (1081) 

21.  The  four  conies  (1081)  have  each  double  contact  with  each  of  four 
others,  viz,, 

8—  {xi  cos  (-42  -  -^s)  +  xg  cos  (^3  -  A\)  +  Xi  cos  {Ai  -  -4j) }  =  0, 

(1082) 

and  three  others  got  by  changing  the  signs  of  Ai,  A^t  A^  in  this  equation. 

In  these  exercises  A\^  A^,  A3  have  been  used  for  facility  of  demonstra- 
tion, and  are  not  necessarily  the  angles  of  a  triangle.  In  other  words,  the 
equality  Ai -^^  A2  +  Az  -  tt  need  not  hold ;  in  fact,  the  angles  may  be  even 
imaginary. 

22.  Find  the  conditions  that  three  conies  ^1,  St,  Sz  may  have  double  con- 
tact with  the  same  conic.  ' 

23.  The  polar  triangle  of  the  middle  points  of  the  sides  of  a  triangle  ABC 
with  respect  to  any  conic  is  a  triangle  equal  in  area  to  ABC.       (Fattkb.) 

24.  State  the  polar  reciprocal  of  Exercise  21 . 

25.  Given 

81  s  aizi^  +  aaica'  +  azxz^  =  0,     82^  ^la-'i'  +  *a«a'  +  ^s'  —  Of 
find  the  envelope  of  A«  =  0,  if  the  tangent  pairs  to  ^1,  8%,  where  they  meet 
\xt  intersect  on  a  conic  of  the  pencil  ^Si  —  kSi  =  0.     If  the  conic  on  which 
the  tangent  pairs  intersect  be  ci  x  i^-¥C2X2^-\-  czX^  =  0,  the  required  envelope  is 

-—  an'  +  -^  a?2-  +  -  -  x^  =  0.  (1083) 

Ci  e-i  cs 

26.  Prove  that  the  conies  Si,  82,  and  (1081)  are  inscribed  in  the  same 
quadrilateral. 

27.  The  Jacobian  of  the  three  conies  8i,  82,  8i  (§  424),  is 

Aijxi  +  A2IX2  +  Azjxz  +  AilxA  =  0,  (1084) 

and  the  Hermite  curve  is 

(A.a+A3-Xi)-4Ai«+(X3  +  Xi-X8)-»As«+(Ai  +  A.t-A3)CXs»-"i)XiXsXs  =  0. 

(1086) 
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Miscellaneous  Exercises. 

1.  The  two  lines  forming  any  of  the  three  line-pairs,  joining  four  oon- 
cyclic  points  on  a  conic,  are  equally  inclined  to  either  axis. 

2.  The  axes  of  all  conies  passing  through  four  concyclic  points  are 
parallel. 

3.  Find  the  equation  of  the  circle  whose  diameter  is  the  normal  at  the 

origin  to  the  conic  az^  +  2?ixy  +  iy*  +  2/y  ■=  0. 

Ans,  h  (a?*  +  y»)  +  2/y  =  0. 

4.  Find  the  locus  of  a  variahle  point,  if  the  perpendicular  from  a  fixed 
point  on  its  polar  with  respect  to  (a,  b,  e,  j\  y,  A)  {x,  y,  1)*  =  0  he  constant. 

5.  If  two  lines  he  at  right  angles  to  each  other,  the  diameters  with  respect 
to  them  of  the  tiiangle  of  reference  meet  on  the  line 

ocos^ +  /8cos5  +  7COsC7=0,  (M*Cay.) 

6.  If  «  he  the  Brocard  angle  of  the  triangle  of  reference,  prove  that 
(a'  +  i3'  +  72)Bin«-{/37sin(^-«)  +  7a8in(5-«)  +  ai8sin(C7-«)}  =  0 

is  the  equation  of  its  Brocard  circle. 

7.  The  locus  of  the  point  of  intersection  of  the  polars  of  any  point,  with 
respect  to  two  conies,  is  a  oircumconic  of  their  common  self -conjugate  tri- 
angle. 

8.  Find  the  locus  of  the  pole  of  the  line  A.«  =  0  with  respect  to  a  system 
of  confocal  conies  given  hy  their  geiieral  equation. 

9.  Ifi9=0,  /S'  =  Ohe  two  circles  in  trilinear  co-ordinates,  and  m,  m' 
their  moduli,  find  the  equation  of  their  radical  axis. 

Arts.     mfS-  mS'  =  0. 

10.  Find  the  locus  of  a  point  from  which  tangents  to  two  given  conies 
are  proportional  to  their  parallel  semidiameters. 

11.  If  two  figures  he  directly  similar,  and  if  corresponding  points  he 
conjugate  with  respect  to  a  given  circle,  the  locus  of  each  is  a  circle,  and 
the  envelope  of  their  line  of  connexion  a  conic. 

12.  The  directrix  of  a  conic,  and  any  two  rectangular  lines  through  the 
focus,  form  a  self -con  jugate  triangle  with  respect  to  the  conic. 

13.  The  equation  of  a  tangent  to  a  conic  may  he  written  a;  cos  ^  +  y  sin  ^ 
.  tfy  =  0,  the  origin  heing  the  focus,  and  7  s  0  a  directrix. 

14.  If  two  points  on  a  conic  subtend  a  given  angle  at  a  focus,  the  locus 
of  the  intersection  of  the  tangents  at  these  points  is  a  conic,  having  the  same 
focus  and  directrix  ;  and  so  also  is  the  envelope  of  their  chord. 
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16.  If  two  semidiameters  of  an  ellipse  make  a  given  angle,  the  line  join- 
ing their  extremities  meets  its  envelope  at  the  point  in  which  it  meets  a 
symmedian  of  the  triangle  formed  by  it  and  the  semidiameters. 

(B'OCAOXX.) 

16.  If  two  tangents  to  an  ellipse  intersect  at  a  given  angle,  their  chord 
of  contact  meets  its  envelope  at  the  point  in  which  it  meets  a  symmedian  of 
the  triangle  formed  by  it  and  the  tangents.  {IMd.) 

17.  Given  the  base  and  area  of  a  triangle,  prove  that  the  locns  of  its 
symmedian  point  is  a  hyperbola. 

18.  A  circle  S  passes  through  a  fixed  point  0,  and  intersects  a  fixed  citele 
in  a  varying  chord  Z.  Show  that  if  X  envelops  any  curve  given  by  its 
polar  equation,  with  0  as  the  origin,  the  polar  equation  of  the  envelope 
of  8  may  be  at  once  written  down;  and  hence  show — 1**.  If  8  envelop 
a  conic  concentric  with  0,  L  will  envelop  a  conic,  having  0  as  focus. 
V,  If  8  touch  a  line,  L  wiU  envelop  a  conic. 

(Mr.  F.  Pussbb,  f.t.cd.) 

19.  Two  conies  27,  r  are  taken;  U  inscribed  in  a  triangle  ABC; 
r  touching  the  sides  ^C,  JBCin  A,  B»  Prove  that  the  pole,  with  respect 
to  Uofa,  common  chord  of  U,  F,  lies  on  V.  {Ibid,) 

20.  The  locus  of  the  centre  of  a  conic,  self -conjugate  with  respect  to  a 
given  triangle,  the  sum  of  the  squares  of  whose  axes  is  constant  is  a  circle. 

(Faubb.) 

21.  If  a  variable  conic  8*  be  harmonically  inscribed  in  two  fixed  conies 
Si,  82,  the  locus  of  the  centre  of  perspective  of  the  triangle  of  referenee, 
and  its  polar  reciprocal  with  regard  to  8*,  is  a  conic. 

22.  Two  concentric  and  coaxal  conies  V,  V  are  such  that  a  triangle  can 
be  inscribed  in  U,  and  circumscribed  to  V.  Show  that  the  normals  to  V  at 
the  summits  are  concurrent,  and  that  the  locus  of  their  centre  of  concur- 
rence is  a  coaxal  conic.  (Mr.  F.  Purser,  f.t.c.d.) 

23.  If  a  self- conjugate  triangle,  with  respect  to  a  conic  section,  be  inde- 
finitely small,  the  radius  of  its  circumcircle  is  half  the  corresponding  radius 
of  curvature. 

24.  If  a  triangle  be  formed  by  three  consecutive  tangents  to  a  conic  sec- 
tion, the  radius  of  its  circumcircle  is  one-fourth  the  corresponding  radius  of 
curvature. 

26.  If  a,  fi,  y  be  the  normal  co-ordinates  of  a  point  in  the  plane  of  a 
triangle,  through  which  are  drawn  parallels  to  the  sides  meeting  them 
respectively  in  the  points  1,  4 ;  2,  6 ;  3,  6  ;  prove  that  the  trilinear  co- 
ordinates of  the  centre  of  the  conic  inscribed  in  the  hexagon  123466  are 

J(a  +  *Bin(7),     J  (^3  +  csin.4),     Ky-^adnB). 
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26.  The  locns  of  the  points  of  contact  of  tangents  from  the  point  a'/S'y' 
to  the  system  of  conies  afi  a  ky^  when  k  yaries,  is  the  conic 

a      0      27' 
a       3        7 

27.  If  «  Tarj,  the  locus  of  the  points  of  contnot  of  tangents  from  x'y'  to- 

«» + y» « «V  w  («*' + yylK^ + y') = 777. 

28.  The  locus  of  a  point,  whose  polazs  with  respect  to  two  circles  meet 
on  a  giyen  line,  is  a  hyperbola. 


29.  The  equation  Va  sin^^  -f  ViSsin^  +  V-7  8inC=  0  denotes  a  hy- 
perbola whose  asymptotes  are  parallel  to  the  lines  a,  /3. 

30.  If  a  circle  whose  diameter  is  d  passes  through  the  origin  and  inter- 
sects the  conic  (a,  h,  c^Jy  g^  h){xy  p,  1}'  =0  in  four  points,  whose  radii 
Tectores  are  pxy  p2,  pi,  pit  prove  that 

piptPiPi{ih^-\-(a-by}h^cd*, 
81.  The  lines  through  the  origin,  and  the  intersections  of 

(a,  b,e,f,ffth)(x,y,  1)2  »  0,  with  Aa?  + /uy  +  ir  =  0, 
are  at  right  angles  if 

32.  In  the  same  case,  the  locus  of  the  foot  of  the  perpendicular  from  the 
origin  on  Xa?  +  /ity  +  y=  0  is  the  circle  (a  4-  b)  (a?2  +  y*)  +  2yj?  +  2/y  +« a  0, 
and  the  enyelope  oi  ?<x  +  fjiy  +  y  =^  0  is  the  conic 

e{{a  +  *)(«*  +  y«)  +  2^a?  +  2/y +  1?}  =  {fx-gyf. 

33.  If  the  axes  be  oblique,  find  the  equation  of  the  rectangular  hyperbola, 
making  intercepts  A,  K'\  fi,  fi  on  them. 

34.  Find  the  condition  that  xx-^-  fig+y^O  should  be  normal  to 

a'       tr 

^       a»      *>      tf« 

35.  Find  the  equation  of  the  locus  of  the  centre  of  a  conic  touching  the 
four  right  lines 

aaxcosa-f  ysina-pisO,    iS  b  d; cos i9  +  y  sin iS -i^s  =  0,   &c. 

(P&OF.  GUUTIB,  8.J.) 
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As  in  Ex.  3y  Art.  188,  from  the  giyen  conditionB  we  have  four  equations  of 

the  form 

A  B  2R   , 

•— ■  coe'a  +  -  sin'a  +  -73-  sin  a  cos  a  =  |Ji  (2a  +  pi). 

COG 

Hence,  by  elimination, 

cos'o,       sin-o,      sin  a  cos  a,      pi  (2a  +^1), 

ooe'/3,      sin'iS,      sin  j3  cos  3,     ^2  (2/3 +173), 

coe«7,      8in«7,      sin  7  cos  7,     ^3  (27  +  ^3), 

oos^8,       sin^S,       sin  8  cos  S,      pi  (28  +  p^ 


=  0, 


which  is  the  required  equation.     If  the  determinant  be  expanded,  and 

putting  .    A     .     A     .     A 

/  =  sm  187 .  am  78 .  sin  S/S,  &c.,  we  get 

L  s  (pi(2a+i?i)  - mp%{2fi  +^2)  +  npi(2y  +^3)  - rpi{2^  +^4)  «  0, 

and  the  origin  being  transferred  to  any  point  of  the  locus,  by  putting 
P\  —  ^  Pi  =  fit  &c.,  this  becomes  L^lc?  -  tnfi'^  +  ny^  —  r8*  =  0,  which, 
though  apparently  of  the  second  degree,  is  only  of  the  first ;  for,  on  substi- 
tuting X  cos  a  +  y  sin  a  -  pi  for  a,  &c.,  the  coefficients  of  ^r*,  xy,  y^  yanish 
identically. 

36.  If  the  equation  in  Ex.  35  be  written  in  the  form 

we  infer  that  a  parabola  may  be  described,  having  the  triangle  afiy  as  self- 
conjugate,  and  touching  L  at  the  point  where  it  meets  S.  {Ibid.) 

37.  In  the  same  case,  prove  that  la^  —  m0^  =  0  is  a  pair  of  common  tan- 
gents to  the  parabolas  rt'  +  Z  ^  0,  #17*  —  Z  =  0,  and  717*  -  rS*  =  0  a  pair 
of  common  tangents  to  the  parabols  tnfi^  +  X  =  0,  /a*  -  X  =  0,  and  that 
the  former  pair  intersects  the  latter  on  X. 

38.  If  a  vary  in  position  while  /3,  7,  8  remain  fixed ;  then,  if  a  touches 
a  fixed  conic  to  which  /3  and  7  are  tangents,  the  envelope  of  X  is  a  conic. 

(iJW.) 

39.  Given  three  tangents  to  a  conic,  and  the  sum  of  the  squares  of  its 
axes,  the  locus  of  its  centre  is  a  circle.  (Stbinbr.) 

'  40.  The  distances  of  three  points  P,  Q,  i?  on  a  conic  from  either  focus  are  in 
arithmetical  progression.    If  QiVis  the  normal  at  Q,  prove  that  NF  =  JVi?. 

(Crofton.) 
41.  If  the  joins  of  the  points  in  which  {a,  d,  e,  /,  ff,  h)  {a,  fi,  7)'  meets 
the  sides  of  the  triangle  of  reference  to  the  opposite  vertices  form  two  triads 
of  concurrent  lines ;  prove  abe  —  2fffh  —  ap  —  bff^  -  ch^  =  0. 


MUcellaneoua  ExereUeB.  529 

Compare  the  equation  with 

IF 9?^  mnCff^  +  «»y  -  {mW  +  m'n)  fiy  -  {nt  +  n'l)  ya  -  (/m'  +  fm)  0/8  «  0, 
•^hicb  meetB  the  sides  in  points  whose  joins  with  the  opposite  verticefl  are 
iihe  two  ooncnirent  triads  /a  =  m/9  =  #17,    I'a,  =  m'0  =  n'y. 

42.  Find,  in  this  manner,  the  equation  of  the  nine-points  ciroloy  the 
Hiemoine  circle,  the  inscrihed  conic,  and  the  inscribed  circle,  &o. 

43.  li  \,  /I,  V  denote  the  perpendiculars  from  the  angular  points  on  a 
tangent ;  prove  that  A.*tan  ^  +  ft'  tan  ^  +  1^  tan  C  «  0  denotes  a  circle. 

44.  From  last  Example  proye  by  reciprocation,  if  («'  +  mfi^  + 17*  «  0 
denote  a  circle,  that 

tan  4^1   tan  ^  tan  ^ 


Z    ■    AM    *    M    •   * 


a 


a     *     A'l    *    1,'a   * 


^'*         7' 


^where  a ,  fi',  Y  denote  the  co-ordinates  of  the  centre,  and  ifi>  ^9  ^  the 
Angles  subtended  by  the  sides  at  the  centre. 

46.  Four  concentric  equilateral  hyperbolas  can  be  described,  haying  the 
four  triangles  formed  by  any  four  arbitrary  lines  as  self-conjugate. 

46.  If  through  any  point  in  the  axis  of  perspectiye  of  a  triangle  and  its 
orthique  triangle  parallels  be  drawn  to  the  three  sides,  these  parallels  meet 
the  sides  in  six  points  which  are  on  an  equilateral  hyperbola. 

47.  In  a  given  conic  inscribe  a  triangle  whose  sides  shall  pass  through 
^ven  points. 

Let  the  given  conic  be  afi  =  7*,  the  given  points  abCf  a'b'e',  a*'b"c'\  and 
the  parametric  angles  of  the  angular  points  of  the  inscribed  triangle 
^,  0^,  0";  then,  putting  < stand,  &c.,  we  have  (Art.  160)  the  three 
equations 

-a +  *<<'-<?(*+ 0  =  0,    a'  +  4Y<"-tf'(<'  +  O«0,    tf"4-i"<"<-«"(r  +  <)-0. 
Hence,  eliminating  <',  t",  we  get  a  quadratic  in  i,  viz. : 

+  (aV  +  yoa"  -  (fac"  -  e'a"e) «  0, 

where  A  denotes  the  determinant  {ab'o").  Hence,  in  general,  two  triangles 
>'^  -can  be  inscribed :  the  condition  for  only  one  is  the  equation  in  <,  having 
:j'X'  equal  roots.  Hence,  if  two  of  the  points  be  given,  and  the  third  variable, 
's3'^    its  locus,  so  that  only  one  triangle  can  be  described,  is  a  conic. 

10^-.         48.  The  conies 

•^^  111  -  /-  r- 

ntrii^  -+«  +  -«0,     ainJ^.Va+sinJ^.Vii+siiiJC.VT^aO, 

0  ^  ft     0     7 

«Te  oonfocal.  (Lbmoznb.) 

2m 
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49.  In  the  same  case,  the  symmedian  point  of  the  triangle  formed  by  the 
centres  of  the  escribed  circles  of  the  triangle  of  reference  is  the  common 
centre  of  the  conies.  (Lexoixb.) 

60.  Let  {A,  B)  and  (a,  fi)  be  the  principal  semiazes  of  a  confocal  ellipse 
and  hyperbola  through  any  point  F ;  draw  the  tangent  to  the  ellipse  at  P ;  let 
X,  The  the  points  where  it  meets  two  tangents  perpendicular  to  it  to  any 
confocal  ellipse  (o,  b) ;  proye 

ZP .  Pr  =  /5»  +  «».  <Croftow.  ) 

61.  A  triangle  is  inscribed  in  z'  -f  y*  —  s*  =s  0,  and  two  of  the  sides  tonch 
ffs*  +  ^'  —  Alt'  B  0 ;  find  the  envelope  of  the  third  side.  (Salmon.) 

The  condition  that  \«  +  /xy  +  ke  shall  touch  ax^  +  hjf*  -  a^  ^  0  is 

X«      M*      t^     n 

a       d        c 

and  denoting  (Art.  169,  Cor.  2)  the  parametric  angles  of  the  yertices  of 
the  triangle  inscribed  in  ;e'  +  y*  —  s'  s  o  by  6,  $'t  9",  the  equation  of  the 
join  of  $,  $"  is 

«cosKe  +  O  +  y  sin} (e  +  0")  -  scos} («  -  fl")  =  0. 
Hence  the  condition  for  this  touching  od;'  +  3^*  ~  «s'  =  0  Ib 

cos«i(e  +  a")      sin'}(6  +  n     C08U(tf-O      a 

+ 1 •  —  ' =  0; 

a  b  0 

tbat  is, 

or,  say,  ^  +  m  cos  9  cos  0"  +  »  sin  B  sin  9^'  =  0. 

In  like  manner,  we  get 

/  +  in  cos  0'  cos  9"  +  fi  sin  9'  sin  9"  s  0. 

„  mcosa"     _cos}(a  +  0      using''        sin}(a  +  tf*) 

ence  ^       «__|___,  ^      =-^^.-___^, 

Now  the  chord  of  x'  +  y'  —  s'  =  0,  which  is  the  join  of  the  points  9,  g',  ii 
a;c08}(d  +  O  +y8inj(d  +  0') -«cosi(0  -  d')  «  0. 
Hence  mx  cos  9"  +  ny  sin  9'*  ■\-Uss  0, 

and  the  enyelope  is  mV  +  fi'y'  -  W  e  0. 


^ 
J 
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62.  The  equation  of  a  eonic  confocal  with 

^«(«,  *,  «,/,^,  A)(a,/8,  7)»  =  0, 
and  touching  \a  + /i/S  +  ry  =  0,  is 

n»A»^-  fl2J'+  S'Jn  =  0  [Mm  arin^  +  iBsin J?  +  y  rin 0]. 

53.  Pr,  Q7are  tangents  to  a  conic  at  the  points  P,  Q;  from  the  centres 
of  cnnrature  at  P,  Q  perpendiculars  are  drawn  to  the  chord  of  contact  FQ ; 
prove  that  the  parallels  to  FT,  FQ  drawn  through  the  feet  of  the  perpen- 
diculars meet  on  the  symmedian  line  of  the  triangle  PQP  drawn  through  T. 

(D'OCAGNB.) 

64.  Find  in  the  plane  of  an  ellipse  a  triangle  ABO  such  that  the  sum  of 
the  squares  of  the  perpendiculars  from  the  summits  on  any  tangent  is  con* 
stant.  If  the  triangle  he  fixed  and  the  ellipse  yaries  we  ohtain  a  confocal 
system.  (Nbubbbo.) 

65«  Thehyperhola 

111.. 

and  the  hyperhola 

(cos'i^ .  a  +  cos>iP .  iS  +  sin'} (7. 7)' -  48ec'}^  .  seos^j? .  a^  B  0 

are  confocal,  and  their  common  centre  is  the  symmedian  point  of  one  of 
the  triangles  formed  hy  the  incentre  and  the  centres  of  two  of  the  escribed 
cirdes.  (Lbmoini.) 

66.  The  locus  of  the  foci  of  all  ellipses  touching  a  given  circle  at  two 
fixed  points  is  the  perpendicular  bisecting  the  join  of  those  points  and  the 
circle  passing  through  them  and  the  centre  of  the  giyen  circle.     (Ohotton.) 

67.  A  system  of  four  conies  having  two  points  common,  and  each  harmo- 
nically circumscribed  to  a  fifth,  are  such  that  their  points  of  intersection,  six 
by  six,  lie  on  three  conies. 

For,  taking  the  common  points  as  yertices  of  the  triangle  of  reference, 
their  equations  will  be  of  the  form 

8  s  ai^  4  2fiyz  +  ^gizx  +  2hixy  s  0,  &c. ; 
and  there  are  four  relations, 

«i^'+  2/iP'+  2^iG"  +  2Aiir'=:  0,  &o. 

Hence 

18\  -  mS%  +  n8%  -p8^  =  0,  &c. 

2h2 
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68.  The  oondition  that  the  line  (y  -  y') « iri(d;  -«^)  should  be  nonnal  to 

m*  (*»*'«)  -  2iii»(&Vy')  +  m«  (a'*'*  +  a»y'»  -  e*)  -  2m  (aV/)  +  ay*  =  0. 

Henoe,  find  an  ezpreseion  for  the  sum  of  the  angles  which  the  four  noimab 
from  any  point  make  with  the  axis  of  x, 

69.  The  sum  of  the  angles  made  with  a  given  line  by  the  four  nonnals 
from  any  point  to  a  series  of  confocal  conies  is  constant. 

60.  The  locus  of  points  having  the  same  eooentrio  angle  on  a  seiiea  of 
€0nf ocal  ellipses  is  a  confocal  hyperbola. 

61.  A  circle  passing  through  three  points  on  any  one  of  a  series  of  wm- 
focal  ellipses,  the  points  always  lying  on  fixed  confocal  hyperbolss,  meets 
the  ellipse  again,  where  it  is  met  by  another  of  the  confocal  hyperbola, 

62.  In  the  last  question,  supposing  the  three  points  to  coincide,  wo  have 
a  theorem  for  the  circle's  curvature  of  a  series  of  confocal  ellipses. 

63.  The  locus  of  the  centres  of  curvature  at  points  on  confocal  tX^i^/f^ 
where  a  confocal  hyperbola  meets  them  is 

cos*^      ein*^       1 

64.  If  four  normals  OA,  OB^  OC^  OB  be  drawn  to  a  conic  from  the 
point  x'y' ;  prove  that  the  tangents  at  the  points  A^  B,  C,  JD,  and  the  axis 
of  the  conic,  all  touch  the  parabola 

(«*'  +  yy'  +  «*)'  =  i^x'x. 

66.  Prove  that  the  directrix  of  the  parabola  in  Ex.  64  is  the  join  of  tibe 
given  point  x'ff'  to  the  centre. 

66.  Given  four  tangents  to  a  conic,  viz.,  aeO,  jB^O,  7»0,  9^0; 
find  the  locus  of  the  foci.  Let  aa  +  bfi-^ey-^-dSmO  be  an  identical 
relation;  then 

;  +  ^  +  ;  +  i-»  (Salmon.) 

is  the  locus  required. 
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67.  If  a  Tariable  oonio  pass  through  two  given  points,  and  have  doable 
eonftact  with  a  given  conic,  the  chord  of  contact  passes  through  one  or  other 
of  two  given  points :  prove  this,  and  thence  infer  that  four  oiroumconics  of 
a  given  triangle  can  be  described,  each  having  double  contact  vnth  a  given 
oonio. 

68.  Prove  that  if  (a\  fi\  y')  be  a  point  on  the  conic  Aa^  +  J9/S*  -k-Oy^^O, 
the  conies  A  (a-  Aa')*  +  B{fi-  Ai3»)«  +  C{y  -  Ay')"  =  0  touch  the  former  at 
that  point,  \  being  any  constant.    The  same  is  true  i£\Bax  +  by  +  c, 

(Crofton.) 

69.  If  Om^^O,  h^  s  0,  e^  s  0  be  three  conies,  such  that  each  is  harmo- 
nically circumscribed  to  the  other  two ;  prove  that 


tfb     ^     ^« 
hi      ^f      ht 


t 
=  0, 


70.  Oiyen  a  tangent  to  a  variable  conic,  its  eccentricity,  and  one  of  the 
fod,  prove  that  the  locus  of  the  other  focus  is  a  circle. 

71.  If  two  triangles  ABC,  A'B*C  are  reciprocal  polars  with  respect  to  a 
circle  (centre  0),  the  polar  of  the  oentroid  of  ABC  with  respect  to  the  circle 
O  coincides  with  the  polar  of  0  with  respect  to  the  triangle  A'B'C, 

(Nbubbbg.) 

72.  If  a  quadrilateral  be  described  about  a  parabola,  the  three  circles 
described  on  the  diagonals  of  the  quadrilateral  as  diameters  have  the 
directrix  for  their  common  radical  axis. 

73.  A,  By  C;  A',  B*,  Cf  are  two  triads  of  points  on  two  lines  Z,  M, 
Three  homothetic  conies  through  ABC\  BCA',  CAB'  meet  M  again  in 
the  points  JP',  Q\  R' ;  and  three  other  homothetic  conies  through  AB*C\ 
BCA\  CA'B'  meet  L  again  in  P,  Q,  E\  prove  that  the  lines  PP\  QQ*, 
EK  are  parallel.  (Mr.  F.  Pursbr,  f.t.o.d.) 

74.  If  Jl,  7  be  the  co-ordinates  of  a  focus  of  m^  +  2hxy  +  ^y*  +  tf  »  0, 

pfove  that 

Z»  -  r»     XT         c 


and  if  fi  denote  the  product  of  the  perpendiculars  from  the  foci  on  any 
tangent,  prove  that 


(^'')  (,+*)=*'• 
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76.  Ph>ye  that  the  eccentricity  of  the  conic  given  by  the  general  eqiisti< 
in  tenna  of  its  invariants  Ji,  1%  of  the  first  and  second  degree  in  the  coefficieikts 
is  given  by  the  equation 

1  -  #»  ■       J» 

76.  If  from  the  points  1,  2,  8,  4  petpendiculan  be  drawn  to  the  fbor 
lines  asO,  0  =  0,   7  =  0,    8  =  0;  then 


oi,  ^1,  71,  8i, 

ozi  fiit  y%,  83, 

«8|  fih  7»»  •»> 

04,  0i,  74,  84 


aO.  Also 


01,  ^1,  71,  1, 

«2>  Ply  78>  1> 

«»,  /3»i  n*  i» 

«4,  ^4,  7*»  1 


aO. 


(PbOF.  CuBTZS,  B.J.) 

77.  Hence  infer  that,  if  p',  p'\  p"'  be  the  peipendioulais  of  a  triangle* 
and  r,  r',  r",  r'"  the  radii  of  its  inscribed  and  escribed  circles, 


1^1      Jl^     Ji^. 
r     p      p       p 


1^       1        1        1 
r      p       p        p 


Also,  if  X',  A.",  A'"  denote  perpendiculars  from  the  vertices  of  any  triangle 
on  any  line  through  the  centre  of  the  in-circle,  prove  that 


»» 


rtt 


P      P       P 


{Ihid.) 


78.  If  Xi,  Zzt  2^t  Li  be  perpendiculars  from  four  points  A,  B,  (7,  2> 
to  a  line  Z;  then  Zi{BCD)  -  LziCDA)  •{■  Zt(jDA3)  --  Zi(ABC)  =  0. 
(Compare  equation  (216).)  (Ibid.) 

79.  Given  three  tangents  to  a  conic,  and  the  length  of  the  minor  axis  ft, 
to  find  the  focus.  Let  the  co-ordinates  of  the  foci  be  a0y,  afi'y';  and  the 
perpendiculars  of  the  triangle  of  reference  p\  p'\  p*** ;  then,  from  (106), 
we  get 


« .  0\  7',   1, 

P\  0,    0,    1, 

0,  p",0,     1, 

0,  0,  p"\  1 


=  0; 


wi ,  00  ,  77  ,  1, 

p'o,    0,      0,  1, 

0,       P'*0y      0,  1, 

0,      0,    i»'"7»  1 

1  1 


0; 


or 


p'a""  p"0'^  p"'f~  l^'  ^^-'iT' 


««,     h\     h\  1, 

p'a,  0,      0,  1, 

0,    p"iS,    0,  1, 

0,      0,  ii'"7,  1 

0^7 


0; 


where  B  denotes  the  circumcircle  of  the  triangle  of  reference.     When  the 
conic  is  a  parabola,  h  is  infinite,  and  the  equation  reduces  to  ^  «  0. 
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80.  If  ABC  be  a  triangle  self-conjagate  to  a  conic ;  X,  /ti,  r  perpen- 
diculars from  A,  By  C  on  the  tangent  at  any  yariable  point  B  on  the  ciure : 

prove  that 

K(BCD)  +  iJi(OAD)  +  y{ABjD)  -  0. 

81.  The  circuxncircles  of  the  triangles  formed  by  four  right  lines  a,  /9, 7,  8 
meet  in  a  point  0 ;  tangents  at  the  vertices  of  the  triangle  /yyS  to  its  circum- 
•circle  meet  a  in  the  points  A,  A',  A".  Similarly  are  found,  on  the  lines 
fi,  y,  a,  the  triads  B,  ^,  ff'\  C,  C\  0";  D,  D',  D".  These  points  lie  four 
by  four  on  three  circles,  each  passing  through  0,  and  through  the  extremi- 
ties of  a  diagonal  of  the  quadrilateral  afiyS. 

82.  If  2  be  the  circle  through  the  circumcentres  of  the  triangles  a$y, 
4ifiSf  ayB,  $y9,  the  diameters  of  the  circumciroles  of  the  triangles  ajSy,  ojSS, 
aySy  passing  through  the  vertices  opposite  the  conmion  base  a,  concur  in  2. 

83.  If  through  the  symmedian  point  three  antiparallels  be  drawn  to  the 
«idefl  of  the  triangle  of  reference,  the  six  points  of  intersection  with  the  sides 
lie  on  a  circle  [second  circle  of  Lemoine].    Find  the  equation  of  this  circle. 

Am,  2/37  sin  ^  —  tan-w  2a  aaA'Sa  cos  A  coBoa^A  «» 0. 

84.  Being  given  a  self -conjugate  triangle  and  a  tangent  to  a  conic,  the 
locus  of  its  centre  is  a  right  line.     (See  Art.  188,  Ex.  3.) 

85.  If  one  of  four  sides  of  a  quadrilateral  envelop  a  conic,  the  other  three 
being  fixed,  the  line  through  the  middle  points  of  the  diagonals  will  also 
envelop  a  conic. 

86.  Tangents  drawn  to  a  parabola,  from  the  centre  of  a  circumconic  of 
a  self -conjugate  triangle  of  the  parabola,  are  conjugate  diameters  of  the 
«onic. 

87.  If  the  centre  of  the  conic  be  a  point  on  the  parabola,  an  asymptote  of 
the  conic  is  a  tangent  to  the  parabola. 

88.  If  corresponding  points  of  similar  figures,  similarly  described  on  two 
aides  of  a  triangle,  be  the  poles  with  respect  to  a  circle  of  corresponding 
lines  of  the  same  figures ;  prove  that  the  points  are  equally  distant  from  the 
<}entre  of  the  circle. 

89.  Given  S^ax*  +  2hxy  +  Jy*  +  c  =  0 ;  prove  that  the  equation  of  any 
pair  of  conjugate  diameters  is 

d8  dS     ^ 

and  if  the  diameters  be  equiconjugate,  their  equation  is 

8     ^2(r'  +  y«) 
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90.  The  equation  of  the  four  normalB  from  the  point  (off)  to  the  ellipse 

a?V«'  +  VW  -1  =  0 
i«  (aVa«  +  iB>/W  -  1)  iP  +  2  {vxla^  +  iBy/4»  -  \)EL 

+  («»/a*  +  y»/4»  -  1)  J*  =  0, 

where  Jr=a«y(«-a)  -  i*«(y-/5),  ' 

Z  =  ««j8(a  -«)-5«a(i3-y). 

(C&OFTOX.) 

91.  The  equation  of  the  reciprocal  of  the  parallel  to  the  parabola  at  the* 
distance  r  with  respect  to  the  circle  sfi  -k-y^^l^  \b 

92.  The  reciprocal  of  the  parallel  to  an  ellipse  at  the  distance  r  witlk 
respect  to  the  circle  :p'  +  y^  =  ^-^  is 

4A*r»(a;»  +  y»)  =  {(a»-r»)ii;»  +  {*«-f«)ya-ife*}. 

93.  If  the  base  and  the  Brocard  angle  of  a  triangle  be  given,  the  locos  of 
the  centre  of  the  Brocard  circle  Ib  an  ellipse.  (NsuBBao.) 

94.  If  a  yariable  conic  5,  passing  through  two  fixed  points  /,  /,  touch  a 
fixed  conic  iS*  at  a  fixed  point,  proye  that  the  locus  of  the  point  of  inter* 
section  of  a  pair  of  common  tangents  to  i^,  8'  is  a  conic  inscribed  in  the 
quadrilateral  formed  by  the  tangents  from  the  points  J,  J  to  ST. 

95.  If  the  axes  and  a  tangent  to  a  conic  be  given  in  position,  prove  that 
the  locus  of  the  centre  of  the  circle  osculating  it  at  the  point  where  it 
touches  the  tangent  is  a  parabola. 

96.  If  the  extremities  of  the  base  of  a  triangle  be  given  in  position,  and 
also  the  symmedian  passing  through  one  of  these  extremities,  the  locus  of 
the  vertex  is  a  circle.  (Neubbbo.) 

97.  In  the  same  case,  the  envelope  of  the  symmedian  passing  through 
the  vertex  is  a  conic. 

98.  The  extremities  B,  C  oi  &  triangle  are  given  in  position,  and  the 
vertex  moves  on  a  given  conic,  passing  through  the  points  B,  C ;  prove,  if 
BA,  AG  pass  through  corresponding  points  C,  B'  of  two  similar  figures,, 
that  the  loci  of  the  points  C,  B'  are  conies.  (Nbubbko.) 

99.  The  base  BCoi  a  triangle  is  given  in  position,  and  the  angle  B  in 
magnitude ;  prove,  if  A*B'C'  be  the  triangle  formed  by  the  tangents  to  the 
circumcirele  at  A,  B,  C,  that  the  following  loci  are  conies: — 1**.  of  the 
point  C ;  2**.  of  the  symmedian  point  of  ABC;  3^.  of  the  point  of  inter • 
section  of  BB'  and  A  G.  {Ibid.) 
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100.  In  the  same  case,  prove  that  the  enyelopee  of  the  lines  B^C,  JLA\ 
and  the  join  of  the  ciroumoentre  and  orthocentre  aze  conies.  (Ibid.) 

101.  Pioye  that  the  equations  of  the  three  axes  of  perspeotiTe  of  the 
triangle  ABC  and  Brocard's  first  triangle  are,  in  normal  co-ordinates, 

sin'^  .  a         sin' B .  0         sin'  C.y 
"     8in(^-2»)  ■*"  %ui(B'-2»)  "*"  sin(C-2<»)  "     ' 

2*,     .  + z ^ L a  0 ; 

sinB.8in((7-2«)     an  Cam  {A  ^2w)     8in.^.sin(3-2«) 

nn{B-2w).an.C     Bm(C-2M),amA     Bin(^- 2«)  .sini^       * 
and  in  harycentrio  co-ordinates 

7-+-+-  =  0,   -  +  ^  +  1=0,    -  +  ^  +  ^=0 
»mM  m«i/  «i<m 

where  l^h^i^^a^^    m^<^a^-l^y    fiea'J'-fl*. 

102.  If  two  triangles  circumscrihed  to  a  circle  he  in  perspectiye,  their 
Gergonne  points  and  their  centre  of  perspectfye  are  collinear.       (Artzt.) 

103.  If  A%  B\  C  he  the  middle  points  of  the  sides  of  a  triangle  ABG^  and 
A\^  B\f  C\  the  feet  of  its  altitudes ;  a,  /S,  7  the  douhle  points  of  its  line 
p«urs  S'Ci,  BiC'\  CAu  CiA' ;  A'BuA\B'\  and  ai,  fiu  71  the  douhle 
points  oiB'Cf  BiCi;  C'A\  CiAi;  A'B',  AiB^  then  the  point  pairs  ami, 
00\9  771  form  the  opposite  summits  of  a  complete  quadrilateral,  three  of 
whose  sides  pass  through  the  points  A^  B,  C,  and  the  fourth  containing  the 
points  a,  0,  y  is  the  Euler  line  of  the  triangle  ABO»  Also  the  lines  Aai, 
BPi,  Oyi  are  euch  perpendicular  to  the  Euler  line.  (Schrobtbk.) 

104.  If  two  yertices  B,  (7  of  a  triangle  be  fixed,  proye  that  the  two  yerticea 
A,  A'  of  the  triangles  BCA^  BCA\  which  haye  a  common  symmedian 
point  JT  describe,  when  JT  moves,  two  inverse  figures. 

(Nbvbbro  and  Schoutb.) 

106.  The  chords  of  contact  of  the  excircles  of  a  triangle  ABC  with  the 
sides  produced  form  a  triangle  A\B\C\\sl  perspective  with  ABC.  The  cir- 
cnmcentre  of  A\B\C\  is  the  orthocentre  of  ABC^  and  also  the  centre  of 
perspective  of  the  triangles. 

106.  In  the  same  case  the  axis  of  perspective  is 

asin'i^  \0^x^\B  +  ysin'^ <7s  0. 

This  line  is  perpendicular  to  the  join  of  the  incentre  and  orthocentre 
of  ^18(7. 


588  Miscellaneow  ExercUe^. 

107.  If  a,  jB,  7  be  the  equations  of  the  sides  of  a  triangle,  the  equatiana  of 
the  sides  of  its  oosymmedian  triangle  are 

2iB/*  +  lyjc  -  o/a  =  0,    2yle  +  2«/a  -  fijh  «  0,    2a/a  +  2)8/*  -  yje  =  0. 

(SlMMOMS.) 

1 08.  The  axis  of  perapectiye  of  a  triangle  and  its  oosymmedian  triang^  is 

the  line 

o/a  +  $lh  +  yje  =  0. 

109.  The  six  remaining  points  in  which  the  lines  a,  fi,  y  meet  the  sides 
of  the  oosymmedian  triangle  lie  on  the  conic 

6  (afilab  +  fiyjbc  +  yajca)  -  2  (aV«»  +  i8*/«>  +  y^je^  =  0. 

110.  The  diagonals  of  the  hexagon  in  £x.  109  are  concurrent.     Their 

equations  are 

fijb  +  yje  -  2a/a  =  0,  &c. 

111.  The  equation  of  the  circumcircle  of  the  triangle  formed  by  the  poles 
of  the  sides  of  the  triangle  of  reference  with  respect  to  its  circumcircle  is 

(asin^  +  /3  sin ^  +  7 sin  C]  (a cos ^  +  /i  cos  jB  +  7  cos  (7) 

+  4  cos  ^  cos  B  cos  C{fiy  sin  A  +  yaan  $  +  a0  sm  O)  =  Q, 

112.  Let  a,  fi,  y,  9  be  four  lines  cutting  any  fifth  c  in  ^,  jS,  C,  J).  Prove 
that  the  four  oonics  circumscribed  to  the  triangle  iSyS,  78a,  8a)3,  afiy,  and 
touching  a,  $,  7,  5  respectively  in  Af  B,  Cy  J),  intersect  c  in  the  same  point. 

(Nbubb&o.) 

Tbsch's  Htpbrbols. 

113.  Dbf. — ^A  line  JTiV  through  any  point  if  of  an  ellipse  making  an 
angle  e  with  the  tangent  MT  is  called  a  0  normal.  (Tbsch.) 

ITuorem. — Through  a  given  point  hk  in  the  plane  of  an  ellipse  can  be 
drawn  four  0  normals.  Their  feet  are  the  intersections  of  the  ellipse  with 
the  Tesch  hyperbole  JI  —  JP  cot  0  ^  Of  where  J5r=  0  denotes  the  Apollonian 
hyperbolffi  of  hk  and  P  =  0  its  polar  with  respect  to  the  ellipse.  Any  three 
feet  and  the  point  diametrically  opposite  the  fourth  lie  on  a  circle. 

For  if  the  co-ordinates  of  Jf  be  x'y',  and  if  we  form  the  condition  that 
xx'la^-¥  yylh"^  —1  =  0  makes  an  angle  0  with  the  join  of  the  points  x'y\  kk, 
we  get  an  equation  which  after  removing  accents  gives  JET-  P  cot  0  =  0. 

Cor. — If  9  varies  and  the  point  hk  remains  constant,  the  Tesch  hyperbola 
passes  through  two  fixed  points,  viz.  the  points  common  to  M  and  P,  and 
remains  homothetic  to  ff. 
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114.  If  a  Tesch  hyperbola  of  a  point  hh  meet  the  ellipae  in  the  points 
M,  N,  P,  Q  any  two  of  these  points,  say  MIf,  the  pole  of  their  chord  MN 
and  the  point  hk  are  concycHc. 

116.  If  an  equilateral  hyperbola  whose  asymptotes  are  parallel  to  the 
axes  of  an  ellipse  meet  it  in  four  points  M,  If^  P,  Q,  the  circle  through 
Jf,  i^and  the  pole  of  ifi^with  respect  to  the  ellipse,  and  the  analogous 
eirdes  for  the  point  pair  JfP,  JVP,  &o.,  all  pass  through  a  common  point. 

(Nbubbbo.) 

For  the  equation  of  such  a  hyperbola  is  xy  +  Ax  +  J9y  +  (7  =  0,  and  this 
can  be  identified  with  the  Tesch  hyperbola  of  the  point  hk, 

116.  If  a,  iS,  7  be  the  eccentric  angles  of  three  points  on  an  ellipse  whose 
0  nonnals  are  concurrent,  prove  that 

2ah  cot d  =  <:*{sin  (/B  +  7)  +  sin  {7  +  o)  +  sin  (a  +  /8)} . 

117.  If  a,  /3,  7,  5  be  the  eccentric  angles  of  the  feet  of  four  9  normals 
from  a  common  point,  a  +  i3  +  y  +  8=  (2ft  +  i) x.  Hence  we  have  a 
generalization  of  Joachimstal's  circle. 

118.  If  Xi,  X2f  xzy  Xi  be  the  four  sides  of  a  quadrilateral,  the  equation  of 
the  conic,  which  touches  a\Xi  +  02X2  +  a^z  +  04^  and  is  inscribed  in  the 
quadrilateral,  is 

2  («i  -  aif  {h  -  «3)'  (x\Xi  +  x%?Dz)  =  0.  (Caylbt.) 

119.  Find  the  locus  of  the  centre  of  a  conic  which  hyperosoulates 
«p*  +  2hxy  +  by^  +  2tfx  at  the  origin. 

120.  If  x\y\^  x^t,  xzyt,  Xiyi  be  any  four  points  on  a  conic  referred  to 
the  centre  as  origin, 

2  ±  {xtys  -  «sy2)  («sy4  -  Xty^)  («4ya  -  xtyi)  =  0.      (Nbubbbo.) 

121.  FroTO  that  the  axis  of  the  parabola  (xla)l  +  (y/^}i  -  1  =  0  is 

xja  -  ylb  +  (a*  -  *«)/(a»  +  H*  +  2ab  coa  0)  =  0, 

where  0  is  the  angle  between  the  axes. 

122.  If  the  conies  Si,  8%,  83  hyperosculate  in  the  point  A,  and  meet  two 
lines  AX,  AT  in.  the  point  pairs  ^1,  Ci;  B%j  C2;  Bs,  Cs,  &c.,  the  chords 
BiCi,  BzCzf  Bid,  &c.,  are  concurrent.  (Poncblbt.) 

123.  In  the  same  case,  the  tangents  at  ^1,  Bi,  Bz  are  concurrent. 

ilbid.) 

124.  [fa  variable  parabola  touch  three  fixed  lines,  the  chords  of  contact 
pass  through  three  fixed  points. 
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125.  All  ellipses  which  haye  double  contact  with  each  of  two  fixed  cndfis 
(one  internal  to  the  other)  are  similar  ouzres.  The  locus  of  their  centres  is 
the  circle  on  the  line  joining  the  centres  of  the  circles  as  diameter.  Also- 
the  locus  of  their  foci  is  a  circle  concentric  with  the  outer  circle. 

(GnoFTDir.) 

126.  If  two  conies  of  a  oonfocal  system  whose  semiaxes  are  a,  b;  a\  h' 
respectively  intersect  in  a  point  M  co-ordinates  x*y\  then  if  i\r,  i\r  be  the 
centres  of  the  circles  osculating  the  conies  at  M,  the  equation  of  NIT  is 

(^  +  6'«)«c'  +  (fl»  +  «'»)  yy'  =  a'P  +  a*"*'. 

127.  The  same  line  in  terms  of  the  co-ordinates  of  if  is 

(«^  +  y^  -  c^)xx'  +  («^  +  y^  +  <^)yif  «  fl*(a^  -•*-«»). 

128.  If  a  parabola  touch  the  sides  of  a  given  triangle  ABC  in  A\  S^^  Cy 
the  locus  of  the  centre  of  perspectiye  of  the  triangles  ABC^  A'B^C  is  an 
ellipse  touching  the  sides  of  ABC  at  their  middle  points. 

129.  If  two  triangles  be  polar  reciprocals  with  respect  to  a  circle,  the 
barycentric  co-ordinates  of  the  centre  of  the  circle  are  the  same  for  both 
triangles. 

130.  Find  a  point  M\  such  that  parallels  through  B,  G,  A  to  AM\^  BMi, 
CMi  meet  in  a  point  M%,  Show  that  parallels  through  C,  A,  B  to  AMt^ 
BM2,  CMi  meet  in  a  point  ifs,  and  proTe — 1°.  that  the  points  Jfi,  Mt,  if» 
are  isobaryc ;  2*.  that  their  co-ordinates  satisfy  the  relation  a'^  4  i9-^  +  y^  =  0. 

(Nbubuio.) 

131.  ProTO  that  If  in  Ex.  126  is  the  intersection  of  the  polar  of  M  with 
respect  to  the  orthoptic  circle  of  the  hyperbola  with  the  tangent  at  M  to  the 
hyperbola,  and  N'  is  the  intersection  of  the  polar  of  M  with  respect  to  the 
orthoptic  circle  of  the  ellipse  with  the  tangent  at  if  to  the  ellipse. 

132.  In  the  same  case,  if  MM'  be  the  perpendicular  from  JTon  IflTf  the 
points  M,  M\  and  the  foci  are  concyclic,  and  tbe  line  MM*  is  a  symmedian 
of  the  triangle  formed  by  M  and  the  foci. 

133.  If  Su  S2  be  conies  osculating  in  A  and  intersecting  in  Ai,  then  if 
any  line  through  A  meet  the  conies  again  in  ^1,  Bz^  the  tangents  at  ^1,  Bt 
meet  on  AAi.  (Pluckbb.) 

134.  If  a  coBBf  b  sin0  be  the  co-ordinates  of  a  point  on  the  ellipse 
d^/a^  +  y'/^  =  1,  prove  that  the  co-ordinates  of  the  second  point  in  which 
the  osctdating  circle  there  meets  tbe  curve,  are    a  cos  30,  —  i  sin  39. 

(CaoPTON.) 
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136.  If  n,  rt,  fs  be  central  yeoton  of  a  conio  whose  semiaxes  are  «»  ^, 
prove  that 

(2/fl»  +  2/^3)  sin  {r%rz)  sin  (r^i)  dn  (rir%)  =  2  8in*(rir8)/r4«. 

(Fauu.) 
186.  In  the  same  case,    4  8in*(rira)  8in*(r8r8)  8in*(r3ri)/{a*A*) 

=  228in»(ri»^) 8in»{rif^)/(r8»f^')  -  a8m*(rira)/r,*.        (IHd.) 

137.  The  locus  of  the  centre  of  a  conic  circumBcribed  to  a  given  triangle 
and  whose  axes  have  a  given  direction  is  a  conic. 

138.  Find  the  loci  of  the  extremities  of  the  minor  axis  of  a  conic  touching 
two  sides  AB^  AG  o(  ec  given  triangle,  if  the  foci  be  points  on  the  third 
■aide. 

139.  Find  in  the  plane  of  a  triangle  ABC  a  point  M  such  that  the  per- 
pendiculars from  A,  B,  C  on  BM^  CM,  ^if  meet  in  the  same  point  It,  and 
prove  that  the  locus  of  If  and  M'  are  Neuberg's  Hyperbola. 

140-144.  Prove  the  following  properties  of  the  common  chord  of  an 
•ellipse  and  its  osculating  circle — 

1*.  Its  envelope  is  (xfa  +  y/*)'  +  (xja  -  y/A)'  =s  2. 

r.  The  locus  of  its  middle  point  is  (««/«"  +  y7**)'  =  (a^V  -  yV^f- 

8*.  The  locus  of  ite  pole  is  ar»/a«  +  y«/A»  «  (*»/a«  -  y*/*')'. 

4°.  The  locus  of  the  projection  of  the  centre  of  the  ellipse  on  the  chord  is 

6*.  Its  length  is  a  maximum  at  the  point  whose  eccentric  angle 


=  tan-i  ( J  <jH  V  (<?*  + a»  *«)/«). 

146.  The  centre  of  the  equilateral  hyperbola  determined  by  any  four  pointe 
{A,  Bj  C,  D)  lies  on  the  pedal  eirele  of  any  of  them  (D)  with  respect  to  the 
triangle  formed  by  the  remaining  three  (ABC), 

Bern. — ^Let  EFO  be  the  pedal  triangle  of  D  with  respect  to  ABC,  bisect 
BC,  DC,  AC  in  H,  I,  J;  then  the  circles  through  E,  H,  I-,  I,  J,  F  9X9 
•evidenUj  the  nine-points  circles  of  the  triangles  BCD,  CD  A.  Hence  K, 
their  second  point  of  intersection,  is  the  centre  of  the  equilateral  hyperbola 
ABCD.  Join  KE,  EI,  KF.  Then  [Euc.  IIL  xxii.]  the  angle  ^j:/=  ISC 
=  DBC,  because  EI  is  parallel  to  .BD  =  EOD  [Euc.  III.  xxi.]  In  like 
masmet  IKF  =  DOF,    Reace  EKF  =  EOF,  and  the  proposition  is  proved. 
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Kuimtt  of  the  pointi  of  iatenectkn  of  tibe  nme^oiBii  code  off  tbe 
asi^  ^2^(7  md  the  enemnciicle  of  the  pedal  txiangle  .£Fi9.    if  f  be 
ieeond  intenectioD,  X'  will  be  the  eeotie  of  the  eqfiiilatenl  hjyeibule, 
mwirti  Irj  thf  irnnti  rf ,  P,  C,azidi>'theiugoiialeoBJiigBtBofi>vitk 
to  the  triangle  ^i^OL 


Cor, — If  D^  jy  be  collinear  with  the  drcumcentre  of  ABC^  the  h7perboh& 
ABCDf  ABCiy  coincide,  for  each  is  the  isogonal  tranaformatiozi  of  the  line 
Djy,  Hence  the  points  Ky  K'  coincide,  and  we  have  the  theorem — If  two 
pointi  Df  ly,  which  are  isogonal  eor\jugate»  with  retpect  to  a  trianffU,  bo 
oollinear  with  its  eircumcsntref  thoir  podal  circle  touches  its  nine-point  circle 
(i  266). 

146.  Being  given  any  four  points,  the  pedal  circle  of  any  point  with 
respect  to  the  triangle  formed  by  the  remaining  three  all  pass  through  a 
common  point. 

147.  If  a  point  D  describe  an  equilateral  hyperbola  passing  through  three 
giren  pointe  A,  B,  C7,  the  pedal  circles  of  D  with  respect  to  the  triangle  ABC 
all  pass  through  a  fixed  point.  (Sollbrtikbxt.) 

148.  If  a  point  D  describe  a  fixed  diameter  of  the  oircumcirole  of  the 
triangle  ABO,  its  pedal  circles  pass  through  a  fixed  point.  (Ibid.) 
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149.  The  twin  point  of  i),  with  respect  to  the  triangle  ABC,  and  its 
eym^triques  with  respeot  to  the  Bides  ot  ABCtm  concjclic. 

150.  If  D,  If  be  isogonal  conjugates  with  respect  to  the  triangle  ABC^ 
and  coUinear  with  the  point  ai/3i7i,  their  locus  is  the  cubic 

3aai(i3»-'y»)  =  0. 

161.  A  conic  inscribed  in  a  triangle  touches  its  sides  in  P,  Q)  -fi ;  if  the 
normals  at  P,  Q,  JS  concur  in  8^  the  locus  oi  Sjb  the  cubic 

2a  (/3^  -  7*)  (cos  ^  -  cos  P  cos  (7) .  (Nbubbro  and  Schoutb.) 

152.  The  point  S  and  its  isogonal  conjugate  with  respect  to  ABO  are 
coUinear  with  the  sjm^trique  of  the  orthocentre  with  respect  to  the  circum- 
oentre.  (Ibid.) 

153.  The  circumcentre  is  the  centre  of  symmetry  of  the  cubic  (Ex.  161). 
For  the  sym^triqnes  of  P,  Q,  P  with  respect  to  the  middle  points  of  the 
sides  of  A,  P,  C  are  points  of  contact  of  another  satisfying  the  question. 

(Nbubbro.) 

154.  If  the  lines  AP,  BQ,  CB  (Ex.  161)  intersect  in  T,  the  locus  of  Tin 
barycentric  co-ordinates  is 

2a  (i3»  -  7»)  cot  ^  =  0.  (Ibid.) 

165.  In  the  same  case  the  locus  of  the  centre  of  the  inscribed  conic  in 

barycentric  co-ordinates  with  the  complementary  of  ABC  as  triangle  of 

reference  is 

2a(/i»-7r»)cot^  =  0.  Ibid. 

156.  If  ABCD,  A'B'C'jy  be  two  quadrangles  so  related  that  A,  A'  are 
isogonal  conjugates  with  respect  to  the  triangle  BCD\  B,  B^  with  respeot 
to  CLA ;  Cy  0*  with  respect  to  LAB ;  P,  D'  with  respect  to  ABC^  then 
the  sides  of  A'B^Ciy  are  bisected  perpendicularly  by  the  sides  of  ABCD, 
Tiz.,  A'ly  by  PC,  B'C*  by  AD,  &c.  (Ibid.) 

157.  In  the  same  case,  if  The  the  mean  centre  of  the  points  A\  Bf,  C,  D*, 
the  nine-points  circles  of  the  triangle  A'B'C,  B*C'D,  &c.,  are  the  sym^triques 
with  respect  to  T  of  the  pedal  circle  of  J)  with  respect  to  ABC,  of  A  with 
respect  to  BCD,  &c. ;  and  the  equilateral  hyperbola  A'B'C'jy  is  the  sym6- 
trique  of  the  hyperbola  ABCD.  (Ibid.) 

168.  If  /be  any  of  the  excentres  of  the  triangle  ABC,  and  IB  a  tangent 
from  /  to  the  circumcircle,  the  isogonal  transformation  of  JP  is  a  parabola 
touching  IE  in  /,  and  passing  through  the  points  A,  P,  C,  If  the  isogonal 
conjugates  of  AE,  B£,  CE  meet  IE  in  FOS,  the  medians  through  A,  P,  G 
of  the  triangles  lAF^  IBG,  ICS  are  tangents  to  the  parabola. 
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159.  Find  in  the  plane  of  «  tziang^e  .^i?(7a  point  Jfsach  tliat  the 
of  the  powers  of  A  with  respect  to  the  circles  on  i?lf  and  CJf  as  diameten 
shall  be  equal  to  the  analogous  sum  relative  to  B^  and  also  equal  to  t2ie 
analogous  sum  nlatiYe  to  C.  Show  that  this  point  is  the  sym^triqne  of 
the  centroid  of  ABC  with  respect  to  the  drcumoentre.  (LxMonm.) 

160.  Let  A\  i^,  C  be  the  middle  points  of  the  sides  of  the  triangle 
ABCf  and  0  its  circumcentre.  On  A' 0,  B^O,  CO  are  taken,  either 
towards  0  or  in  the  opposite  sense,  equal  lengths  A^Pa  =  B^Pb  =  ^Pc  =  A. 
When  X  yaries  the  sides  of  the  triangle  FmFhPe  more  on  three  parabolae 
va,  vht  vc  whose  foci  are  the  projections  of  0  on  the  bisectors  AT,  BI^  CI^ 
and  whose  directrices  are  the  internal  bisectors  of  the  triangle  A'BfC 

(Maxdaxt.) 

161.  Being  given  a  triangle  ABC  and  a  point  M^  we  draw  through  Jf 
three  lines,  so  that  Jf  is  the  middle  point  of  the  parts  i^2JVs,  PsPif  QxQtt 
intercepted  in  the  angles  A^B^  C;  let  Ifi,  Ps,  Qs  be  the  points  where  those 
lines  meet  the  third  side  of  the  triangle.  The  six  points  JVtf  -^  i^  Pi,  (h» 
Qt  lie  on  a  conic  whose  equation  in  barycentric  co-ordinates  is 

xyg  -  (jp  _  2a)  (y  -  2/3)  («  +  2^)  =  0, 

«,  /3,  y  being  the  co-ordinates  of  If.  It  is  an  ellipse  or  hyperbola  according 
-as  if  is  interior  or  exterior  to  the  ellipse  S  which  touches  the  sides  of  ABC 
at  their  middle  points ;  it  is  an  equilateral  hyperbola  if  Jf  is  situated  on  the 
radical  axis  of  the  circumcircle  and  nine-points  circle  of  ABC.  If  Jf  is  on 
the  ellipse  £,  the  points  NiP$Qi,  NiPiQt  are  on  two  parallel  lines  which 
•envelope  two  curves  whose  tangential  equations  are 

\lfjL  +  n/p  +  pI\  =  3,     X/y  +  fi/K  +  p/fi  =  3. 
The  line  i^iPiQs  has  for  equation 

xja  +  y//3  +  z/y  =  2. 
The  triangles  N2PiQi,  J^sPiQs  have  for  area 

uiPC[22/37-2a«]/2«*; 

if  this  area  is  constant  the  point  Jf  describes  an  ellipse. 

(Stbiner,  Lemoinb,  and  Nbubb&o.) 
162.  There  exists  an  ellipse  which  has  the  incentre  of  the  triangle  ABC 
for  its  centre,  and  which  passes  through  A',  B\  C  the  feet  of  the  internal 
bisectors  AI^  BIy  CI,    Its  equation  in  normal  co-ordinates  is 

«»(*  +  o -a)  +  y2(tf  +  tf-i) +««(a+ ft-^)  -  2ay«  -  2&BC-2«ry  =  0. 
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The  semi-axis  of  tliis  conic  are  r  and    / — ;  the  major  axis  is  parallel  to 

the  Une  joining  the  feet  of  the  external  bisectors  of  the  triangle  ABC, 

(Db  Longchaxps.) 

168.  Let  Ml,  Ml,  ifa  be  the  points  of  intersection  of  the  sides  BC,  CA, 
AB,  of  a  triangle  ABC,  with  the  lines  AM,  BM,  CM  joining  the  summits 
with  any  point  M.  The  conic  which  has  M  for  centre,  and  which  passes 
through  Ml,  M2,  Ms  has  for  its  equation,  in  barycentric  co-ordinates 

or  aipi 

ai,  di,  yi  being  the  ctf^oidinatee  of  Jf.  (IbUV.) 
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NOTES. 


I. — Taom  60. — ^EzAMPis  6. 

Tliif  theorem,  being  toheequentlj  quoted,  should  be  prored. 
On  AB,  CD  M  diameters  describe  circlet.    Let  O,  0^  be  their 
F  one  of  their  points  of  intenection :  then  OFt/  is  equal  to  one  of  the 


angles  of  intersection  of  the  circles.    Now  if  the  sides  OP,  F(f,  OO  be 
denoted  by  a,  h,  e,  we  have 

m^^OFa  ^(•^a){»^h)lab=(h^e-a){e-^a''h)IAah 
^{BD.AC)I{AB.  (72)), 

or  denoting  the  angle  OFO'hj  0,  we  haTe  an*  ^e  =  CA  /  CD  :  BAjBB, 
and  similarly  for  the  other  ratios. 


II.— Paob  128. 

It  should  be  shown  that  the  circle  whose  equation  is 

/37  sinu^  +  7a  sin^  +  a3  sin  C  =  0, 
passes  through  the  cyclic  points.    The  co-ordinates  of  the  cycUo  points 


(/./.)  ate 
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flubrtttatisg  those  of  J.,  ve  get 

or  [co8(i8  +  7)  +  t8in(iB4-7)]8in(/5-7)  +  &o.  +  &o.  =  0, 

which  being  simplified,  Tanishes  identically.  Hence  the  circle  passes 
through  J.    Similarly  it  passes  through  /. 

III.— Paob  136.— ExAifPLB  5. 

We  give  the  proof  here  for  a  similar  reason  to  that  in  Note  I. 
Transform  the  equation 

\(a  +  /3  +  7)  (Za  +  iwi8  +  fi7)  -  (fl»/9y  +  ft*7a  +  c»a/3)  =  0 

into  Cartesian  co-ordinates  by  the  substitution 

a  =  Joy  sin  (7,        fi^\bxaiiC,        y^\(ah'-ay^bx)mxiC, 
and^we  get 

««+y»  +  2«ycos(7+(m-fi-a«)«/a+(?-»-i«)y/*  +  «  =  0, 

which  denotes  a  circle  such  that  the  powers  of  the  points  Ay  B,  C,  with 
respect  to  it,  are  respectiyely  /,  m,  n. 

lY.— Paob  169.— EauATioM  388. 

This  requires  a  short  discussion. 
Let  2a  be  the  angle,  between  o  and  ir,  which  has  for  tangent  2h  /  {a-b)» 
Then  we  can  put  29  »  2a  -f  mr.    Hence 

9  =  a,         a+ir/2,         a-|-2«/2,       or    a+3ir/2. 

These  values  give  four  possible  distinct  positions  for  the  new  positive 
axes,  viz. 

{0X\  OT'),    {OTy  OX"),    (0Z^  or"),    (OF',  OX'), 

That  is,  we  can  turn  the  primitiye  axes  OX,  07  through  any  one  of  the 
four  angles  a,  a  +  «-/2y  a-f  2ir/2,  a+3ir/2,  in  order  to  get  the  new 
axes.    Taking  0  =  a,  from  (379),  (380),  we  infer 

a-b 
a'.^' r=  (a-&)coB29+ 2Asin29  =  2Asin29[l +— T-cot20] 


=  2*«n2«[l+C^*)']. 
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And  dnoe  am  29  is  poritire,  a'  —  b'  haM  tho  iame  sign  as  2A.      Then 

•'-*'« +iJ  or  -^5. 
Aooording  m  A  is  positiye  or  nagatiye. 


INDEX. 


Abscissa,  4. 
Allenma,  218. 
JLndr^  Desir^,  28. 

Angle  between  two  lines  whose  carte- 
sian equations  are  given,  36, 

37. 
same  for  trilinear  equations,  73. 
between  two  lines  given  by  a 

single  equation,  63. 
between    two    tangents    to    an 

ellipse,  224,  234. 
same  expressed  in  terms  of  focal 

vectors  to  points  of  intersection, 

226. 
between  focal  vectors  bisected  by 

tangent  and  normal,  221. 
between  central  vector  to,  and 

normal  at,  a  point  on  ellipse, 

244. 
between  tangents  to  a  parabola 

in  terms  of  their  lengths  and 

chord  of  contact,  191. 
between  focal  radius  vector  and 

tangent,  221. 
between  asymptotes,  166,  268. 
of  intersection  of  two  circles  or 

curves,  107. 
of  intersection  of  two  parabolsB, 

199. 
eccentric,  206. 
intrinsic,  175,  177. 
same  half  polar  angle  of  point  on 

parabola,  191. 
first    and    second,    of    8t$%n$r, 

426. 
subtended  at  focus  by  portion  of 

variable  tangent  intercepted  by 

two  fixed  tangents,  238. 
the  Brocard,  64,  409,  411,  459. 


Angles 

eccentric,  of  extremities  of  conju- 
gate diametei-show  related,  209. 

sum  of  for  four  concyclic  points 
on  conic,  241,  280. 

theorems  concerning,   how  pro- 

1'ected,  353. 
y. 
true,  189,  236. 
eccentric,  206. 
Antifoci,  311,  612. 
Antipandlel,  77. 
Anharmonic  ratio  of   four   coUinear 

points,  66,  163. 
of  four  rays  of  a  pencil,  57. 
of  four  lines  whose  equations  are 

given,  59. 
of  four  conies  of  a  pencil  of  conies, 

474. 
six  of  four  points,  59. 
same  expressed  by  trigonometrical 

ratios,  60. 
of  four  coUinear  points  equal  to 

that  of  pencil  funned  by  their 

four  polara,  106. 
of  four  tangents  to  a  conic,  386. 
of  pencil  from  varialile  point  to 

four  fixed  points  on  conic,  343. 
of  pencil  formed  by  two  legs  of 

an  angle  and  the  isotropic  lines 

of  vertex,  353. 
of  pencil  from  any  point  of  conic 

tnrough  four  fixed  points,  to 

the  four  points,  473. 
of  pencil    same  as  that  of  the 

four  points  in  which  any  trans- 
versal is  cut  by  rays,  68. 
of  points  in  two  projective  rows, 

372. 
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Anhannonic  ratio  of  rays  in  two  pro- 
jective pencilB  375. 

of  double  points  and  homologous 
point  pairs,  376. 

of  four  points  in  which  tangent 
at  any  variable  point  meets 
tangents  at  four  fixed  points  on 
conic,  344. 

of  pencil  unaltered  by  projection, 
351. 
Apolloniiu, 

circles  of,  146. 

first  and  second  theorems  of,  210. 
Areas,  signs  of,  2. 
Area 

of  triangle  or  polygon  in  terms  of 
co-ordinates  of  vertices,  10, 
79. 

of  triangle  formed  by  three  lines 
whose  equations  are  given,  81. 

of  triangle  formed  by  a  given  line, 
and  a  given  line  pair,  80. 

of  triangle  foimed  by  three  points 
on  a  conic,  11,  12. 

of  triangle  formed  by  focus  and 
two  points  on  parabola,  196. 

of  triangle  formed  by  two  tangents 
and  chord  of  contact,  104,  196, 
240. 

of  triangle  formed  by  three  tan- 
gents to  hyperbola,  271. 

of  triangle  formed  by  three  tan- 
gents to  a  parabola  half  that 
formed  by  points  of  con  tact,  179. 

of  triangle  formed  by  asymptotes 
and  any  tangent,  271. 

of  triangle  formed  by  three  points 
on,  or  three  tangents  to,  an 
equilateral  hyperbola,  283. 

of  triangle  formed  by  three  points 
in  tripolar  co-ordinates,  306. 

of  triangle  formed  by  asymptotes 
and  normal  at  any  point  on  an 
equilateral  hyperbola,  282. 

of  triangle  formed  by  joining  ex- 
tremities of  conjugate  semi- 
diameters,  210,  259. 

of  triangle  self -con  jugate  with 
respect  to,  inscribed  in,  or  cir- 
cumscribed to,  a  conic,  243. 

of  triangle  which  is  the  harmonic 
transformation  of  a  given  tri- 
angle, 299. 


Area  of  triangle  which  is  the  pedal  tri- 
angle of  a  given  point,  297. 

of  triangle  which  is  the  polar  re- 
ciprocal of  a  given  triangle, 
299. 

of  parallelogram  eircumacxibed  to 
ellipse,  210. 

of  pandlelogram  formed  by 
asymptotes  and  parallela  to 
them  through  any  point  on 
curve,  269. 

of  parabolic  sector,  199. 

of  hyperbola  and  hyperbolic 
sector,  273-276. 

conic  given  by  general  equation, 
331. 
Argument,  24. 
Aronhold*i  notation,  333. 
Artit,  292,  537. 
Asymptotes 

defined,  166. 

hyperbola  referred  to,  as  axee, 
167,  269. 

of  conic  given  by  general  equa- 
tion, 166,  465. 

of  equilateral  hyperbola  are  at 
right  angles,  166,  268. 

intersect  in  centre,  167. 

secant  of  half  angle  between,  gives 
eccentricity,  268. 

equation  of,  for  hyperbola,  268, 
279. 

are  self-conjugate,  167. 

equation  of,  differs  from  equation 
to  curve  by  a  constant,  268. 

chord  of  contact  of,  167. 

divided  homographically  by  pa- 
rallels to  from  a  series  of  points 
on  curve,  280.^ 

polar  of  any  point  on  either  is 
parallel  to  tnat  one,  281. 

equal  intercepts  on  any  chord  be- 
tween curve  and,  270. 

lines  joining  extremities  of  any 
dianieter  to  extremities  of 
conjugate  are  parallel  to, 
208. 

points  of  intersection  of  any 
tangent  with,  and  two  foci 
are  concyclic,  281. 

constant  length  intercepted  on,  by 
joins  of  variable  to  two  fixed 
points  on  curve,  271. 
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Aro8  of  conies,  thAoreniB  concerning, 

322,  323,  324. 
Axes 

rectangfular  and  oblique,  4. 

traneyeTse  and  conjugate,  203. 

of  conies,  168. 

of  conic  given  by  general  equa- 
tion, 619. 

are  parallel  to  a  pair  of  conjugate 
diameters  of  conic  in  whose 
equation  coefficient  of  xjf 
vanishes,  167. 

magnitude  and  direction  of,  given 
two  conjugate  diameters  of 
conic,  210,  271. 

of  oonios  confocal  with  a  given 
one,  and  passing  through  a 
given  point,  232,  233. 

lengths  of,  for  conic  given  by 
general  equation,  330. 

of.  parabola,  168,  169. 

of  similitude,  119. 

of  perspective,  72,  130. 

radical,  116. 

radical,  of  three  circles  are  con- 
current, 116. 

Bisectors 

of  sides  or  angles  of  a  triangle  are 

concurrent,  62. 
of  angles  between  lines  given  by 

a  single  equation,  63,  64,  466. 
BoBOOYioh,     method     of    generating 

conies,  206,  263. 
Biiftnohon'B  theorem,  147,  319. 
Briot  and  Bouquet,  21. 
Brocard,  166, 174, 179, 196, 198,  441, 

469. 
Bnnuide,  226. 

Gatheart,  610. 
Cayley,  468,  499,  639. 
Centre, 

theory  of  mean,  14—16. 

of  circle,  97, 

of   circle,  cutting  three  circles 

orthogonally,  117. 
of  incircle,  in  terms  of  co-ordi- 
nates of  vertices  and  lengths  of 
aides,  16. 
of  conic,  163,  164,  203,  261. 
of  curvature,  186,  186,  216,  264. 
of  parabola,  164. 

2o 


Centre  of  inversion.  408,  411. 

of  involution,  379. 

pole  of  line  at  infinity,  167. 

radical,  117. 

of  similitude,  118,  393. 

of  similitude,  six  of  three  circles, 
lie  three  by  three  on  four  right 
lines,  119. 

of  reciprocation,  386. 

reduction  of  general  equation  to, 
166. 

recherche  of,  164. 

of  perspective,  7^,  130. 

line  of  centres,  166. 
Chasles,  219,  225,  236,  324,  343. 

Chord 

,   joining  two  points  on  circle,  102, 
130,  133. 

joining  two  points  on  conic,  176, 
208. 

of  contact  of  two  tangents  to  a 
conic,  183,  223,  266. 

of  conic  which  touches  confocal, 
proportional  to  square  of  pa- 
rallel semidiameter,  226. 

locus  of  pole  of,  subtending  a 
right  angle  at  a  fixed  point, 
104,  196,  277. 

through  a  focus,  183,  222,  277. 
Chords, 

locus  of  middle  points  of  parallel, 
156,  156,  179,  208,  266. 

of  intersection  of  two  conies,  218. 

of  contact  of  common  tangents  to 
two  circles,  103. 

conjugate,  168. 

supplemental,  213. 
Circle, 

equation  of,  96,  108-111. 

auxiliary,  206,  266. 

BoKovichy  206. 

Brocardy  408,  411,  422,  624. 

centre  of,  117. 

cireum,  of  triangle  of  reference, 
128. 

cireum,  is  polar  conic  of  symme- 
dian  point,  127. 

cireum,  in  barycentric  co-ordi- 
nates, 131. 

cireum,  of  polygon,  129. 

cireum,  of  triangle  formed  by 
three  tangents  to  a  parabola, 
passes  through  focus,  178,  190. 
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Ciide  drcomscribed  to  qiudzilatenl, 

143. 
catting  tBree  given  eircles  at  giren 

angles,  or  orthogonally,   108, 

149. 
director,  164. 
diameter  of,  catting  three  giyen 

circles  ortiiogonally,  148. 
eq^uation  of,  on  join  of  two  points 

as  diameter,  77}  160. 
equation  of,  referred  to  two  tan- 
gents and  chord  of  contact,  143, 

342. 
equation  of  tangents  from  any 

point  to,  103. 
focal,  311. 
geometrical     representation     of 

power  of  point  with  respect  to, 

98. 
having  side  of  triangle  of  reference 

as  diameter,  144. 
having  triangle  of  reference  as 

autopolar  triangle,  839. 
having  as  diameter  chord  of  con- 
tact of  tangents  to   a   given 

circle    from   a    giyen    point, 

102. 
having  as  diameter  the  intercept 

made  by  a  given  circle  on  a 

given  line,  100. 
Dr,  Hart's,  147. 
inscribed  in  triangle  of  reference, 

131. 
JoachimtthaVsj    185,    187,    188, 

218,  264. 
£ionnets\  401. 
Lemoine,  419. 
nine-points,  126,  126,  147,  303, 

434,  436,  444,  445,  461,  464. 
nine-points,  touches  both  in-  and 

ex-circles,  125,  138,  149. 
of  inversion,  104. 
of  curvature,  185,  312. 
of  reciprocation,  386. 
of  similitude,  119,  396. 
orthoptic,  164,  609,  510. 
orthogonal  projection  of,  206. 
osculating,  189. 
ortbocentroidal,  436. 
pedal  of  a  given  point,  137. 
Steimr's,  315. 
tangential  equation  of,  138,  139, 

140,  141,  143. 


Ciiele  through  3  pointa,    110,    111, 
136. 

touching  three  others,  110,  111, 
121. 

throngh  feet  of  perpendicnlaii^ 
144. 
Circles, 

annex,  401. 

all  pass  through  cyclic  points, 
308. 

a  system  of  tangential,  120. 

of  ApoUoniuSf  146. 

coaxal  system  of,  114. 

concentric,  when,  97. 

concentric,  have  double  contact  at 
infinity,  328. 

equation  of,  in  pairs,  toucliing 
three  given  circles,  120. 

escribed  to  triangle  of  reference, 
132. 

Fuhrman^t,  431. 

M'Cay's,  427,  454. 

Mutual  power  of  two,  107,  108. 

Neuberg**,  423-427,  443,  444, 
452,  459. 

Tucker's,  416,  419,  421. 
Clebsch,  333,  337,  462. 
Goates'  theorem,  68,  93,  127. 
Complex  variables,  24. 
Concomitant,  mixed,  463,  617. 
Condition   that   a   line  should 
through  origin,  33. 

that  a  line  should  pass  through  a 
given  point,  86,  89. 

that  a  line  should  be  peipendicuUr 
to  itself,  76. 

that  a  line  should  cut  a  conic  in 
two  points  M'hich  subtend  a 
right  angle  at  the  origin,  348. 

that  a  line  should  touch  a  conic, 
161,  163,  261,  336. 

that  a  line  may  be  cat  harmoni- 
cally by  two  conies,  371. 

that  a  line  should  be  cut  in  invo- 
lution by  three  conies,  606. 

that  two  lines  should  intersect  on 
a  conic,  336,  520. 

that  two  lines  should  be  at  right 
angles,  36,  37,  63,  74. 

that  three  lines  should  be  concur- 
rent, 48. 

that  two  lines  should  be  parallel, 
36,  74. 
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Condition  that  a  circle  may  be  cut 
orthogonally  by  four  given 
circles,  110. 

that  any  number  of  circles  may 
have  one  common  tongentiu 
circle,  122. 

that  two  circles  should  touch, 
107. 

that  two  circles  should  cut  ortho- 
gonally, 107. 

that  four  circles  should  cut  a  fifth 
orthogonally  or  be  tangential  to 
it,  112. 

that  two  circles  should  be  con- 
centric, 97. 

that  two  conies  should  be  homo- 
thetic,  326,  327. 

that  two  conies  should  touch, 
osculate,  309,  469,  471. 

that  two  conies  inscribed  in  the 
same  conic  should  cut  orthogo- 
nally, 495. 

that  two  conies  are  so  related  that 
a  triangle  may  be  inscribed  in 
one  and  circumscribed  to  the 
other,  468. 

that  three  conies  may  haye  a 
common  point,  617. 

that  four  conies  should  cut  a  fifth 
orthogonally  or  be  tangential  to 
it,  497. 

that  a  triangle  self -conjugate 
with  respect  to  one  conic  may 
be  inscribed  in,  or  circumscribed 
to,  another,  476. 

that  a  triangle  may  be  circum- 
scribed to  one  conic  and  have 
its  vertices  on  three  other 
conies,  485. 

that  a  triangle  may  be  inscribed 
in  one  conic,  and  have  its  sides 
touching  three  other  conies, 
484. 

that  triangle  of  reference  may  be 
in  perspective  with  one  the  co- 
ordinates of  whose  vertices  are 
given,  82. 

that  general  equation  should  re- 
present two  right  lines,  61,  62, 
334. 

that  general  equation  should  re- 
present a  circle  (in  Cartesian 
co-ordinates),  96. 


Condition  that  general  equation  should 
represent  a  circle  in  normal  co- 
ordinates, 134. 

that  general  equation  should  re- 
present a  circle  in  barycentrio 
co-ordinates,  137. 

that  general  equation  should  re- 
present an  ellipse,  a  parabola, 
or  hyperbola,  340. 

that  general  equation  should  re- 
present an  equilateral  hyperbola 
or  a  parabola,  609. 

that  when  general  equation  re- 
presents two  lines  they  should 
be  parallel  or  perpendicular, 
77. 

that  three  points  may  be  collinear, 
8. 

that  two  points  may  be  conju- 
gate with  respect  to  a  conic, 
334. 

that  two  points  may  be  conjugate 
M'ith  respect  to  two  lines, 
336. 

that  two-point  pairs  shoiild  be 
harmonic  conjugates,  67,  368. 

that  four  points  should  be  con- 
cyclic,  110. 

that  four  points  on  conic  should 
be  concyclic,  241,  280. 

that  three-point  pairs  should 
form  an  involution,  379. 

that  four  convergent  rays  should 
form  a  harmonic  pencil,  69. 

that  normals  at  three  points  on 
parabola  should  be  concurrent, 
188. 

that  normals  at  three  points  on 
ellipse,  should  be  concurrent, 
216. 

that  joins  of  vertices  of  triangle 
of  reference  to  points  in  which 
general  conic  meets  sides  should 
form  two  concurrent  triads, 
627. 

that  /a  +  fffiS  +  ^7  ss  o  should  be 
antiparallel  to  7  s  o,  77. 

that  intercept  made  by  circle  on 
line  should    subtend   a  right 
angle  at  a  fixed  point,  100. 
Cone, 

right  and  oblique,  sections  of, 
363. 
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Oonfocal  conies,  224-227,  232-236, 
239,  247,  248,  279,  311,  324, 
331,  332. 

oonics  are  inscribed  in  the  same 
imaginary  quadrilateral,  311. 

oonicB,  cut  at  right  angles,^3. 

conies,  general  equation  of,  312, 
612. 

conies,  length  of  arc  intercepted  be- 
tween tangents  from,  322-324. 
Conic, 

number  of  conditions  sufficient  to 
determine  a,  170. 

eight  points  of  contact  of  common 
tangents  to  two  oonics  lie  on  a, 
488. 

nine-point  of  quadrangle,  165. 

equation  of,  given  focus  and  three 
tangents,  391. 

isotomic  transformation  of,  296. 

isoptic  curve  of,  184,  520. 

polar  conic  of  point,  and  pole  of, 
27. 

which  reciprocates  the  Broeard 
ellipse  into  KUpert^a  hyper- 
bok,  609. 

fourteen-point,  487. 

fourteen-line,  490. 

through  five  points,  description 
of,  172. 
Conies, 

classification  of,  166. 

diametral,  445. 

conjugtite  with  respect  to  quadri- 
lateral, 514. 

homothetic,  326. 

for  which  Bi  and  02  vanish,  482. 

harmonic  properties  of,  479. 

harmonic  system  of,  482. 

invariant  theory  of,  462. 

invariant  angles  of  two,  471. 

mutual  power  of  two,  493. 

orthogonal,  499. 

osculation  of  two,  471. 

point  and  line  harmonic  conies 
of  two,  371. 

pencil  and  net  of,  tangential  and 
trilinear,  463. 
Conjugate  diameters,  157,  258. 

equation  of  conic  referred  to  as 
axes,  211,  259. 

are  parallel  to  a  pair  of  supple- 
mental chords,  213. 


Conjugate  sum  of  squares  of,  209. 
eccentric  angles   of  extremitieB 

of,  209. 
area   of   triangle   included    by, 

210,  259. 
Conjugate  points  and  lines,  106,  334, 

336. 
hyperbola,  257. 
Conjugates, 

harmonic,  13,  66,  117,  868,  369. 
isotomic,  13,  66. 
isogonal,  63. 
Constants,  31. 
Contact, 

of  different  orders,  309. 
double,  318,  613. 
four-pointic,  318,  321. 
Contravariants,  608. 
Co-ordinates, 

areal  or  barycentric,  64. 

areal  of  some  important  points,  66. 

biangular  or  blradial,  61. 

Cartesian,  4. 

current,  31. 

complementary  and  antioomple- 

mentarv  of  a  point,  81. 
elliptic,  233. 
normal  or  trilinear,  61. 
normal  of  some  important  points, 

64. 
of  point  of  intersection  of  two 

Imes  whose  equationsaregivaii, 

42. 
of  point  of  intersection  of  two 

lines  given  by  a  single  equation, 

52. 
of  point  dividing  in  a  g^yen  ratio 

tiie  join  of  two  given  points, 

12,  65. 
of  orthoccntre  of  triangle  formed 

by    tangents    to    ellipse    and 

chord  of  contact,  246. 
of  incentre  of  triangle  in  terms 

of  co-ordinates  of  vertioM  and 

lengths  of  sides,  16. 
of  double  points,  334. 
of  pole  of  line  with  respect  to 

conic,  338. 
polar,  17. 

tripolar  or  tricyclic,  301. 
transformation  of,  19. 
tangential  or  line,  86. 
point  and  line,  comparison  of,  86. 
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GoYBriant,  462,  477. 

Gremoiut,  349. 

Crofton,    136,   239,   244,  279,   284, 

322,  344,  628,  630,  631,  533, 

636,  640. 
Cnitis,  Prof.  B.  J.,   146,  146,  477, 

478,  627,  628,  634. 
Gtirrature, 

ladius  of,  186, 186,  216,264,  313. 
circle  of,  186,  312. 
centre  of,  185,  186,  216,  264. 
Curve,  Hermite,  606,  607. 

isoptic,  of  conic,  620. 
Ciirvea,  pencils  of,  114. 
Cubic,  the  seventeen  point,  460. 

Dmnddin  and  Quetelet,  366. 

B'Oeagne,  626,  631. 

Darboiz,  ill. 

DeLoiie^oliamps,  436,  461,  646. 

Sesargaof,  621. 

Betcanei,  6. 

Detenninant,  40,  41,  74,  80,  108. 

of  transformation,  462. 
]>ewiilf. 
Diagonal, 

triangle,  69. 
points,  71. 
Piameters,  166,  179. 

equation  of  pair  of  genexsl  conic, 

634. 
conjugate,  167,  634. 
equiconjngate,  634. 
through  intersection  of  two  tan- 
gents bisects  chord  of  contact, 
108,  212,  261. 
Distance, 

between  two  points,  6,  78. 
between  centres  of  two  circles, 

107. 
of  point  from  vertices  of  triangle 

of  reference,  79. 
of  four  points  in  plane,  how  con- 
nected, 29. 
between  points  of  intersection  of 
a  given  line  with  two  given 
lines,  79. 
Director  circle,  164. 
Directrix,  173, 201 .223, 260, 311, 510. 
Discriminant,  61,  334. 
Double  contact,  318,  320,  613. 

equation  of  two  conies  having 
doublecontact  with  athird,  318. 


Double  contact,  properties  of  two  conies 

having  double  contact  with  a 

third,  319. 
properties  of  three  conies  having 

double  contact  with  a  fourth, 

319,  320. 
problem  to  describe  one   conic 

touching   three   others,   each 

having  double  contact  with  a 

fourth,  499. 
equation  to  same,  498. 
lines  and  double  points,  286. 


Eccentric  angle,  206. 

angles,  sum  of,  for  four  concyclio 

points  on  conic,  241,  280. 
angles,  sum  of,  for  feet  of  normals 

to  ellipse,  220. 
angles  of  extremities  of  conjugate 

diameters,  209. 
Eccentricity,  201,  260. 

of  conic  given  by  general  equa- 
tion, 632. 
of  any  section  of  cone,  366. 
of  hyperbola  and  conjugate,  how 

related,  279. 
Ellipse,  201-249. 

area  of,  given  by  general  equa- 
tion, 331. 
axis  of  conf  ocal,  232. 
equation  of,  referred  to  pair  of 

conjugate  diameters,  211. 
equation  of,  referred  to  the  equi- 

conjugate  diameters,  212,  279. 
evolute  of,  216. 
polar  equation  of,  with  focus  as 

pole,  236. 
the  Broeard,  391,  408,  411,  420. 
equation  of  tangent  and  normal 

to,  208,  214, 
polar  equations  of  tangent  and 

normal  to,  237. 
orthoptic  circle  of,  224. 
parallel  to,  470. 
parallel  to,  reciprocal  of,  634. 
pedal  of,  with  respect  to  focus, 

221. 
pedal  of,  with  respect  to  centre, 

241. 
reciprocal  polar  of,  228. 
SUiner't,  362,  421,  461. 
Elliptic  co-ordinates,  233. 
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Sayelope 

of  axis  of  perspective  of  a  tri- 
angle circumscribed  to  one 
conic  and  its  polar  reciprocal 
with  respect  to  another,  479. 

of  chord  of  conio  subtending 
a  right  angle  at  a  fixed  point, 
368. 

of  chord  of  contact  of  tangents 
to  a  hyperbola  from  any  point 
on  conjugate  hyperbola,  262. 

of  chords  of  osculation  of  para- 
bola, 189. 

of  chord  of  conic  subtending  a 
right  angle  at  focus,  524. 

of  line  joining  extremities  of 
conjugate  diameters  of  ellipse, 
241. 

of  lino,  if  sum  of  squares  of 
perpendiculars  on  it  from  any 
number  of  fixed  points  be 
constant,  347. 

of  line,  the  product  of  the  per- 
pendiculars on  which  from 
two  fixed  points  is  constant, 
221,  266. 

of  line  cutting  three  conies  in 
involution,  505. 

of  line  cutting  a  conic  in  points 
whose  join  subtends  a  right 
angle  at  origin,  348. 

of  line  which  cuts  two  conies 
harmonically,  371. 

of  line  joining  extremities  of 
two  perpendicular  central  yec- 
toi-s  of  ellipse,  242. 

of  line  joining  corresponding 
points  on  two  lines  divided 
homographically,  385. 

of  linos  whose  poles  with  respect 
to  three  conies  are  collinear, 
607. 

Sermite,  of  a  net  of  conies,  506. 

of  the  eight  tangents  to  two 
conies  at  their  points  of  in- 
tersection, 490. 

of  the  sides  of  K\eperV»  tri- 
angles, 458. 

of  the  polar  of  a  given  point 
with  respect  to  any  circum- 
conic  of  a  quadrilateral,  386. 

of  the  six  sides  of  two  inscribed 
triangles  of  a  conic,  386. 


Envelope  of  a   syBtem  of    coiifoca) 

conies,  347. 
of  polar  of  a  given   point  witj 

respect  to  a  confocal   system 

of  conies,  348. 
of  third  side  of  a  tiiangle  in- 
scribed   in    a  conic,    two  of 

whose    sides    touch    anocher 

conic,  348,  529. 
of  Tucker^ t  circles,  421. 
Envelopes,  theory  of,  346. 
Equation, 

defined,  33. 

of  axes  of  conic,  159,  519. 

of  asymptotes  of  conic  givan  by 

general  equation,  166,  465. 
of  bisectors  of   angles  between 

two  lines,  53,  54,  466. 
of  bisectors  of  angles,  of  mtdians, 

and  of  perpendiculars  of  tri- 

angle  of  reference,  62. 
of  Broeard  line  and  diameter,  67. 
of  circle    circumscribed  to  tri* 

angle  of  reference,  127,  128. 
of  cii'cle  inscribed  in  or  escribed 

to  triimgle  of  reference,  131. 
of    circle    cutting    three    given 

circles  at  given  angles,  108. 
of   circle    cutting    three    giver 

circles  orthogonally,  109,  149. 
of  circle  through  Uu^   points, 

110,  136. 
of  circle  on  join  of  two  jwints 

BB  diameter,  77,  99,  150. 
of  circles  in  pairs  touching  three 

given  circles,  120. 
of    eight  circles    tangential    to 

three  given  circles,  109. 
of   conic    referred    to  tangents 

and  chord  of  contact,  308. 
of    the  cyclic    points,    75,    88, 

509. 
of  conic  referred  to  focus  and 

directrix,  338. 
of  conic  confocal  with  a  given 

one,  312,  512. 
of  conic  confocal  with  a   giren 

conic  and  touching  a  given 

line,  529. 
of  conic  having  double  contact 

with  two  comes,  318. 
of  conic,  given  focus  and  three 

tangents,  391. 
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Equation  of  conic  haying  triangle  of 

reference  as  autopolar  triangle, 

337. 
of   four  conies   haying  double 

contact   with  a  giyen    conio 

and    passing    through    three 

giyen  points,  622. 
of  directrix  of  parabola,  164. 
of     directrices      of     Broeard*9 

ellipse,  421. 
of  Euler'8  line,  67. 
of  eyolute,  187,  216,  264. 
of   four    common    tangents    to 

two  conies,  488. 
of  four  tangents  to  a  conio  at 

points     of     intersection     bj 

another  conic,  491. 
of  foci,  322. 
general,  of  line  or  curye  through 

the  intersection  of  two  lines 

or  curyes,  39,  40. 
general,     of    three    concurrent 

lines,  62. 
general,    reduction    to   normal 

form,  158. 
homogeneous     represents    lines 

through  the  origin,  51. 
of  join  of  two  points,  40,  66. 
of  join  of  two  points  on  circle, 

102,  130,  133. 
of  join  of  two  points  on  conio, 

176,  208,  270,  338,  342. 
of  line  through  a  given   point 

making  a  given  angle  with  a 

given  fine,  44,  45. 
of   line    through  a  given  point 

parallel  to  a  given  line,  76. 
of    line    perpendicular   to    the 

given  line,  45,  76. 
of  line  joining  centre  and  sym- 

median  point,  67. 
of  line  dividing  angle  between 

two  lines  into   parts    whose 

sines    have    a    given    ratio, 

46. 
of  lines  equally  inclined  to  bi- 
sectors of  angles   of  triangle 

of  reference,  63. 
of  medians  of  triangle,  41,  62. 
of  normal,  184,  190,  214,  237, 

262,  273. 
of  orthoptic  circle  of  conic,  164, 

224,  341,  510. 


Equation  of  point  pair  in  which  a  lin^ 

intersects  a  conio,  336. 
of  polar  of  a  given  point,  105, 

163. 
of   perpendiculars    of  triangle, 

49,  62. 
of  reciprocal  of  conio,  387. 
result    of  substituting    oo-ordi- 

nates  of  a  point  in,   37,  98, 

137. 
of  symmedian  lines,  63. 
of  six  common  chords   of  two 

conies,  465. 
of  tangent  to  circle,  101,  130, 

134. 
of  tangent  to  conio,  129,  161, 

176,  189,  208,  237,  256,  271, 

273,  338,  342. 
of  tangent  pair  from  point  to 

curve,  103,  163. 
of  tangent  to  nine-point  circle, 

at  its  point  of  contact  with 

incircle,  126. 
tangential,  138,  161,  336. 

FagnaniB'  theorem,  227. 
Fsnre,  524,  526,  541. 
Figures, 

complimentary  and  anticompli- 

mentary,  81. 
inversely  similar,  286,  893,  395. 
Focus,  173,  201,  250,  211,  322,  511, 
512,  532. 
of  parabola  touching  four  right 
lines,  178. 
Fregier's  theorem,  227. 
Frobexuns,  111,  495. 

Geometrical  signification  of  the 
yanishing  of  a  coefficient  in 
general  trilinear  equation  of 
the  second  degree,  337. 

Oob,  85. 

Grayes,  Dr.,  311,  322. 

Ongler,  360. 

Gnndelilnger,  478,  490. 

Hamilton,  Sir  William,  205,  253. 

law  of  force,  proof  of,  232. 
Hart,  Sir  A.,  132. 
Hadamard,  299. 
Harmonic  chords,  theory  of,  406. 

system  of  conies,  482. 
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Heue,  32,  616. 

HaniM,  95. 

Hermite  envelope  of  net  of  conicsi 

606. 
Senrey,  94. 
Hexagon, 

Leinoinef  419. 
harmonic,  437. 
Homothetic  figures,  326. 
nomographic  division,  theory  of,  368. 
Homogeneous     equations     represent 
lines  through  the  origin,  61. 
Hyperbola,  261. 

Apollonian,  463,  604,  217,  264. 
conjugate,  258. 

conju)^ate,  polar  equation  of,  267. 

oo-ordinates  of  point  on,  expressed 

in  terms  of  a  single  variable, 

245. 

equation  of,  referred  to  conjugate 

diameters,  259. 
equation  of  asymptotes  to,  268. 
equation  of  tangent  and  normal 

to,  256,  262,  273. 
equilateral,  252. 
equilateral,    polar   equation    of, 

267. 
equilateral,     area     of    between 
asymptotes  and  two  diameters, 
273. 
equilateral,  generation  of,  289. 
polar  equation  of,  centre   being 

pole,  267. 
polar  equation  of,  focus  as  pole, 

272. 
tangents  at  extremities  of  focal 

chord  meet  on  directrix,  277. 
KieperVt,    431,    442-445,    449, 

452,  463. 
Jerabek's,  448,  449,  483. 
Hyperbolae,  Neuberg^»,  429,  430,  431, 

540. 
Hyperbolic  functions,  276. 

Identities,  620. 

Infinity,  equation  of  line  at,  74. 

every  parabola  touches  line  at, 

308. 
centre  is  pole  of  line  at,  167. 
Intersection  of  Une  and  conic,  153. 
of  two  lines,  co-ordinates  of,  42. 
of  two  lines  given  by  a  single 
equation,  co-ordinates  of,  62. 


Invariants,  169. 

calculation  of,  467. 
number  of  independent,  ftc,  of 
two  conies,  617. 
Invariant  angles  of  two  conies,  471. 
harmonic,  of  a  system  of  oonics, 

482. 
orthogonal,  of  a  system  of  oonics, 

496. 
tact,  of  two  oonics,  469. 
tact,  of  product  of  six  anhannonic 
ratios,  472. 
Inverse  points  and  lines,  106. 
Inversion, 

of  line  or  circle  with  respect  to 

circle,  105. 
quantities  unaltered  by,  113. 
Involution,  central  point  of,    doable 
points  of,  hyperbolic,  elliptic, 
symmetric,  isogonal,  378-380. 
Isogonal  transformation,  428. 

Jaoobian,  602,  617. 
Jaeoby,  603. 

Jerabek,  448. 

Joaohimsthal,  220,  see  circle. 
Join  of  two  points,  8. 
Jonqnien,  Be,  481. 

Kiehl,  297,  302. 
Koehler,  484. 


LaoMui,  111,  114,  138. 

Lagrange,  27. 

Lagnerre*!  theorem,  219. 

Laisant,  94,  143. 

Lam6,  172,  283,  466. 

Lam6's  equation,  462. 

Latus  rectum,  160,  174,  203,  262. 

Lemoine,  144,  418,  629-531,  644. 

Length  of  axes  of  conic  given   by 

general  equation,  330. 
of  perpendiculars  from  foci  on 

tangent,  220,  266. 
of  perpendicular  from  point  to 

line,  37,  38,  39,  73. 
of  direct  common  tangent  to  two 

circles,  106. 
Lhnilier'a  problem,  369. 
Limiting  points  of  a  coaxal  system, 

116, 117. 
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Line,  EuUr's,  67,  449. 

FatcaCt,  328. 

SinuotCsy  136. 
Lines,  conjugate,  106. 

double,  285. 

four  concyclic,  200. 

inveTse,  105. 

isotropic,  75. 

symmedian,  63,  440. 
Locus, 

of  centre  of  conic  through  four 
points,  171. 

of  centre  of  circle  harmonically 
circumscribed  to  parabola, 
521. 

of  centre  of  conic  inscribed  in  a 
quadrilateral,  355,  383. 

of  centre  of  eqiulateral  hyperbola 
described  about  a  given  tri- 
angle, 260,  290. 

of  centre  of  circle  touching  fixed 
line  and  circle,  196. 

of  centre  mean  of  feet  of  normals 
to  a  parabola,  1 85. 

of  centre  of  conic  through  three 
points,  havini^  an  asymptote 
parallel  to  a  given  line,  172. 

of  centre  of  reciprocation,  when 
reciprocal  conic  is  an  equi- 
lateral hyperbola,  386. 

of  centre  of  conic  harmonically 
inscribed  in  four  conies,  478. 

of  centre  of  curvature,  187. 

of  centre  of  inconic  through  cir- 
cum-  and  orthocentre,  342. 

of  centre  of  conic  touching  four 
given  lines,  526. 

of  centre  of  circumcircle,  given 
three  tangents  and  siim  of 
squares  of  axes,  527. 

of  centre,  given  a  self -conjugate 
triangle  and  a  tangent,  633. 

of  centre  of  Brocard  ellipse,  given 
base  and  Brocard  angle,  534. 

of  incentre  given  base  and  sum 
of  sides,  204. 

of  double  points  of  a  given  net  of 
conies,  501. 
'    of  double  points  of  lines  cutting 
three  conies  in  involution,  503. 

of  focus  of  variable  conic,  given 
tangent,  one  focus,  and  eccen- 
tricity, 531. 


Locus  of  foot  of  perpendicular  from 
focus  on  tangent,  177,  178, 
221,  266. 

of  intersection  of  tangents  at 
extremities  of  a  pair  of  con- 
jugate diameters,  241. 

of  intersection  of  normals  at  ex- 
tremities of  a  chord  passing 
through  a  given  point,  188, 
466. 

of  intersection  of  tangents  at  two 
points,  whose  join  subtends  a 
given  angle  at  focus,  524. 

of  middle  points  of  a  system  of 
parallel  chords  of  a  conic,  155, 
156,  179,  255,  208. 

of  middle  points  of  chords  of 
ellipse  passing  through  a  given 
point,  239. 

of  middle  points  of  variable 
chords  of  a  circle  subtending 
a  right  angle  at  a  given  point, 
101. 

of  middle  points  of  chords  of 
parabola  subtending  a  right 
angle  at  the  vertex,  196. 

of  orthocentre,  given  base  and 
vertical  angle,  99. 

of  point  whence  sum  of  tangents 
to  two  circles  is  given,  239. 

of  point  the  area  of  whose  pedal 
triangle  is  given,  135,  297. 

of  point  whence  tangents  to  conic 
contain  a  given  angle,  184, 
520. 

of  point,  fixed  in  line  of  given 
length  sliding  between  two 
fixed  rectangular  lines,  205, 
213. 

of  point  whence  tangents  to 
two  confocals  are  at  right 
angles,  225. 

of  point  whose  pedal  triangle  has 
a  constant  Brocard  angle,  300. 

of  point  where  parallel  chords  of 
a  conic  are  cut  in  a  given 
ratio,  355. 

of  point  whose  polars  with  re- 
spect to  three  conies  are  con- 
current, 502. 

of  point  whence  tangents  to  three 
conies  form  a  pencil  in  invo- 
lution, 507. 
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Locus  of  point  whose  polars  with  re- 
spect to  two  circles  meet  on  a 
given  line,  526. 

of  point  the  chord  of  contact  of 
tangents  from  which  to  a  given 
circle  subtends  a  right  angle 
at  a  given  point,  104. 

of  points  of  contact  of  parallel 
tangents  to  a  system  of  con- 
focal  ellipses,  236. 

of  points  having  the  same  eccen- 
tric angle  on  a  system  of  con- 
focal  ellipses,  236. 

of  points  the  sum  of  the  squares 
of  the  sides  of  whose  pedal 
triangles  is  given,  300. 

of  points  on  a  system  of  confocal 
conies,  the  osculating  circle  at 
which  passes  through  a  focus, 
331. 

of  points  whence  tangents  to  two 
conies  fotm  an  harmonic  pencil, 
370,  477. 

of  pole  of  a  chord  of  a  conio  suh- 
tending  a  right  angle  at  a  given 
point,  196,  277. 

of  pole  of  line  with  respect  to  a 
confocal  system,  23*5. 

of  pole  of  normals  to  ellipse,  241. 

of  pole  of  chord  of  equilateral 
hyperbola  such  that  the  oscu- 
lating circle  at  one  extremity 
passes  through  the  other,  284. 

of  pole  of  vaiiable  chord  passing 
through  a  given  point,  341. 

of  pole  of  line  with  respect  to  an 
inconic  satisfying  any  con- 
dition, 339. 

of  symmedian  point,  given  base 
and  vertical  angle,  331. 

of  symmedian  point,  given  base 
and  area,  525. 

of  vertex,  given  base  and  vertical 
angle,  99. 

of  vertex,  given  base  and  sum  of 
sides,  or  product  of  tangents  of 
base  angles,  204. 

of  vei-tex,  given  base  and  differ- 
ence of  sides,  or  difference  of 
base  angles,  252. 

of  vertex  of  a  given  triangle 
whose  two  other  angular  points 
move  on  two  fixed  lines,  213. 


Locus  of  vertex,  given  base  and 
Srocard  angle,   423. 

of  vertex  of  all  right  cones  oat  of 
which  a  given  ellipse  can  be 
cut,  367. 

of  vertex  of  a  triangle  circum- 
scribed to  one  conic,  two  of 
whose  angular  points  move  on 
another  conic,  486. 

of  vertex  of  triangle  self -conju- 
gate with  respect  to  one  conic, 
two  of  whose  verticea  lie  on 
another  conic,  627. 

of  vertex  of  a  ciroum.  polygon  of 
a  conic  when  all  the  other  ver- 
tices move  on  confocal  conies, 
824. 

of  vertex  of  a  variable  triangle 
whose  sides  pass  through  fixed 
points,  and  whose  base  anglea 
move  on  fixed  lines,  376. 
Lnoas,  283,  304,  306. 

Maolaurin*!  method  of  generating 
conies,  376. 

Malet,  J.  C,  471. 

Malet*8  theorem,  317. 

Mannheim,  211,  220. 

Mandart,  461,  544. 

Xathesis,  306,  429,  441. 

Mathien,  68. 

M«Cay,  96,  247,  332,  403,  404,  446,. 
447,  459,  525. 

X'Cay's  extension  of  FeurhacVM  theo- 
rem, 329. 

M'Cnllagh,  242,  243,  324,  362. 

Minors,  62. 

Modulus,  24,  137. 

Modular  quadrangle, 

Negative,  1,  5. 

Keuberg,  28,  29,  50,  90,  91,  93,  94, 
143,  144,  150,  198,  200,  242. 
300,  301,  302,  303,  314,  316, 
360,  361,  363,  367,  398,  400. 
401,  404,  423,  429,  441,  459, 
460,  461,  519,  531,  533,  536, 
537,  538,  539,  540,  643,  644. 

Nenberg  and  Gob,  458,  459. 

Nenberg  and  Bohonte,  300,  537,  643. 

Newton's  theorem,  167. 

method  of  generating  conies,  376. 
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Newtonian  of  quadrilateral,  91. 
Nine-point  cimle,  126,  126,  144,  302, 
434,  436,  444,  446. 
conic,  171. 
Norm,  121,  122,  139. 
Normal,  184,  214,  262. 
sub,  184. 

polar  equation  of,  190,  237,  273. 
Normala, 

three  can  be  drawn  from   any 

point  to  parabola,  184. 
four  can  be  drawn  to  ellipse  or 

hyperbola,  216,  264. 
feet  of,  from  any  point  to  parabola 

lie  on  circle,  186. 
feet  of,  to  ellipse  or  hyperbola  lie 
on  hyperbola,  216,  264. 
Number  of  conditions  to  determine  a 
conib,  170. 
of  independent  inyariants,  &o.,  of 
two  conies,  617. 


Ordinates,  4. 
Origin,  1,  6. 

change  of,  162. 
Orthocentre, 

co-ordinates  of,  64,  66. 
of  triangle  formed  by  three  tan- 
gents to  a  parabola,  172. 
of  triangle  is  a  point  on  directrix, 

178. 
lies  on  circumscribing  equilateral 

hyperbola,  290. 
join  of  to  centroid,  67,  77. 
Orthogonal 

system  of  circles,  107,  109, 110, 

117,  118. 
conies,  496,  497,  499,  BOX,  602. 
invariant  of  two  conies,  496. 
projection  of  circle,  206. 
Orthologique  triangles,  60. 
Osculation,  309,  471. 
chord  of,  313. 
four  chords  of  through  any  point 

in  plane  of  conic,  314. 
hyper,  318,  321. 
Osculating  circle,  186,  309,  310. 

circles,  six  of  given  conic  can  be 

described  to  cut  a  given  circle 

orthogonally,  316  ;   and  their 

centres  lie  on  a  conic,  317. 

conic  of  agivencircumconic,  310. 


Pascars  theorem,  146,  328. 

theorem  proved    by   projeotion, 

354. 
theorem,  reciprocal  of,  386. 
Parabola,    164,   167-160,   169,   173- 
200. 
referred   to   any   diameter  'and 

tangent,  182. 
axis  of,  168,  169. 
centre  of,  154. 
directrix  of,  164. 
co-ordinates  of  origin  in,  ICO. 
everv,   touches  line  at  infinity, 

308. 
is  first  negative  pedal  of  right 

line,  178. 
a  tangential  equation  of,  198. 
parameter  of,  116,  160,  203. 
polar  equation  of,    focus  being 

pole,  189. 
pedal  of,  with  respect  to  focus, 

178. 
subnormal  in  constant,  184. 
JPw'9er*»y  220. 
Kiepert't,  468. 
ParabolsB, 

Artzt'8,  441,  483. 
ArtzVs  directrices  of,  442. 
Broeard,  439. 
Pedals,  positive  and  negative,    177, 

221,  266,  416. 
Pedal  and  antipedal  triangles,  296. 
Pedal  and  antipedal  triangles,  area 

of,  297. 
Pencil,  of  conies,  463. 

of  lines  when  harmonic,  69. 
Pencils,  inversely  equal,  288 
Perpendicular,  length  of  from  point 

to  line,  37,  73. 
Perpendiculars  of  triangle  are  con- 
current, 62. 
Perspective, 

triangles  in,  axis  and  centre  of, 

72. 
axis  of,  is  trilinear  polar  of  centre 

of,  130. 
triangles  in  multiple,  82. 
triangle  of  reference    and    that 
formed   by   tangents    tc    cir- 
cumconic   at  vertices  are  in, 
129. 
Plfloker,  640. 
Pohlke,  206. 
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Point, 

director,  399. 

power  of,  37. 

SUiner\  133. 

Tam/s,  446,  462. 
Points, 

co-ordinates  of  a  few  important, 
64,  66. 
adjoint,  399. 

Brocardy  64. 

complimentary  and  anticompli- 
mentary,  81. 

conjugate,  106. 

cyclic,  76,  88. 

diagonal,  71. 

distance  between  two,  6,  78. 

double,  286,  376,  393. 

double,  found  geometrically,  377. 

harmonic  system  of,  66. 

inyariable,  397. 

inverse,  106. 

isobaryc  group  of,  86. 

isodynamic,  303. 

limiting,  of  coaxal  system,  116. 

NageVs  and  Gergonne^  96,  133, 
394,  409,  461. 

symmedian,  407,  438,  466. 

twin,  292. 

twin,  are  isogonal  conjugates  of 
inverse  points  with  respect  to 
circle,  293. 

which  correspond  to  infinity,  373. 
Polar  co-ordinates,  17. 
Pole  and  polar  trilinear,  68. 
Pole  and  polar  of  circle,  106. 
Poles  and  Polars,  163. 
Pole  normal,  218. 
Polar  reciprocal  of  curve,  228. 

reciprocal  of  one  conic  with  re- 
spect to  another,  480. 
Poneelet,  221,  484,  639. 
Positive,  6. 
Projection,  3,  349. 

orthogonal  of  circle,  206. 

of  a  system  of  concentric  circles, 
361. 

of  a  system  of  coaxal  circles,  352. 

orthogonal,  368. 
Projective  properties,  361. 

rows,  371* 

pencils,  374. 
Ptolemy's    theorem,     extension    of, 
329. 


Purser,    F.B.ir.I.,    248,    249,    331, 

357. 
Purser,  F.T.C.D.,  199,  200,  220,  316, 

331,  626,  633. 
Porter*!  parabola,  220. 

Quadrilateral  complete,  69. 

complete,  each  diagonal  of  divided 

harmonically    by    other    two, 

70. 
harmonically   middle    points    of 

three  diagonals  collinear,  43. 
harmonically  diagonal  points  and 

triangle  of,  69. 
harmonically  Newtonian  of,  91. 
standard,  70. 
Quadrangle    complete  and  standaxd, 

69,  70. 
pencil  of,  391. 
Quadrangles,  metapolar  and  metapole 

of,  392. 
modular,  397. 

Radius  vector,  17. 

of  circle  i^ven  by  general  equa- 
tion, 97. 
of  circle  of  coaxal  system,  116. 
of  curvature,  186,  186,  216,  264. 

313. 
of  curvature  of  conic  at  origin, 
310. 
Radical  axis  and  centre,  115,  117. 
Ratio  of  section,  66. 
Reciprocal  polars,  384. 

polars,  some  theorems  proved  by, 
386. 
Reciprocation,  centre  of,  386. 

centre  of,  that  polar  reciprocal  of 
a  given  triangle  may  be  similar 
to  another  triangle,  388. 
Reduction  of  general  equation  of  line 
to  standard  form,  36. 
of  conic  to  centre,  166. 
Relation  between   area   of  triangle, 
lengths  of  its  sides,  and  normal 
co-ordinates  of  any  point  in 
its  plane,  62. 
between  normal  co-ordinates  of 

isogonal  conjugate  points,  63. 
between  normal  and  barycentrio 

co-ordinates  of  a  point,  66. 
between  barycentrio  co-ordinates 
of  isotomic  points,  66. 
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Kelatton  identical  connecting  any  four 
lines  no  three  of  which   are 
concurrent,  70. 
between   coefficients    of  general 
equation  when  it  represents  a 
circle,  134. 
between  eccentric  angles  of  two 
points  whose  join  passes  through 
focus,  222,  277. 
between  tiipolar  and  normal  co- 
ordinates, 303. 
between    iroeard    and    SUiner 
angles,  459. 
Kelations,  three  special,  which  a  tri- 
angle can  have  with  respect  to 
a  conic,  468. 
identical,  513. 
Bltolde,  190,  191. 
EoberU,  B.A.,  196,  197,  246,  283, 

318,  332. 
Boberti,  X.,  236. 
Rule  of  signs,  1. 


Salmon,  68, 70, 321, 333,344, 371, 465, 
473,  477,  479,  487,  630,  532. 
Sohooten,  213. 
Behonte,  circles,  300,  403. 
Sohrdeter,  535. 
Self-conjugate  or  autopolar  triangle, 

337,  468,  491. 
Serret,  P.,  522. 
Similar  conies,  326. 

conies  have  equal  eccentricity,  327. 
rows,  373. 
Similitude, 

centre  and  circle  of,  118,  119. 
six  centres  of,  for  any  three  circles 
lie  three  by  three  on  four  right 
lines,  119. 
Simmons,  538. 
Smith,  H.  J.  S.,  475,  481. 
SoUertinsky,  542. 
Standt,  114,  371,  477. 
Steiner,  17,  37, 50,  69,  147,  239,  315, 

329,  528. 
Stewart'i  theorem  (Sequel),  304. 
Sum  of  reciprocals  of  segments  of 
focal  chords  of  ellipse,  237. 
of  eccentric  angles  of  four  con- 
cyclic  points  on  conic,  241, 280. 
of  squares  of  two  conjugate  semi- 
diameters  of  ellipse,  209. 


Sum  of  reciprocals  of  two  chords  of 
ellipse  at  right  angles  and 
touching  confocal,  248. 

Supplemental  chords,  213. 

Symmedian  point,  63,  407,  413,  418. 
lines,  414,  440. 

Sylveiter,  503. 

Tact  invariant  of  two  conies,  469. 
Tangent,  161. 

to  circle,  101,  130,  134. 

to  conic,  161. 

at  infinity,  166. 

to  nine-points  circle  at  point  of 

contact  with  incircle,  126. 
sub,  bisected  at  yertex  in  parabola, 

177. 
Tangential  circles,  a  system  of,  120. 
equations,  161,  335. 
equation  of  all  conies  confocal 

with  a  given  one,  312,  511. 
equation  of  circle  referred  to  two 

tangents  and  chord  of  contact, 

344. 
equation  of  circle,  given  radius 

and  centre,  143. 
equation  of  circle  circumscribed 

to  triangle  of  reference,  138. 
equation  of  circle   inscribed  in 

triangle  of  reference,  140. 
equation  of  conic,  161,  344. 
equation  of  conic  having  triangle 

of  reference  as  self -con  jugate 

triangle,  341. 
equation  of  conic  given  a  focus 

and  circum  triangle,  390. 
equation  of  hyperbola,  261. 
equation  of  cyclic  points,  75,  608. 
equation  of  centre  of  conic,  344. 
equation  of  parabola,  198. 
equation  of  four  points  common 

to  two  conies,  489. 
equation  of  envelope  of  line  cut 

in  involution  by  three  conies, 

506. 
pencil  and  net  of  conies,  463. 
Tarry,  395,  397,  418. 
Teseli,  638. 

Townsend,  218,  325,  345,  376,  381. 
Transformation  of  co-ordinates, 
harmonic,  of  triangle,  298. 
harmonic,  area  of,  299. 
isogonal,  428. 
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Transformation  of  co-ordinates, 
determinant  of,  462. 
of  general  conic,  162,  155. 
Triangle,  diagonal,  69. 
KieperVt,  443. 
of  similitude,  396. 
invariable,  397. 
Triangles,  annex,  399.         [468,  491. 
autopolar  or  self-conjugato,  337, 
drcum.  yertices  of  two  lie  on  a 

conic,  386. 
formed  by  three  points  and  their 

three  polars  with  respect  to  any 

conic  are  in  perspective,  340. 
inscribed  sides  of  tonch  a  conic, 

386. 
first  and  second,  of  Brocard^  422. 


Triangles,  Ltmnefa^  389,  401,  403, 
404. 

orthologique,  60. 

pedal  and  antipodal,  296. 
Taoker,  441. 


Value  of  k  so  that  8  +  kS^  »  0  may 
be  an    equilateral  hyperbola, 
171. 
Variables,  31. 
complex,  24. 


Whewell,  177. 
Wright,  149. 
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